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RESEARCH ARTICLE

Optimization of Circular Silencers Internally
Hybridized with Multiple Reverse Chambers Using
the GA Method

Min-Chie Chiu a,*, Ying-Chun Chang a, Tian-Syung Lan b, Ho-Sheng Chen c

a Department of Mechanical and Materials Engineering, Tatung University, Taipei, 10452, Taiwan, ROC
b Department of Information Management, Yu Da University of Science and Technology, Miaoli County, 361, Taiwan, ROC
c College of Mechatronic Engineering, Guangdong University of Petrochemical Technology, Maoming 525000, Guangdong, China

Abstract

A noise abatement method using an eigen function in conjunction with an optimizer (Genetic Algorithm) under a
space-constrain situation is proposed in this study concerning a high order wave propagation effect. An eigen function is
used to describe an acoustical field and shorten the acoustical model in a four-pole transfer matrix form. The system's
four-pole matrix estimates the Transmission Loss (TL) for the silencers by multiplying individual four-pole matrices.
Additionally, a case studyof an air compressor's broadbandnoise elimination is introduced.Three types of circular reverse

silencers (silencers A-C) internally hybridized with multiple straight chambers are adopted to efficiently suppress the noise
wave. Considering broadband characteristics and space-constrained situations, an average-deviation-integrating form used
as an objective function is presented and linked to anoptimizer-GA (GeneticAlgorithm).Acousticalmodels for silencersA to
C are checkedbefore the numerical optimization is performed.Apure toneoptimization is executed to assure the consistency
of the GA scheme. The result shows that the overall noise drop is enhanced and the number of straight expansion chambers
installed at the inlet/outlet of the circular reverse silencer increases. Consequently, concerning a space-constrained situation
in the real world and the characteristics of the broadband noise spectrum, an efficient method is proposed in this paper for
designing an optimally shaped hybrid muffler using the objective function in conjunction with an optimization scheme.

Keywords: Eccentrics, Genetic algorithm, High order wave, Optimization, Reverse

1. Introduction

A number of studies on mufflers used in vent-
ing noise have been thoroughly examined.

Munjal [1] established a four-pole transfer matrix to
estimate the noise reduction based on fluid dy-
namics theory. Sullivan and Crocker [2,3] developed
coupled equations for a perforated muffler at outer
and inner tubes. However, the acoustical effect of a
high order wave was neglected in the studies
mentioned above. Therefore, Ih and Lee [4] devel-
oped a mathematical model of an expansion
chamber with a circular section and mean flow. Yi
and Lee [5,6] presented a theoretical scheme to
forecast the acoustical efficiency of expansion

chamber mufflers in circular shape and hybridized
with straight/side inlets and outlets.
Ih and Lee [7] offered a scheme for predicting the

noise reduction of the circular-sectioned reverse
silencers. A numerical assessment was performed to
shorten the estimation of an expansion silencer
organized with two segments (rectangular and cir-
cular) [8]; however, the analysis using the scheme at
the condition of 90� angle between the inlet and the
outlet proved difficult. Selamet and Ji [9] investi-
gated the acoustic reduction of circular-sectioned
flow-reversing chambers. A one-expansion-cham-
ber silencer with an elliptical section was proposed
by Mimani and Munjal [10] based on plane wave
model and analyzed. Ranjbar et al. [11] assessed the
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best design within a limited time for structural
acoustics. Subsequently, an automotive silencer's
acoustical fluid-dynamic optimization was assessed
by Siano et al. [12] based on the plane wave model.
Mimani and Munjal [13] proposed a semi-analytical
method that utilized Green's function in conjunction
with driven uniform-piston model to predict the
end-correction length effect within an axial and long
reversal chamber. Arslan et al. [14] investigated
muffler design for transmitted noise reduction in
2018. Mohamad et al. [15] investigated Formula
racecar exhaust mufflers using a hybrid technique.
Arslan et al. [16] analyzed a multi-chamber reactive
silencer in 2020. Later, Arslan et al. [17] explored
maximum sound transmission loss in multi-cham-
ber reactive silencers. Mohamad et al. explored the
acoustical effect of perforated tubes for three-
dimensional exhaust mufflers with mean flow [18].
In dealing with venting systems’ industrial noise, a

multi-chamber muffler has been utilized to suppress
sound energy. However, the multi-chamber muffler
design and optimization assessment of mufflers in
constrained conditions still has not been considered.
In 2010, Chiu [19e22] proposed an optimal assess-
ment on multi-chamber mufflers hybridized with
perforated intruding inlets and resonated tubes. The
optimization of reverse-flow mufflers and multi-
chamber mufflers with the plug-inlet tubes in a
venting process. Numerical optimization of acous-
tical performance for hybrid mufflers under back
pressure constrained. Also, the shape optimization
of three-chamber hybrid mufflers within constrained
backpressure and space in 2012. Chiu [23,24] pro-
vided a numerical assessment method for dealing
with broadband noise and pure tone using a hybrid
muffler and simulated the annealing method in 2013.
Ranjbar and Kemani [25] presented an optimization
of muffler design by genetic algorithm and random
search method. Mohamad et al. [26] presented the
hybrid method technique and transfer matrix
method in vehicle muffler optimization in 2021.
The above mentioned studies are focused mainly

