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RESEARCH ARTICLE

Influence of Boundary Conditions and Internal
Fluid Types on Dynamic Characteristics of a
Deepwater Riser

Lei Guo*, Zong-Ming Zhu, Zhong-Jian Pan, Zhi-Ming Guo

College of Electromechanical Engineering, Changsha University, Changsha, China

Abstract

Deepwater Steel Catenary Riser (DSCR) is the key structure of oil and gas production system in the ocean. To design
an optimized DSCR system, the dynamic characteristics of the DSCR are analyzed by setting some different boundary
conditions and internal fluid types. The main vibration mode of the DSCR is found orthogonal to both mass and
stiffness according to the normalization condition of the main mode, and then the regular mode function and the jth
order principal stiffness Kpj are obtained. Under different initial conditions, the transverse responses of DSCR repre-
sented by regular coordinates under arbitrary excitation are obtained. Then, a dynamic model induced by both axial load
and transverse load is reconstructed for comparative study, and the axial load is found to have a great effect on the
transverse dynamic characteristics. The effects of internal fluid and boundary conditions on the natural frequency of
DSCR are also found at last.

Keywords: Riser model, Dynamic characteristics, Boundary effect, Natural frequency

1. Introduction

O il and gas resources on land can no longer
meet human needs because of the rapid

development of industry, then it has become a trend
to exploit ocean resources vigorously. In the past
decade, the growth of global oil and gas production
is mainly from offshore oil and gas fields, with
nearly 90% deepwater areas [17]. As a key structure
of subsea production system, DSCR is widely used
to exploit deepwater oil and gas resources [11].
Because of the simple structure, low cost and easy
processing, DSCR is widely used in West Africa and
the South China Sea.
DSCR is usually suspended directly to a floating

platform, and is sensitive to the motion of the
floating platform in addition to wind, wave and
current. To ensure the safe service of a DSCR, it is
necessary to consider the dynamic limit stress and

fatigue [7]. Due to the excitation of current, wave
and floating platform motion, significant dynamic
stress generates at the suspension end of the DSCR.
When the natural frequency of a DSCR is within the
range of most excitation frequencies, a large dy-
namic response, and even resonance will occur.
At present, the dynamic analysis of risers mainly

include: time domain analysis, steady-state fre-
quency domain analysis and random vibration
analysis [6]. There are two main models used for
DSCR in the dynamic response analysis: beam
model and catenary model. Beam model is a clas-
sical model used to study the dynamic problems of
risers, e.g., the dynamic characteristics of DSCR are
studied by using a large deflection slender beam
model [3]. And in the laying process of J-type riser,
the large deformation vibration and buckling of the
riser under extreme load are studied by using large
deformation beam theory [12,15]. In addition,
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catenary model is an effective way to study the
overall dynamic characteristics of DSCRs [9].
Due to the large slenderness ratio of the DSCR, the

fluidestructure interaction response presents strong
nonlinear characteristics. Recent studies show that
the vortex induced vibration (VIV) of DSCR becomes
more and more complex with the increase depth of
service water, and some new features and phenom-
ena appear [4,8,13]. However, there are two problems
in the research of fluidestructure interaction of the
DSCR: one is that the finite element method en-
counters the grid distortion caused by moving
interface, and it cannot transfer the information of
fluid structure interface accurately [14]; the other is
that the influence of fluid inside and outside the riser
as well as the moving of floating platform are not
fully considered in the construction of a dynamic
model. The parameters of velocity, density and
multiphase flow have a significant influence on the
vibration frequency of the riser.
Previous experimental results show that the vi-

bration characteristics of the riser under the com-
bined action of internal and external fluids are
significantly different from that under the separate
action of internal and external fluids [5]. The flowing
fluid in the riser can reduce the stiffness of the
structure and produce negative damping, which
reduces the natural frequency of the riser [10].
When the velocity of fluid in the riser is significantly
larger than that of the external fluid, internal flow
factors determine the vibration frequency, vibration
intensity and instantaneous amplitude [1]. Then,
different internal or external flow velocity, viscosity
coefficient and whether the internal and external
flow act together have a great difference [2].
In this paper, a new dynamic model of DSCR

considering the effect of internal fluid is constructed.
By deriving the vibration differential equation and
response function of the DSCR, the characteristics of
the main vibration mode are investigated. The nat-
ural frequency of the DSCR is found to change with
boundary conditions and internal fluid state, and the
overall effect of the internal fluid on the transverse
vibration characteristics of the riser is further studied.
The study is helpful for finding an effective measure
to avoid the vibration damage and can provide
theoretical reference for the safe service and fatigue
life prediction of DSCRs.

2. Dynamic model with only transverse loads

2.1. Construction of dynamic model

This paper focuses on the influence of boundary
conditions and internal fluid types on the dynamic

characteristics of the DSCR. The influence of sea
surface waves can be ignored in case of calm sea
surface. Therefore, this part only considers the loads
caused by ocean current below the sea surface.
When the DSCR transports natural gas or it is an

empty riser, the axial force generated by the dead
weight of the riser and the seawater buoyancy is
very small. To analyze the transverse dynamic
characteristics of the DSCR only under the action of
transverse force, the axial force is assumed to be 0.
Firstly, a model without considering the axial loads
is constructed. The forces on the DSCR are shown in
Fig. 1.
Taking the micro element with a length of dz on

the riser as the analysis object (see Fig. 2), at any
instant t, the transverse displacement of the micro
element is expressed by x(z, t). The external loads on
the element are in two forms: the distributed
external force on unit length of the riser expressed
by f(z, t) and the distributed external force moment
on unit length expressed by m(z, t).
Morison formula is used to express the internal

wave force including horizontal drag force and
horizontal inertia force on the riser:

f ðz; tÞ ¼ 1
2
CDrwDuðz; tÞjuðz; tÞj þCMrw

pD2

4
duðz; tÞ

dt
ð1Þ

where CD is the coefficient of horizontal drag force,
CM is the coefficient of inertia force, D is the outer
diameter of riser, rw is the density of seawater, u(z, t)
is the horizontal velocity of seawater. Then, rw takes
1025 kg/m3, CD and CM are 2.0 and 1.2 respectively.
The dynamic equation of the element in the x axial

direction can be written as:

