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RESEARCH ARTICLE

Three-dimensional Higher-order Compressive
Sensing for Raypath Separation in an
Acoustic Waveguide

Fengyan Zhong

The Laboratory of Image Science and Technology, Southeast University, Nanjing, 210096, China

Abstract

In an acoustic waveguide, the separation of multiple raypaths, especially close raypaths, is a challenging task in the
presence of colored noise due to interference in the acoustic field. In this paper, a three-dimensional higher-order
compressive sensing method for raypath separation is proposed. The method is applied on an array-to-array experi-
mental configuration where both emitter and reception arrays are used. With the array-to-array configuration, the ray-
paths are characterized by three parameters including arrival direction, departure direction, and arrival time.
Furthermore, the performance of the proposed algorithm is illustrated by simulations and experiments. The numerical
results based on simulation illustrate that the proposed method reduces the computational complexity compared to the
three-dimensional higher-order raypath separation algorithm, while it achieves the advantage of noise suppression.
Moreover, the experimental results validate the detection ability of the proposed algorithm for separating close raypaths.

Keywords: Acoustic waveguide, Array-to-array configuration, Compressive sensing, Higher-order statistics

1. Introduction

I n shallow-water waveguides, acoustic rays travel
in multiple paths because of reflection at the

boundaries of the water column and refraction in the
water column. This multipath propagation property
is extensively used in certain scientific problems,
such as underwater source localization [1], under-
water vehicle communication [2], and ocean acoustic
tomography [3]. The use of multipath propagation
can provide more useful information in these prob-
lems. However, it is impossible to access the infor-
mation without eliminating the interference among
raypaths produced by multipath propagation.
Many subspace-based algorithms have been

developed for separating raypaths. With these algo-
rithms, the separation of raypaths is achieved by
maximizing a function derived based on the orthog-
onality of signal and noise subspaces. Multiple signal

classification (MUSIC) [4] is one of most popular al-
gorithms for separating raypaths. In particular, in the
context of shallow-water ocean acoustic tomography,
a group of high-resolution algorithms [5e8] were
presented to separate fully correlated and even
coherent raypaths to improve the low-resolution
performance of the MUSIC algorithm. Generally,
these high-resolution methods are performed in a
poin1t-to-array configuration, which consists of an
emitter and a vertical reception array. With the
configuration, the eigenrays are characterized by two
parameters: direction of arrival (DOA) and time of
arrival (TOA). Thus, these methods detect the ray-
paths in a plan ofDOAandTOA.However, the source
separation performance of these methods drops
sharply if two distinct arrivals that correspond to
raypaths almost simultaneously arrive on the recep-
tion array and their receive angles are similar. It is a
frequently encountered circumstance that the
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different arrivals are extremely close in angle and
arrival time due to the sound-speed changes [9] in the
waveguide. In such cases, the high-resolution ap-
proaches presented previously are not always suffi-
cient to detect these close wave arrivals.
To identify close acoustic rays, Roux et al. [9] used

an array-to-array configuration and presented a
double beamforming algorithm. The array-to-array
configuration is composed of an emitter array and a
reception array. With this configuration, the direc-
tion of departure (DOD) is used as an additional
discrimination parameter to identify raypaths. The
double beamforming algorithm is applied to both
arrays simultaneously and is capable of separating
close raypaths in a three-dimensional domain (they
are the DOA domain, TOA domain, and DOD
domain). However, the beamforming-like method
suffers from low-resolution performance because of
the limited size of the two vertical source-receiver
arrays. To overcome this drawback, Roux et al. [10]
presented a double Capon algorithm and a double
MUSICAL algorithm, which are considered exten-
sions of the Capon and MUSIC algorithms, respec-
tively, to an array-to-array configuration and
achieved higher resolution performance than dou-
ble beamforming. Recently, Jiang et al. [11] pro-
posed a three-dimensional higher-order algorithm
to improve the robustness to colored noise, which is
an extension of a higher-order algorithm [6] to an
array-to-array configuration. It inherits the advan-
tage of high-order cumulants to suppress colored
noise. However, it is confronted with significant
computation time. Despite the use of a moderately
sized array, the three-dimensional raypath separa-
tion method still takes many hours to separate ar-
rivals that arrive in close proximity.
Methods of separating raypaths different from the