on analyzing acoustical waves at low and medium
frequencies. Some research the use of both bound-
ary element method (BEM) and finite element
method (FEM) has also been addressed in some
studies of high order wave modes [27e32]. Chiu and
Chang [33] have discussed the optimization of a
simple expansion chamber silencer in a high-order
mode in 2014. Nevertheless, extensive calculation
time for muffler modeling is required. Difficulty in
running the FEM software for optimum is also a
problem. Therefore, to increase the muffler's acous-
tical efficiency under a space-limited condition, an
optimization of circular mufflers hybridized with

multiple reverse cavities using the eigen function
together with the genetic algorithm method was
considered [34]. Three circular hybrid silencers (A, a
one-chamber silencer hybridized with one reverse
chamber; B, a three-chamber silencer hybridized
with two straight chambers and one reverse cham-
ber; and C, a five-chamber silencer hybridized with
four straight chambers and one reverse chamber)
are presented and optimized with the GA optimizer.

2. Mathematical background

To establish the theoretical models for silencers A,
B and C, an eigen function which uses both 3-D wave
propagation and orthogonal eigenmode is adopted to

Nomenclature

The following symbols are used herein for the purpose of
this paper:
a, R3 expansion chamber's radius
aa1, R2 reverse chamber inlet's radius
aaa1, R5 reverse chamber outlet's radius
a1, R1 inlet's radius
a2, R4 outlet's radius
c0 sound speed (m/s)
d expansion chamber's diameter
e1, E1 the distance between the inlet and the expansion

chamber
e2, E2 the distance between the outlet and the expansion

chamber
f requency (Hz)
itermax extreme iteration in GA's optimization
Jn n-order Jacobsthal polynomial series

k sound's wave number
�
u
co

�
kr sound's wave number in r-axis

�
ur
co

�
kz sound's wave number in z-axis

� ffiffiffiffiffiffiffiffiffiffiffi
k2�k2r

q �
L1, L2,
L3, L expansion chamber's length
m;n acoustical mode
pii an average acoustical pressure (Pa)
pli an average internally communicating acoustical

pressure (Pa)
P1 inlet's acoustical potential energy
P2 outlet's acoustical potential energy
pc crossover rate
pm mutation rate
pp population number
SWLOi unsilenced sound power level at ith (1/1) octave

band frequency
SWLi silenced sound power level at ith (1/1) octave band

frequency
TLi silencer's TL with respect to the relative octave

band frequency
Ui volume velocity (m/s)
Z0 expansion chamber's acoustical impedance at inlet
q, q0 angles between inlet and outlet
u angular frequency (¼2pf ) (rad/s)
r0 density of air (kg/m3)
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simplify the acousticalmodel into a four-pole transfer
matrix. Individual matrices used to evaluate the si-
lencer's Transmission Loss (TL), are multiplied to
form an overall system's four-pole matrix. The
mathematical models of acoustical elements (reverse
chamber and straight chamber) in various configu-
rations and silencers ~A C are described below.

2.1. Acoustical model for a circular-sectioned
silencer hybridized with one reverse chamber

First, the acoustical model for a circular-sectioned
muffler hybridized with one reverse-chamber ac-
cording to wave propagation in higher order mode is
depicted in Fig. 1. The sound pressure at both inlet
and outlet is averaged according to the eigen func-
tion deduced from Ih & Lee [4] and Yi & Lee [5,6].

(i ¼ 1 and l ¼ 2) or (i ¼ 2 and l ¼ 1) (2)

For inlet part, the total acoustical potential energy
yields

P1¼p11þp12¼ � jZ0ðU1E11�U2E12Þ ð3Þ
For outlet part, the total acoustical potential

energy yields

P2¼p21þp22¼ � jZ0ðU1E21�U2E22Þ ð4Þ
Joining Eq. (3) with Eq. (4) yields�

P1

U1

�
¼
�
T11

T21

T12

T22

��
P2

U2

�
ð5Þ

By expanding Eq. (5), the following is obtained:

P1 ¼ T11P2 þ T12U2

U1 ¼ T21P2þT22U2
ð6Þ

The related pole is obtained as

T11 ¼ ðP1=P2ÞjU2¼0 ¼ E11

.
E12;

T12 ¼ ðP1=U2ÞjP2¼0 ¼ jZ0ðE12 � E11E22=E12Þ
T21 ¼ ðU1=P2ÞjU2¼0 ¼ jðZ0E12Þ�1

;

T22 ¼ ðU1=U2ÞjP2¼0 ¼ E22

.
E12

ð7Þ

The sound TL of a circular-sectioned silencer
hybridized with a reverse chamber at nodes 1 and 2
is [35].

TL¼20log
�jT11þT12þT21þT22j

2

	
þ10log

�
Sin

Sout

	
ð8aÞ

where

Z0¼r0c
�
pa21 ð8bÞ

2.2. Acoustical model for a circular-sectioned and
one-chamber straight silencer at the same axes of
inlet and outlet

The acoustical model of a circular-sectioned
straight-silencer having one chamber based on wave

pii¼ð� 1Þi�1jUiZ

(
cot kLþ

�
2a

lnmai

	2X0

n

X0

m

k cot kznmLJ
2
nðlnmei=aÞJ21ðlnmai=aÞ

kznm


1� n2

�
l2nm
�
J2nðlnmÞl2nm

)
ð1Þ

pli¼ð� 1ÞijUiZ

(
cot kLþ4

�
a
ai

	�
a
al

	X0

n

X0

m

k cot kznmLJ1ðlnmai=aÞJ1ðlnmal=aÞ
kznm


1� n2

�
l2nm
�
J2nðlnmÞl2nm

)

¼ ð� 1ÞljUiZEli

Fig. 1. Mechanism of the circular silencer with one reverse chamber (Ih
and Lee, 1987; Yi and Lee, 1987).
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propagation theory in higher-ordermode is provided
in Fig. 2. Given to eigen function fromMunjal [8], Ih&

Lee [4], and Yi & Lee [5,6], averaged sound pressures
at both silencer's inlet and outlet are

Fig. 2. Mechanism of the circular and one-chamber straight silencer (Ih and Lee, 1985; Yi and Lee, 1986).

pii ¼ ð� 1Þi�1UiZ

(
1

tan kL
�
�
a
ai

	2X0

n

X0

m

4kJ21ðlnmai=aÞJ2nðlnmdi=aÞ
ð � 1Þkznm



1� n2

�
l2nm
�
tanðkznmLÞJ2nðlnmÞl2nm

)
¼ ð� 1Þi�1UiZEii

ði¼ 1 or 2Þ
ð9Þ

pil ¼ ð � 1Þi�1UiZ

8<
: 1
sin kL

�
�
a
a1

	�
a
a2

	X0
m

X0
n

�
4k cos nqoJ1

�
lnma1
a

	
J1

�
lnma2
a

	
Jn

�
lnmd1

a

	
J1

�
lnmd2

a

	�

�
"
ð � 1Þkznm

 
1� n2

l2nm

!
sinðkznmLÞJ2nðlnmÞl2nm

#�1
9=
; ¼ ð � 1ÞiUlZEil

ði ¼ 1 and l ¼ 2Þorði ¼ 2 and l ¼ 1Þ

ð10Þ

In case that both silencer's inlet and outlet are at the same axis, the sound pressure yields

pii ¼ ð�1Þi�1UiZ
�

1
tan kl

�
�
a
ai

	2X∞
m¼1

4kJ12ðl0mai=aÞ
ð�1Þkz0m tanðkz0mlÞJ02ðl0mÞl0m2



≡ð�1Þi�1UiZEii ði¼ 1 or 2Þ
ð11Þ

pil¼ð�1Þi�1UiZ

(
1

sinkL
�
�
a
a1

	�
a
a2

	X∞
m¼1

�
4kJ1

�
l0ma1
a

	
J1

�
l0ma2
a

	�
��ð�1Þkz0m sinðkz0mLÞJ20ðl0mÞl20m

��1

)
¼1

¼ð�1ÞiUlZEil

ði¼1and l¼2Þorði¼2and l¼1Þ

ð12Þ
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2.3. Transmission loss of mufflers A-C

Figure 3 shows three categories of circular mix
silencers (silencer A: a silencer hybridized with one
reverse chamber, silencer B: a silencer hybridized
with three reverse chambers, and silencer C: a
silencer hybridized with five reverse chambers).
The acoustical performance of silencers A-C is

established based on the acoustical model
mentioned above and presented as follows:
The acoustical fields of silencer A to silencer C are

shown in Fig. 4. For silencer A, two points are cho-
sen to demonstrate the sound field of the entire
silencer.
The organism's matrix and its TL are described

below:�
P1

U1

�
¼ P

1

m¼1

�
Tm


f
���P2

U2

�
�
TT11 TT12

TT21 TT22

��
P2

U2

�
ð13aÞ

TL1



f ;X1

�¼20log
�jTT11 þ TT12 þ TT21 þ TT22j

2

�

þ 10log
�
S1

S2

	 ð13bÞ

X1¼ðKT1;KT2;KT3;KT4;KT5;KT6Þ ð13cÞ
where

KT1 ¼ a1; KT2 ¼ a2; KT3 ¼ e1; KT4 ¼ e2; KT5 ¼ L2;
KT6 ¼ q (13d)

Similarly, for silencer B, four points are chosen to
exemplify the sound field of the complete muffler.
The organism's matrix and its TL yield

�
P1

U1

�
¼
�
TS11;1 TS11;2
TS12;1 TS12;2

��
TR11;1 TR11;2
TR12;1 TR12;2

�
�
TS21;1 TS21;2
TS22;1 TS22;2

��
P4

U4

�

¼
�
TT11 TT12

TT21 TT22

��
p4

U4

�
ð14aÞ

TL2


f ;X2

�¼20log
�jTT11 þ TT12 þ TT21 þ TT22j

2

�

þ 10log
�
S1

S4

	 ð14bÞ

X2¼


KT*

1 ;KT
*
2 ;KT

*
3 ;KT

*
4 ;KT

*
5 ;KT

*
6 ;KT

*
7 ;KT

*
8

� ð14cÞ

where

KT1* ¼ a1/aa1; KT2* ¼ a2/aaa1; KT3* ¼ e1; KT4* ¼ e2;
KT5* ¼ L2/Lo; KT6* ¼ q;KT7* ¼ aa1; KT8* ¼ aaa1;
L1 ¼ Lo-L2 (14d)