subspace-based algorithms were proposed. These
methods are based on compressive sensing (CS) and
utilize the inherent sparse structure of underlying
signals. Raypath separation is converted into a linear
predetermined system with a sparsity constraint.
Certain parameters, such as DOA and TOA, are esti-
mated by solving the linear predetermined system.
For the application of CS in underwater acoustics,
Song et al. [1] applied CS to underwater acoustic
source localization, and they finally demonstrated
superior source localization performance, including
superresolution capabilities and robustness against
model mismatch. Li et al. [12] proposed a CS-based
DOA estimation algorithm for underwater wideband
signals. The experimental results illustrated the reli-
ability and practicability of the proposed algorithm.
Xenakia and Gerstoft [13] developed compressive
beamforming for source localization, which exhibits

superior performance compared to conventional al-
gorithms in certain challenging conditions, such as
coherent arrivals and single-snapshot data. A succes-
sive study on the performance of CS with single and
multiple snapshots was presented by Xenakia and
Gerstoft [14]. ShuangLi et al. [15] proposedaCS-based
DOA estimation method for decorrelated signals by
using the sparse presentation of higher-order statistics
of sources. It utilizes the property that non-Gaussian
information is conveyed by higher-order cumulants
(orders greater than two) in non-Gaussian processes.
The simulation results show that the algorithm is
robust to spatially colored noise and allows the iden-
tification of more incoherent signals than receivers.
However, in shallow-water waveguides, multiple
wave arrivals stem frommultipath propagation. Thus,
these arrivals are coherent. As far as we know, there
are no CS-based methods based on higher-order
cumulants that focus on solving this problem.
In this paper,wepropose anovel three-dimensional

higher-order CS-based method to separate coherent
raypaths. The proposed algorithm accounts for
colored noise (colored noise is ubiquitous in ocean
environments) and is performed in an array-to-array
configuration. In addition, the performance of the
proposed method is illustrated based on simulations
and experiments. In addition, it is also comparedwith
several existing raypath separation algorithms.
The remainder of this paper is structured as fol-

lows. In Sec. 2, we review the signal model for array-
to-array configurations and then describe a three-
dimensional higher-order CS-based algorithm. In
Sec. 3, (1) simulation results are provided to illus-
trate the performance of separating close raypaths,
(2) the robustness to noise is illustrated by several
sets of synthetic data, and (3) the results with
different sizes of the arrays are shown to elucidate
the computational complexity of the proposed al-
gorithm. In Sec. 4, (1) the noise suppression per-
formance of the algorithm is evaluated by real data
obtained from a small-scale experiment, and (2) the
algorithm is applied to a section of sea trial data
collected from a shallow-water propagation experi-
ment. In Sec. 5, we conclude this paper and provide
the future direction of research.

2. The three-dimensional higher-order
compressive sensing algorithm for raypath
separation

2.1. Signal model

The P raypaths propagate in an array-to-array
configuration composed of an emitter array (N sour-
ces) and a reception array (M sensors). The P raypaths
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at the frequency n produced by the nth source and
received on the mth receiver are modeled as [10]

xm;n;n¼ sn
XP
p¼1

apeFp þ bm;n;n ð1Þ

where the source spectrum sn is assumed to be
known, the additive noise bm;n;n is modeled as
spatially uncorrelated. For the raypath p, ap denotes
the amplitude, fp denotes the delay between the mth

sensor and the nth source.
The delay fp is written as

fp¼ � j2pn
�
Tpþ

�
m�mref

�
t
�
qrp

�
þ �

n�nref
�
t
�
qep

��
ð2Þ

with

t
�
qrp

�
¼ Dr sin

�
qrp

�.
c;

t
�
qep

�
¼ De sin

�
qep

�.
c:

where Dr and De denote the inter-sensor distance
and the inter-source distance respectively. qrp and
qep denote the arrival angle on the reception array
and the emitter angle on the emitter array,
respectively.
The reference source and reference receiver are

denoted by nref and by mref , respectively, where
nref ¼ ðNþ1Þ=2 and mref ¼ ðM þ 1Þ=2. Tp denotes
the propagation time between the reference source
and the reference receiver. c denotes the speed of
wave propagation.