Likewise, for silencer C, the system's matrix and
its TL presented by six nodes are�
P1

U1

�
¼ P

5

m¼1

�
Tm


f
���P6

U6

�

¼
�
TT11 TT12

TT21 TT22

��
P6

U6

�
ð15aÞ

TL3


f ;X3

�¼20log
�jTT11 þ TT12 þ TT21 þ TT22j

2

�

þ 10log
�
S1

S6

	 ð15bÞ

X3¼


KT**

1 ;KT**
2 ;KT**

3 ;KT**
4 ;KT**

5 ;KT**
6 ;KT**

7 ;KT**
8 ;KT**

9

�
ð15cÞ

where m is the number of chambers,

Fig. 3. The mechanism for three silencers (silencer A: one reverse chamber; silencer B: three reverse chambers; silencer C: five reverse chambers).
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KT1** ¼ a1/aa1; KT2** ¼ a2/aaa1; KT3** ¼ e1;
KT4** ¼ e2; KT5** ¼ L2/Lo; KT6** ¼ q; KT7** ¼ aa1;
KT8** ¼ aaa1; KT9** ¼ L1/(Lo- L2); L1¼(1- KT5)*Lo*
KT9**; L3 ¼ Lo- L1-L2 (15d)

2.4. Objective function

Three OBJ functions are developed to suppress
the broadband SWL (Sound Power Level) emitted
by venting noise, as illustrated below:
The silenced octave sound power level emitted

from silencer's outlet is

SWLi¼SWLOi � TLi ð16Þ

where

(1) SWLOi is the original SWL at inlet of silencer (or
pipe outlet), and i is the index of octave band
frequency.

(2) TLi is the silencer's TL with respect to the rela-
tive octave band frequency.

(3) SWLi is the silenced SWL at outlet of silencer with
respect to the relative octave band frequency.

Finally, the overall SWLT silenced by silencers
A~C at outlet is selected as the objective function

Silencer A:

OBJ1ðX1Þ¼SWL1ðTÞ

Fig. 4. The acoustical fields of three silencers (silencer A: one reverse chamber; silencer B: three reverse chambers; silencer C: five reverse chambers).

¼ 10log

8>>>><
>>>>:

X7
i¼1

10

�
SWLO



f ¼ 31:5

�
�TL1



f ¼ 31:5

���
10

þ

�
SWLO



f ¼ 63

�
�TL1



f ¼ 63

���
10

þ
10

�
SWLO



f ¼ 125

�
�TL1



f ¼ 125

���
10

þ
10

�
SWLO



f ¼ 250

�
�TL1



f ¼ 250

���
10

þ

10

�
SWLO



f ¼ 500

�
�TL1



f ¼ 500

���
10

þ
10

�
SWLO



f ¼ 1000

�
�TL1



f ¼ 1000

���
10

þ
10

�
SWLO



f ¼ 2000

�
�TL1



f ¼ 2000

���
10

9>>>>=
>>>>;

ð17aÞ
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Silencer B:

OBJ2ðX2Þ¼SWL2ðTÞ

3. Acoustical model verification

Before executing theGA's numerical assessment on
the circular-sectioned silencers hybridized with
multiple reverse chambers, the acoustical

mathematical simulation for silencer A (a circulare
sectioned silencer hybridized with one reverse
chamber) is verified by the analytical data from Ih and
Lee [7]. In Fig. 5, the result shows consistencybetween

both of them. The acousticalmodels of silencers B and
C is checked for accuracy using FEM analysis (run by
COMSOL), as shown in Figs. 6 and 7. The figures
reveal that the method proposed is roughly in line
with the FEM's data. Consequently, the acoustical

Fig. 5. Accuracy check of silencer A's mathematical model by using analytic data from Ih and Lee (1987).

¼ 10log

8>>>><
>>>>:

X7
i¼1

10

�
SWLO



f ¼ 31:5

�
�TL2



f ¼ 31:5

���
10

þ

�
SWLO



f ¼ 63

�
�TL2



f ¼ 63

���
10

þ
10

�
SWLO



f ¼ 125

�
�TL2



f ¼ 125

���
10

þ
10

�
SWLO



f ¼ 250

�
�TL2



f ¼ 250

���
10

þ

10

�
SWLO



f ¼ 500

�
�TL2



f ¼ 500

���
10

þ
10

�
SWLO



f ¼ 1000

�
�TL2



f ¼ 1000

���
10

þ
10

�
SWLO



f ¼ 2000

�
�TL2



f ¼ 2000

���
10

9>>>>=
>>>>;

ð17bÞ
Silencer C:

OBJ3ðX3Þ¼SWL3ðTÞ

¼ 10log

8>>>><
>>>>:

X7
i¼1

10

�
SWLO



f ¼ 31:5

�
�TL3



f ¼ 31:5

���
10

þ

�
SWLO



f ¼ 63

�
�TL3
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���
10

þ
10

�
SWLO



f ¼ 125

�
�TL3



f ¼ 125

���
10

þ
10

�
SWLO



f ¼ 250

�
�TL3



f ¼ 250

���
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þ

10

�
SWLO



f ¼ 500

�
�TL3



f ¼ 500

���
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10

�
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�
�TL3



f ¼ 1000

���
10
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10

�
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f ¼ 2000

�
�TL3



f ¼ 2000

���
10

9>>>>=
>>>>;

ð17cÞ
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models of silencer A to silencer C allied by the nu-
merical method are adopted in the optimization
process in the following section.

4. Case study

A silencer confined within an air compressor
package is depicted in Fig. 8(a). The SWL (Sound
Power Level) spectrum discharged from the outlet
of the air compressor is illustrated in Fig. 8 (b).
To efficiently suppress the broadband noise, three
circular-sectioned and multi-chamber silencers
depicted in Fig. 3 and Eq. (17) (a)e(c) are used in
conjunction with the GA method. Figure 1 shows

that the permitted zone for a silencer is 0.123 m in
diameter and 0.35 m in length. The dimension
constraints and range of parameters for each
silencer are listed in Table 1. To validate the GA's
reliability in silencer optimization, a TL's maximi-
zation regarding silencers A-C at a specified tone of
300 Hz is carried out before minimizing broadband
noise. The objective functions with concerning
silencer A to silencer C are listed below:

Silencer A:

OBJ01


f ;X1

�¼TL1ðX1Þf¼300Hz ð18aÞ

Fig. 6. Accuracy check of silencer B's mathematical model using the FEM analysis run by COMSOL (L1 ¼ L2 ¼ L3 ¼ 30.012 cm; R1 ¼ 1.0209 cm,
R2 ¼ 2.091 cm, R3 ¼ 6.15 cm, R4 ¼ 1.0209 cm, R5 ¼ 2.091 cm, E1 ¼ E2 ¼ 4.182 cm, q ¼ 180�).
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Silencer B:

OBJ02


f ;X2

�¼TL2ðX2Þf¼300Hz ð18bÞ
Silencer C:

OBJ03


f ;X3

�¼TL3ðX3Þf¼300Hz ð18cÞ

5. Genetic algorithm

The genetic algorithm (GA) is a robust search al-
gorithm created by Holland [36] and improved by

Jong [37] as an optimization function. It finds the
global optimum value through the process of ge-
netic evolution. Figure 9 shows the working princi-
ple of genetic algorithm. As shown in Fig. 9, several
strategies are used in the gene's elite program,
including tournament selection and fitness com-
parison of randomly selected pairs of chromosomes.
In addition, a uniform crossover with a probability
pc and a mutation scheme for expanding the gene
pool species with probability pm are employed. As
shown in Fig. 10, the GA process is completed when
the number itermax reaches an extreme value.

Fig. 7. Accuracy check of silencer C's mathematical model using the FEM analysis run by COMSOL (L1 ¼ L2 ¼ L3 ¼ L4 ¼ L5 ¼ 30.012 cm,
R1 ¼ 1.0209 cm, R2 ¼ 2.091 cm, R3 ¼ 6.15 cm, R4 ¼ 1.0209 cm, R5 ¼ 2.091 cm, E1 ¼ E2 ¼ 4.182 cm, q ¼ 180o).
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6. Results and discussion

6.1. Results

Five GA control parameters, including pp, bit, pc,
pm, and itermax, are used in the optimization process,
where pp is the population number, bit is the

chromosome length, pc is the crossover rate, pm is
the mutation rate, and itermax is the extreme itera-
tion. Two kinds of optimization, one for a pure tone
noise used for validating the GA's reliability and the
other for broadband noise elimination used in air
compressor's venting noise, are described below.

Fig. 8. An air compressor package within a space-constrained situation.
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6.1.1. TL maximization at a targeted tone
The TL of silencer A is maximized at the target

tone (300 Hz). By using Eqs. (13) and (18a) and
applying the GA control parameters, silencer A is
optimized for design data. As shown in Table 2,
three GA parameters pc, pm, and itermax are gradu-
ally adjusted to achieve better optimization [21].
Table 2 illustrates that a better GA ensemble is ob-
tained in the 13th, where pp, bit, pm, pc, and itermax
are 120, 15, 0.05, 0.8, and 10,000, respectively. In Figs.
11e13, the better design data is substituted into the
theoretical formula, and the obtained TL curve is
related to many GA control parameters ( pm, pc, and
itermax). As shown in Table 2 and Fig. 13, TL reaches
maximum at the specified pitch at 300 Hz when
using the best GA set ( pp ¼ 120, bit ¼ 15, pm ¼ 0.05,
pc ¼ 0.8, and itermax ¼ 10,000). By using equations
(14), (15), (18b), (18c) and applying the same set of

GA control parameters, the optimal TL for silencer B
and C at the selected 300 Hz tone are evaluated and
presented in Table 3. By substituting the optimal
design data into the theoretical formula, the optimal
TL curves for silencers A-C are plotted in Fig. 14.