2.2. Data model

Based on the signal model built in Eq. (1), for all
N sources, M receivers, and F frequencies of
wideband signal used in the algorithm, each signal
received in the array-to-array configuration is a
data cube. The data model is constructed by
concatenating the elements of the data cube into a
long vector. The construction process consists of
three steps.
First, the elements corresponding to the source nth

at the frequency n on all the M elements of the
receiver array are concatenated into the vector

xn;n¼½x1;n;n…xM;n;n�þ ð3Þ

where þ means transpose.
Then, the elements corresponding to both the N

source and the M sensors are further concatenated
into the vector

xn¼½x1;n…xn;n�þ ð4Þ

Finally, the long vector x considering all the F fre-
quencies is given by

X¼½xn1…xnF �þ ð5Þ

Similarly, the steering vector dðqrp; qep;TpÞ and the
additive noise vector b are obtained by concate-
nating the steering vector and the observed noise
vector at each frequency n into long vectors,
respectively. Thus, the received signal in the fre-
quency domain is written as

X¼
Xp

p¼1

apd
�
qrp;q

e
p;Tp

�
þb¼Dðqr ;qe;TÞaþb ð6Þ

where a is an P � 1 vector of raypaths, qr ¼
½qr1; qr2;/; qrP�þ, qe ¼ ½qe1; qe2;/; qeP�þ, Tp ¼
½T1;T2;/;TP�þ. The terms X, dðqrp; qep;TpÞ, and b are
respectively expressed as

X ¼ ½xn1 ; xn2 ;/; xnF �þ, xn ¼ ½x1;n; x2;n;/; xN;n�þ ðn ¼
n1; n2;/; nFÞ, with
xn;n ¼ ½x1;n;n; x2;n;n;/; xM;n;n�þ ðn ¼ 1; 2;/;NÞ.
dðqrp; qep;TpÞ ¼ ½dn1ðqe

p;q
r
p;TpÞ;dn2ðqe

p;q
r
p;TpÞ;/;

dnF

�
qe
p;q

r
p;Tp

�iþ
with dniðqe

p;q
r
p;TpÞ ¼ ½sni e�j2pniðTpþð1�n0ÞtðqepÞÞ

d
�
qr
p

�
ni
;/; sni e

�j2pniðTpþðN�n0ÞtðqepÞÞd
�
qr
p

�
ni

�þ

and dðqr
pÞni ¼ ½e�j2pnið1�m0ÞtðqrpÞ;/; e�j2pniðM�m0ÞtðqrpÞ�þ.

b¼ ½bn1 ;bn2 ;/;bnF �þ, with bn¼ ½b1;n;b2;n;/;bN;n�þðn¼
n1; n2; /; nFÞ, and bn;n¼ ½b1;n;n;b2;n;n;/;bM;n;n�þðn¼ 1;2;
/; NÞ.

2.3. Principle of the algorithm

Based on the data model in Eq. (6), the trispectrum
matrix is computed directly. However, in a multipath
propagation environment, the raypaths are fully
correlated or coherent. The coherence inevitably
leads to rank deficiency in the trispectrum matrix
and the resolution performance thus degrades. To
improve the separation resolution, a joint spatial-
frequency smoothing strategy [6,7] is used as a pre-
processing step. All recurrences xi;j;k produced by
spatial-frequency smoothing are used to compute
the expected broadband trispectrum matrix. The
smoothing trispectrum matrix is then defined as the
average of the Ke � Kr � Kf trispectrum matrices. It is
expressed as Eq. (7) and the smoothing technique for
the cumulants is shown in Fig. 1.
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where Xi;j;k denotes the received signal corre-
sponding to the ith subarray of the reception array,
the jth subarray of the emitter array, and the kth

subband of the band. Ke and Kr are the spatial
smoothing factors on the emitter and reception ar-
rays, respectively, and Kf is the frequency smooth-
ing factor. The symbols * and H mean conjugated
and transpose conjugated, respectively.
Here, we rewrite the trispectrum matrix as

bC¼BCsBH ð8Þ

where the size of bC is ðM � N � FÞ2 � ðM � N � FÞ2.
Cs2CP�P is the trispectrum matrix related to ray-
paths, it is a diagonal matrix with diagonal being a,

B ¼ ½b1;b2;…;bP�2CðM�N�FÞ2�P is the extended
steering matrix that corresponds to P raypaths with
bk ¼ dk 5 d*

k. We set K ¼ M� N� F.
To reduce computational complexity, dimension

reduction preprocessing is introduced to eliminate
the redundant information in the matrices B and bC.
The preprocessing consists of the following two
steps:
The first step is to remove the redundant items in