6.1.2. Minimization of broadband noise
The TL effect of silencers minimizes the broad-

band (0e3000 Hz) noise through them. The optimal
design data for silencer A is performed using Eqs.
(13) and (17a) during optimization with the same GA
parameters ( pp ¼ 120, bit ¼ 15 pm ¼ 0.05, pc ¼ 0.8,
itermax ¼ 10,000). Similarly, the optimized design
data for silencer B and C are evaluated using Eqs.
(14) & (17b) and Eqs. (15) & (17c), respectively,
during the GA optimization process. The optimal
design data of silencers A~C are shown in Table 4.
By substituting the optimal design data into the

Table 1. Ranges of design parameters for silencer A ~ silencer C.

Silencer Type Range of design parameters

Silencer A Lo ¼ 0.35 (m); a ¼ 0.0615 (m)
KT1:[0.005, 0.01]; KT2:[ 0.005, 0.01]; KT3:[0.0151, 0.0449]; KT4:[ 0.0151, 0.0449]; KT5:[0.1, 0.35]; KT6:[1.5708, 3.1416]

Silencer B Lo ¼ 0.35 (m); a ¼ 0.0615 (m)
KT1*:[0.1, 0.9]; KT2*:[ 0.1, 0.9]; KT3*:[0.0151, 0.0449]; KT4*:[ 0.0151, 0.0449]; KT5*:[0.5, 0.9]; KT6*:
[1.5708, 3.1416]; KT7*:[0.005, 0.01]; KT8*:[ 0.005, 0.01]

Silencer C Lo ¼ 0.35 (m); a ¼ 0.0615 (m)
KT1**:[0.1, 0.9]; KT2**:[ 0.1, 0.9]; KT3**:[0.0151, 0.0449]; KT4**:[ 0.0151, 0.0449]; KT5**:[0.5, 0.9]; KT6**:
[1.5708, 3.1416]; KT7**:[0.005, 0.01]; KT8**:[ 0.005, 0.01]; RT9**:[0.3, 0.7]

Fig. 9. Operations of the GA method.
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theoretical formula, the optimal TL curves of si-
lencers A~C are shown in Fig. 15.

6.2. Discussion

The TL maximization of the silencers A-C at the
specified tone (300 Hz) is evaluated in section 6.1.1
to verify the reliability of the GA. The final design
data and TL curves of silencers A-C are shown in
Table 3 and Fig. 14. Figure 14 shows that the TL of
the silencers is fully maximized at the desired tone
(300 Hz) during GA optimization. Therefore, the
genetic algorithm optimizer with silencer shape
optimization is trustworthy. Furthermore, as shown
in Table 3, the TLs of silencers A to C at the target
tone (300 Hz) are 105.0 dB, 135.0 dB, and 135.0 dB,
respectively. Silencer B and Silencer C are much
better than Silencer A. Additionally, the TL curves
of silencers B and C at the target tone are wider than
that of silencer A, as shown in Fig. 14.

Optimization of silencers A-C is performed in
section 6.1.2 to handle broadband discharge from
space-constrained air compressors. The simulation
results are provided in Table 4 and Fig. 15. Table 4
shows that the average deviations (between raw
SWL and TL) for silencers A to C are 39.4 dB,
42.6 dB, and 49.9 dB, respectively. Silencer C is
equipped with four straight cavities and one
reverse cavity, which is superior to the others. In
the study, silencer A with a reverse chamber has the
worst sound attenuation. Also, as shown in Fig. 15,
the TL curve of silencer C has the widest frequency
band. However, it is worth noting that silencer
A has a lower and narrower TL curve than the
others.
To evaluate the acoustical influence from the

geometric factors, a search of the TL regarding four
dimensionless geometric factors (a1/a, e1/a, L2/Lo,
andq/p) of silencer A is assessed and plotted in
Fig. 16. To facilitate the parameter analysis, the

Fig. 10. Flowchart of the GA method.
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analyzed TL is set at 300 Hz. As indicated in Fig. 16,
the TL is inversely proportional to a1/a, the ratio of
the inlet radius to the expansion chamber's radius.
For geometric parameter e1/a, where e1 is the

distance between the inlet and the expansion
chamber and a is the expansion chamber's radius,
the best TL occurs when e1/a is 0.15. Also, the best
TL occurs when the angle ratio of q/pis 0.15, where q

Table 2. Optimal design data for silencer A (silencer A: a circular silencer with one reverse chamber; pp ¼ 120; bit ¼ 15; targeted tone at 300 Hz).