B. To do this, a K2 � ð2K�1Þ transformation matrix
H is constructed by using the construction method
proposed in Ref. [16], as is shown in Eq. (9),

H¼ 	
HT

1 ;H
T
2 ;…;HT

K


T ð9Þ
with

Hm¼
8<
:

	
0K�ðK�1Þ IK



m¼ 1	

0K�ðK�1Þ IK 0K�ðm�1Þ



2�m� K� 1	
IK 0K�ðK�1Þ



m¼ K

ð10Þ

where IK is the K � K identity matrix, the symbol T

means transposed. It is possible to produce a
reduced-dimension ð2K�1Þ � P steering matrix F by
using the matrix H, such that

Fig. 1. The smoothing technique for the cumulants.
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B¼HF ð11Þ
Substituting Eq. (11) into Eq. (8), one obtains

bC¼ðHFÞCsðHFÞH ð12Þ

In the second step, by eliminating the redundant
entries in the matrix bC, a dimension-reduced
ð2K�1Þ � ð2K�1Þ trispectrum matrix bC4 is obtained,
which is given by

bC4¼G�1HT bCHG�1¼G�1HTðHFÞCsðHFÞHHG�1

¼FCsFH

ð13Þ

whereG ¼HTH ¼ diagð1; 2;…;K � 1;K;K � 1;…;1Þ.
By concatenating the elements of the matrix bC4

into a long vector, Eq. (13) is rewritten as

z¼vecðbC4Þ¼vec
�
FCsFH�¼ðF*1FÞa¼Qa ð14Þ

where the size of z is ð2K � 1Þ2 � 1, the notation 1
denotes the KR product, vecð ,Þ denotes the vecto-
rization operator that stacks the columns of a matrix,
and the size of Q is ð2K � 1Þ2 � P.
Based on the abovementioned preprocessing, the

computational complexity is largely reduced
because the scale of the problem in Eq. (14) is much
less than that of the problem in Eq. (8), especially
when the size of the array is increased.
Based on Eq. (14), the problem of raypath sepa-

ration is formulated into a higher-order cumulant-
based L1 regularization optimization problem. For
all raypaths, three sample sets are constructed,
which represent their potential DODs A, their po-
tential DOAs B, and their potential TOPs C. A ¼ fqe1;
qe2;…; qedeg, B ¼ fqr1; qr2;…; qrdrg, and C ¼ fT1; T2;…;
Tdtg. Then, the raypaths are identified in a three-
dimensional grid of size de � dr � dt. Let W ¼ de �
dr � dt . We assume that the three-dimensional grid
is dense enough that the theoretical position of
raypaths is expected to be located on the grid or
close to the grid.
Using the three-dimensional grid, Eq. (14) can be

reformulated as

z¼ ~QpN ð15Þ

where the ð2K � 1Þ2 �W matrix ~Q denotes the
sensing matrix and the W � 1 vector pN is an un-
known vector containing information about ray-
paths at all grid points. The ði � j � kÞ-th element of
pN is nonzero if a raypath p falls on the ði � j � kÞ-th
grid point; otherwise, it equals zero. Thus, pN is
P-sparse in the case ofW[P because there are only
P nonzero elements in pN . The CS framework

asserts that the sparse signal pN can be recon-
structed accurately by solving a L2 regularization
optimization problem [13], and the solution is bpN , as
shown in Eq. (16),

bpN ¼argmin
pN2CW

k z� ~QpNk22 þ m k pNk22 ð16Þ

where k,k2 denotes the l2-norm and the regulari-
zation parameter m controls the l2-norm term��z� ~QpN

��2
2 between the solution's sparsity. This

paper finds the solution via a reedy sparse approx-
imation strategy rather than a second-order cone
(SOC) programming framework. The reedy sparse
approximation strategy is an important method for
DOA estimation and has advantages such as low
computational complexity, simplicity in imple-
mentation, and high robustness [17]. Based on Eq.
(16), the raypath separation problem is finally
formulated as the L2-norm minimization problem
(Eq. (16)). Parameters such as DODs, DOAs, and
TOAs are estimated according to the solution bpN .

3. Simulations

In this section, several simulations are provided to
illustrate the performance of the proposed method.
We define the signal-to-noise ratio (SNR) as the
ratio of signal power and noise power in the fre-
quency band of the signal. The smoothing-
MUSICAL [5], double MUSICAL [10], and double-
4s-MUSICAL [11] are taken as comparative algo-
rithms. Both the double-4s-MUSICAL and the pro-
posed algorithm are applied to an array-to-array
configuration. The smoothing-MUSICAL is applied
to a point-to-array configuration. In the point-to-
array configuration, the point source is fixed at the
center of the emitter array, and the reception array
is the same as the one used in the array-to-array
configuration.

3.1. Example with an array-to-array configuration
composed of seven elements

This subsection provides an example to illustrate
the detection performance of the proposed algo-
rithm for close raypaths under noiseless circum-
stances. As an example of this situation, we assume
that four acoustic rays propagate between the cen-
ters of the emitter array and the reception array in
the waveguide. Both the emitter and reception ar-
rays are composed of seven elements. The elements
on the emitter array are regularly spaced in the
water column between 82.5 and 97.5 m. The recep-
tion array is set between 42.5 and 57.5 m under
the water. The centers of the emitter array and
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reception array are set at 90 m and 50 m, respec-
tively. The distance between the two adjacent ele-
ments of the arrays is 2.5 m. The horizontal distance
between the two arrays is 1500 m. The acoustic
sound speed is 1500 m/s in the waveguide, and the
sampling frequency is 10,000 Hz. Fig. 2 shows the
separation results of these algorithms. Seven fre-
quency bins are used in this simulation, and their
values range from 1.25 to 1.75 kHz. In Fig. 2, each
spot represents the arrival of the raypath, and black
crosses are added to mark the theoretical positions
of the raypaths. The smoothing-MUSICAL sepa-
rates raypaths in a plan of TOA and DOA, while the
proposed algorithm, double MUSICAL, and double-
4s-MUSICAL use DOA, DOD, and TOA to separate
raypaths in three-dimensional space. The spots

provided by the double-4s-MUSICAL are located at
max-value/1.5. Both the proposed algorithm and
double MUSICAL mark the spot at max-value/15.5.
Four raypaths are clearly detected in Fig. 2(b), (c),
and (d), whereas close arrivals are shown as a mixed
point in Fig. 2(a). Table 1 shows the comparisons of
the estimation errors for the proposed algorithm,
double MUSICAL, and double-4s-MUSICAL. The
proposed algorithm and double-4s-MUSICAL give
similar errors, whereas the double MUSICAL pro-
duces relatively high errors.

3.2. Quantified analysis of the performance

Next, a quantified analysis is provided to verify
the performance of the proposed method. For a

Fig. 2. Comparison of the results (four raypaths propagate between the centers of emitter and reception arrays). Black crosses are added to mark the
theoretical positions of the raypaths. (a) Separation results using the smoothing-MUSICAL algorithm. (b) Separation results using the proposed
algorithm. (c) Separation results using the double-4s-MUSICAL algorithm. (d) Separation results using the double MUSICAL algorithm.
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given method, the root-mean-square error (RMSE)
is used to quantify the estimation error of the rele-
vant parameters. The RMSE of the arrival time is
defined as Eq. (17). The RMSEs of the reception and
emission angles are similar to that of the arrival
time,

Table 1. Error comparison in simulation.

double-4s-
MUSICAL

Proposed
method

double
MUSICAL

emission angle (�) 0.29 0.46 1.05
reception angle (�) 0.22 0.32 0.8
arrival time (us) 92 94 172

Fig. 3. The RMSEs comparison for the proposed algorithm and double MUSICAL algorithm, estimated by 10 realizations. (a) RMSE comparison of
DOA estimation. (b) RMSE comparison of DOD estimation. (c) RMSE comparison of TOA estimation.
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RMSEt¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
KP

XK
k¼1

XP
i¼1

�bt ik � ti
�2vuut ð17Þ

where bt ik is the estimation of ti for the ith raypath in
the kth realization. K is the number of realizations,
which is set as K ¼ 10 in the following simulations.
The other conditions are kept the same as in Fig. 2.
Fig. 3 shows the RMSE comparison for DOA, DOD,
and TOA estimations in the proposed method and
double MUSICAL algorithm. It is clear in Fig. 3 that
the proposed method is less sensitive to noise than
the double MUSICAL algorithm.