Item GA parameters Results OBJ

1 pm pc itermax KT1 KT2 KT3 KT4 KT5 KT6 TL(dB)
0.01 0.2 100 0.005782 0.005782 0.01976 0.01976 0.1391 1.816 26.5

2 pm pc itermax KT1 KT2 KT3 KT4 KT5 KT6 TL(dB)
0.01 0.4 100 0.00.7256 0.007256 0.02854 0.02854 0.2128 2.279 38.0

3 pm pc itermax KT1 KT2 KT3 KT4 KT5 KT6 TL(dB)
0.01 0.6 100 0.009379 0.009379 0.04120 0.04120 0.3190 2.947 45.8

4 pm pc itermax KT1 KT2 KT3 KT4 KT5 KT6 TL(dB)
0.01 0.8 100 0.009170 0.009170 0.03995 0.03995 0.3085 2.881 56.6

5 pm pc itermax KT1 KT2 KT3 KT4 KT5 KT6 TL(dB)
0.01 0.9 100 0.009307 0.009307 0.04077 0.04077 0.3153 2.924 48.7

6 pm pc itermax KT1 KT2 KT3 KT4 KT5 KT6 TL(dB)
0.03 0.8 100 0.008978 0.008978 0.03881 0.03881 0.2989 2.820 61.0

7 pm pc itermax KT1 KT2 KT3 KT4 KT5 KT6 TL(dB)
0.05 0.8 100 0.009033 0.009033 0.03914 0.03914 0.3017 2.838 76.1

8 pm pc itermax KT1 KT2 KT3 KT4 KT5 KT6 TL(dB)
0.07 0.8 100 0.009104 0.009104 0.03956 0.03956 0.3052 2.860 62.7

9 pm pc itermax KT1 KT2 KT3 KT4 KT5 KT6 TL(dB)
0.09 0.8 100 0.008996 0.008996 0.03892 0.03892 0.2998 2.826 63.2

10 pm pc itermax KT1 KT2 KT3 KT4 KT5 KT6 TL(dB)
0.05 0.8 200 0.009002 0.009002 0.03895 0.03895 0.3001 2.828 89.9

11 pm pc itermax KT1 KT2 KT3 KT4 KT5 KT6 TL(dB)
0.05 0.8 1000 0.009049 0.009049 0.03923 0.03923 0.3024 2.843 91.7

12 pm pc itermax KT1 KT2 KT3 KT4 KT5 KT6 TL(dB)
0.05 0.8 5000 0.009047 0.009047 0.03922 0.03922 0.3023 2.842 95.2

13 pm pc itermax KT1 KT2 KT3 KT4 KT5 KT6 TL(dB)
0.05 0.8 10,000 0.009067 0.009067 0.03934 0.03934 0.3034 2.849 105.0

Notes: KT1 ¼ a1; KT2 ¼ a2; KT3 ¼ e1; KT4 ¼ e2; KT5 ¼ L2; KT6 ¼ q

Fig. 11. Optimal TL with respect to the frequencies for a silencer with a one-chamber plug-inlet at various pc [pop ¼ 120; bit ¼ 15; pm ¼ 0.01;
itermax ¼ 100; targeted frequency: 300 Hz].
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is the angle between inlet and outlet and p is the
angle of half-circle. Additionally, the best TL occurs
when L2/Lo is 0.83, where L2 is the length of the
chamber and Lo is a space-constrained length in the
horizontal direction.

Subsequently, an examination of the TL about
eight dimensionless geometric factors (aa1/a, aaa1/a,
a1/aa1, a2/aaa1, e1/a, L1/Lo, L2/Lo, and q/p) of silencer
B is conducted and presented in Fig. 17. As shown in
Fig. 17, the TL is optimized when aa1/a, the ratio of a

Fig. 12. Optimal TL with respect to the frequencies for a silencer with a one-chamber plug-inlet at various pm [pop ¼ 120; bit ¼ 15; pc ¼ 0.8;
itermax ¼ 100; targeted frequency: 300 Hz].

Fig. 13. Optimal TL with respect to the frequencies for a silencer with a one-chamber plug-inlet at various itermax [pop ¼ 120; bit ¼ 15; pc ¼ 0.8;
pm ¼ 0.05; targeted frequency: 300 Hz].
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reverse chamber's inlet radius relative to the
expansion chamber's radius, or e1/a is 0.15; or when
q/p ¼ 0.2 or a1/aa1, the ratio of expansion chamber's
inlet radius relative to the reverse chamber's inlet
radius, ¼ 0.22 or L2/Lo ¼ 0.65, where L2 is the length
of the reverse chamber and Lo is a space-con-
strained length in the horizontal direction; or when
L1/Lo is 0.49, where L1 is the length of the straight
chamber and Lo is a space-constrained length in the
horizontal direction. In addition, the TL reaches the
minimum when aaa1/a, the ratio of reverse

chamber's outlet radius relative to the expansion
chamber's radius, is 0.4. Furthermore, the TL slowly
decreases as a2/aaa1, the ratio of the expansion
chamber's outlet radius relative to the reverse
chamber's outlet radius, increases.
Similarly, the effect of the TL relating to eight

dimensionless geometric parameters (aa1/a, aaa1/a,
a1/aa1, a2/aaa1, e1/a, L1/L3, L2/Lo, and q/p) of silencer
C is explored and shown in Fig. 18. As shown in
Fig. 18, the TL is the maximum when aa1/a is 0.15 or
e1/a is 0.15 or q/p is 0.2 or a1/aa1 is 0.23 or L2/Lo is 0.63.