3.3. Influence of the element on performance

Then, the computation time of the proposed al-
gorithm with respect to the number of elements is
investigated. Parameter settings are the same as in
the previous section. The computation time is a
function of the number of elements of the reception
array. The number of elements of the emitter array
is set as the same as the number of elements of the
reception array, i.e., M ¼ N. Fig. 4 illustrates that
using the proposed algorithm requires much less
computation time than the double-4s-MUSICAL,
especially when a large number of elements are
used, although both take advantage of the sup-
pression ability of higher-order cumulants and the
array-to-array configuration. Thus, one of the great
advantages of the proposed algorithm is that it can
save significant computation time, which has great
value for applications in systems with computation
time requirements.

4. Experiments

In this section, to further illustrate the performance
of the proposed algorithm, small-scale experiments
and shallow-water propagation experiments are
discussed. The small-scale experiment focuses on
the robustness performance of the proposed algo-
rithm. We take the double MUSICAL [10] and
smoothing-MUSICAL [5] as comparative algorithms
in the small-scale experiment. The shallow-water
propagation experiment shows the ability to separate
close acoustic rays. Double-4s-MUSICAL [11], dou-
ble MUSICAL [10], and 4s-smoothing-MUSICAL [6]
are used for comparison in the shallow-water prop-
agation experiment.

4.1. Small-scale experiment

The small-scale experiment was developed by P.
Roux [18] in a laboratory ultrasonic tank. This tank
is 1 m long and 55 mm deep. Its bottom is covered
by a steel bar, which facilitates the optimal reflec-
tion of sound waves at this interface. Two coplanar
arrays are placed at a distance of 1 m, called the
emitter array and reception array. Both of them are
composed of 64 transducers, and the distance be-
tween the transducers is 0.75 mm. The emitter
array emits an ultrasonic signal with a wavelength
of 1.5 mm and a broadband frequency of 0.5 MHz,
which has a center frequency of 1 MHz. The sam-
pling frequency is 10 MHz. The double MUSICAL,
smoothing-MUSICAL, and the proposed algorithm
are applied to the same set of real data obtained by
this small-scale experiment, and the separation
results are shown in Fig. 5(a) and (b), and (c). SNR
is fixed to 20 dB. The number of frequencies used is
12, and the frequency bin value is from 757,575 to
1,590,909 Hz. Each spot indicates the arrival of a
raypath. The black crosses are added to show the
theoretical positions of raypaths, as shown in Fig. 5.
The smoothing-MUSICAL is applied to a point-to-
array configuration. The receive subarray is
composed of 7 elements with a spacing of 1.5 mm,
covering the water column from 19.5 to 28.5 mm.
Both the emitter and reference transducers are set
at a depth of 24 mm. With this configuration, the
smoothing-MUSICAL gives a two-dimensional
separation result in a plan of TOA and DOA, as
shown in Fig. 5(b). The other algorithms are
applied to an array-to-array configuration. Each
array in the configuration is composed of 7 trans-
ducers. Both the emitter subarray and reception
subarray cover the water column from the position
at 19.5 mm to the position at 28.5 mm. By taking

Fig. 4. Computation Time analysis as a function of N for the proposed
algorithm and double-4s-MUSICAL algorithm.
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advantage of the array-to-array configuration, a
three-dimensional separation is provided, as
shown in Fig. 5(a) and (c). Spots represent the
estimated position of the raypath. The spots

provided by the double MUSICAL and the pro-
posed algorithm are located at max-value/1.3 and
max-value/25, respectively.
Comparing Fig. 5(a) and (c), the proposed algo-

rithm shows a relatively smaller spot for each
raypath than the double MUSICAL and presents
smaller estimation errors, as shown in Table 2. In
addition, all arrivals are clearly detected in
Fig. 5(c). However, in Fig. 5(a), the first and third
raypaths fail to be totally separated because the
use of the smoothing technique leads to a

Fig. 5. Results comparison in the small-scale experiment. Black crosses are added to indicate the theoretical positions of raypaths. (a) Separation
results using the double MUSICAL algorithm. (b) Separation results using the smoothing-MUSICAL algorithm. (c) Separation results using the
proposed algorithm.

Table 2. Error comparison in small-scale experiment.