Table 3. Optimal design data for three kinds of silencers (silencer A ~ silencer C) at target tone of 300 Hz (pp ¼ 120; bit ¼ 15; pm ¼ 0.05; pc ¼ 0.8;
itermax ¼ 15,000).

Silencer type Design Parameters OBJ
-STL(dB)

Silencer
A

KT1 KT2 KT3 KT4 KT5 KT6 105.0
0.009067 0.009067 0.03934 0.03934 0.3034 2.849

Silencer
B

KT1* KT2* KT3* KT4* KT5* KT6* KT7* KT8* 135.1
0.8068 0.8068 0.04143 0.04143 0.8534 2.959 0.009418 0.009418

Silencer
C

KT1** KT2** KT3** KT4** KT5** KT6** KT7** RT8** KT9** 135.0
0.8068 0.8068 0.04143 0.04143 0.8534 2.959 0.009418 0.009418 0.6534

Notes: KT1 ¼ a1; KT2 ¼ a2; KT3 ¼ e1; KT4 ¼ e2; KT5 ¼ L2; KT6 ¼ q

KT1* ¼ a1/aa1; KT2* ¼ a2/aaa1; KT3* ¼ e1; KT4* ¼ e2; KT5* ¼ L2/Lo; KT6* ¼ q;KT7* ¼ aa1; KT8* ¼ aaa1.
KT1** ¼ a1/aa1; KT2** ¼ a2/aaa1; KT3** ¼ e1; KT4** ¼ e2; KT5** ¼ L2/Lo;KT6** ¼ q;KT7** ¼ aa1; KT8** ¼ aaa1; KT9** ¼ L1/(Lo- L2).

Fig. 14. Comparison of the TL with respect to various silencers at the targeted frequency of 300 Hz (pop ¼ 120; bit ¼ 15; pm ¼ 0.05; pc ¼ 0.8;
itermax ¼ 15,000).

Table 4. Optimal design data for three kinds of silencers (silencer A ~ silencer C) for broadband noise (pp ¼ 120; bit ¼ 15; pm ¼ 0.05; pc ¼ 0.8;
itermax ¼ 15,000).

Silencer type Design Parameters OBJ

Silencer
A

KT1 KT2 KT3 KT4 KT5 KT6 87.7
0.006694 0.006694 0.02519 0.02519 0.1847 2.103

Silencer
B

KT1* KT2* KT3* KT4* KT5* KT6* KT7* KT8* 84.5
0.1008 0.1008 0.01513 0.01513 0.5004 1.572 0.005005 0.005005

Silencer
C

KT1** KT2** KT3** KT4** KT5** KT6** RT7** KT8** KT9** 77.2
0.1008 0.1008 0.01513 0.01513 0.5004 1.572 0.005005 0.005005 0.3004

Notes: KT1 ¼ Lz/Lo; KT2 ¼ Lz1/Lz; KT3 ¼ D1/Do; KT4 ¼ D2/Do; KT5 ¼ Lc1/Lz1; KT6 ¼ h1; KT7 ¼ dh1.
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The TL slowly increases as L1/L3, where L1 is the inlet
straight chamber's length and L3 is the outlet straight
chamber's length) increases. Consequently, the TL
slowly decreases as a2/aaa1 increases.

7. Conclusion

An eigen function based on 3-D wave propagation
and shown in Eqs. (1) and (2) is adopted and used in
the derivation of a four-pole transfer matrix in Eq. (5).
The system matrix is formed using the matrix multi-
plication of a reverse silencer hybridized with

multiple straight chambers. The dependability of the
GA optimizer is validated by using a single tone
optimization before broadband noise optimization is
implemented. To design an appropriate silencer that
can efficiently reduce the broadband spectrum of the
air compressor's SWL, a silenced overall soundpower
level (SWLT) is obtained by summing up individual
silenced sound power levels (i.e., SWLOi-TLi for the
ith octave band frequency) shown in Eq. (17) a, b, and
c. The study result reveals that considering a limited
space in the real world, the overall acoustical

Fig. 15. Comparison of the TL with respect to various silencers [broadband noise].

Fig. 16. Sensitivity analysis of dimensionless shape parameters for silencer A [at a specified frequency: 300 Hz].
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efficiency increases as more straight chambers are
mounted at both inlet and outlet of the reverse
silencer. Also, the TL's profile widens as the number
of straight chambers increases. A dimensionless
geometric parameter analysis of silencers A-C is
performed to appreciate the influence of the geo-
metric parameters on the silencer's TL, as illustrated

in Figs. 16e18. Resonant effects are observed for the
circular multi-chamber reverse silencers. Conse-
quently, considering a limited space in the real world,
the shape optimization on circular silencers is inter-
nally installed with multiple reverse chambers using
the objective function in conjunction with an opti-
mization scheme.

Fig. 17. Sensitivity analysis of dimensionless shape parameters for silencer B [at a specified frequency: 300 Hz].

Fig. 18. Sensitivity analysis of dimensionless shape parameters for silencer C [at a specified frequency: 300 Hz].
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