Double MUSICAL Proposed method

emission angle (�) 1.15 0.62
reception angle (�) 1.0 0.72
arrival time (ns) 367 302
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reduction in the array aperture and bandwidth
(these raypaths are referred to successively from
bottom to top and from left to right). In Fig. 5(b),
the smoothing-MUSICAL enables the separation

of the last four raypaths. However, it presents one
mixed spot for the first three arrivals because the
propagation times of these arrivals are extremely
close.

Fig. 6. Results comparison with the data collected from shallow-water propagation experiment. Black crosses are added to indicate the theoretical
positions of raypaths. (a) Separation results with the 4s-smoothing-MUSICAL algorithm. (b) Separation results with the double-4s-MUSICAL al-
gorithm. (c) Separation results with the double MUSICAL algorithm. (d) Separation results with the proposed algorithm. (e) Propagation path of three
acoustic waves to be separated in shallow-water propagation experiment.
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4.2. Shallow-water propagation experiment

The shallow-water propagation experiment was
conducted in July 2005 north of Elba Island, Italy [9].
The configuration of this experiment is similar to
that of the small-scale experiment, but the former
spans much more water than the latter. Detailed
information about the shallow-water propagation
experiment can be found in Sec. II in Ref. [9]. In this
experiment, a vertical array composed of five hy-
drophones is taken as a reception, covering the
water column from the position at 88 m to the po-
sition at 96 m with a spacing of 2 m. A vertical array
composed of five equally spaced transducers is
taken as an emission, spanning 11.144 m in a 123 m
water column at a water depth of 123 m. The dis-
tance between the two adjacent transducers is
2.786 m. Both the reference hydrophone and the
reference transducer are set at 96 m at a water depth
of 123 m. The source signal with a 1 kHz frequency
bandwidth has a central frequency of 3.2 KHz. The
11 frequency bins of the signal are used, and their
value ranges from 2.2 KHz to 4.2 KHz. Sixty taps of
the broadband time-domain signal with a sampling
frequency of 12 kHz are used in this experiment.
The maximum SNR of the noise field is approxi-
mately 40 dB.
Fig. 6(e) displays the propagation trajectories of

three special acoustic waves between the centers of
the source and receive arrays. Both the centers of
the source and receive arrays have a depth of 96 m.
Among the three raypaths, raypath 2 is a surface-
reflected ray, whereas raypaths 1 and 3 are refracted
rays. Due to the sound speed variation in the water
[9], the three acoustic rays arrived at the center of
the reception array in similar times. In addition,
raypaths 1 and 2 have close DOAs, while raypaths 2
and 3 have close DODs. Fig. 6(a), (b), 6(c), and 6(d)
show the separation results of separating the three
raypaths in Fig. 6(e) using the 4s-smoothing-
MUSICAL, the double-4s-MUSICAL, the double
MUSICAL, and the proposed algorithm, respec-
tively. Each spot corresponds to the estimated po-
sition of the raypath. The spot provided by the
proposed algorithm is located at max-value/30. As
shown in Fig. 6(b) and (d), both the double-4s-
MUSICAL algorithm and our algorithm successfully
identify the three raypaths. The comparisons of the

results in Table 3 also illustrate the similar perfor-
mance of the proposed method and double-4s-
MUSICAL algorithm. In Fig. 6(a), there is a deficient
raypath, indicating that the third raypath is not
detected by the four-smoothing-MUSICAL algo-
rithm in the TOA and DOD plans. This is because
the second raypath and the third raypath have close
DOAs and TOAs. The double MUSICAL algorithm
separates the two raypaths well in the domain of
DOD and DOA by making use of the advantage of
the array-to-array configuration. However, a defi-
cient raypath is also presented due to the small
number of elements used.

5. Conclusion

In this paper, a three-dimensional high-order
compressive sensing algorithm is proposed to sepa-
rate coherent raypaths in a shallow-water waveguide.
Our method is applied to the array-to-array configu-
ration and is less sensitive to noise. Compared to
existing algorithms that are applied on a point-to-
array configuration, the proposed algorithm achieves
higher resolution when separating close raypaths.
Moreover, the proposed method has an obvious
advantage in computational complexity over the
three-dimensional higher-order subspace-based al-
gorithm. In the future, a multidimensional gridless
compressive sensing version of the proposed algo-
rithm will be studied to obtain a more accurate sepa-
ration when the basis mismatch effect exists.
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