Fig. 1. DSCR system.
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�
rcAcþrf Af

�
dz

v2x
vt2

¼FS�
�
FSþvFS

vz
dz
�
þ f ðz; tÞdz ð2Þ

where Fs is the section shear force, M is the bending
moment, rc and rf are densities of the riser and in-
ternal fluid, respectively; Ac and Af are the sectional
areas of the riser and internal fluid column,
respectively.
Equation (1) is simplified as:

�
rcAcþrf Af

�v2x
vt2

¼ �vFS
vz

þ f ðz; tÞ ð3Þ
The moment equilibrium equation of the

element is:�
Mþ vM

vz
dz
�
þmðz; tÞdz�M� dz

2
f ðz; tÞdz

þ
�
FS þ vFS

vz
dz
�
dz¼ 0

ð4Þ

Equation (4) contains high-order minor terms
f ðz;tÞ
2 ðdzÞ2 and vFS

vz ðdzÞ2. Omit the quadratic term of dz
and simplify it to:

FS¼ �vM
vz

�mðz; tÞ ð5Þ
Substituting equation (5) into equation (3)

gives:

v2M
vz2

þvm
vz

¼ �rcAcþrf Af
�v2x
vt2

� f ðz; tÞ ð6Þ
According to the relationship between the

moment and the deflection, one gets:

v2

vz2

�
EI

v2x
vz2

�
� �rcAc þ rf Af

�v2x
vt2

¼�f ðz; tÞ � v

vz
mðz; tÞ

ð7Þ

where E is Young's modulus of the riser; I is moment
of inertia of the cross section about the neutral axis.
Since the cross section of the riser is constant, and

E and I are constants, equation (7) can be written as:

EI
v4x
vz4

� �rcAcþrf Af
�v2x
vt2

¼ � f ðz; tÞ � v

vz
mðz; tÞ ð8Þ

When f(z, t) ¼ 0, and m(z, t) ¼ 0, the differential
equation of free vibration can be obtained:

EI
v4x
vz4

� �rcAcþrf Af
�v2x
vt2

¼0 ð9Þ
The solution of equation (8) can be expressed

by the product of the function X(z) and the harmonic
function of t as:

xðz; tÞ¼XðzÞðA1 cos utþA2 sin utÞ ð10Þ
where X(z) is main mode function, u is natural circle
frequency, A1 and A2 are the coefficients of the
general solution.
Substituting equation (10) into equation (9) gives:

d4

dz4
XðzÞ¼b4XðzÞ ð11Þ

where b4 ¼ u2

a2 ; a2 ¼ EI
rcAcþrf Af

; u is natural circle
frequency.
Then, the general solution of equation (11) is:

XðzÞ¼C1 sin bxþC2 cos bxþC3 sinh bxþC4 cosh bx

ð12Þ
where C1, C2, C3 and C4 are the coefficients of the
general solution.
The traditional steel catenary riser (SCR) is usu-

ally directly suspended to a fork support device
which is installed on a floating platform. The lower
end of the SCR is welded with the submarine
pipeline whose boundary conditions can be regar-
ded as a fixed end type. In addition, the authors also
designed a hinged riser suspension device to reduce
the concentrated force of the suspension end, and
the corresponding boundary condition is a hinged
restraint. In this paper, the dynamic analysis about
both fixed and hinged risers are carried out.
For fixed riser, deflection x and angle vx=vz are

equal to 0:8><
>:

XðzÞ ¼ 0

dXðzÞ
dz

¼ 0
ðz¼0;or z¼ lÞ ð13Þ

For hinged riser, deflection x and bending
moment M are equal to 0:

Fig. 2. Forces on the micro element.
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8><
>:

XðzÞ ¼ 0

d2XðzÞ
dz2

¼ 0
ðz¼0;or z¼ lÞ ð14Þ

2.2. Orthogonality of main modes

When u ¼ pi, it corresponds to a main vibration
mode Xi(z), and when u ¼ pj, it corresponds to
another main vibration mode Xj(z). Substituting two
groups of solutions{p2i , Xi(z)} and{p2j , Xj(z)} into
equation (11) gives:

d2

dz2

�
EI

d2Xi
�
z
�

dz2

�
¼p2i

�
rcAcþrf Af

�
Xi

�
z
�

ð15aÞ

d2

dz2

 
EI

d2Xj
�
z
�

dz2

!
¼p2

j

�
rcAcþrf Af

�
Xj

 
z

!
ð15bÞ

Multiplying both sides of equation (15a) by
Xj(z), and both sides of equation (15b) by Xi(z), one
gets the integral:

ðl
0

Xj
d2

dz2

�
EI

d2Xi

dz2

�
dz¼p2

i

ðl
0

�
rcAcþrf Af

�
XiXjdz ð16aÞ

ðl
0

Xi
d2

dz2

 
EI

d2Xj

dz2

!
dz¼p2j

ðl
0

�
rcAcþrf Af

�
XiXjdz ð16bÞ

Simplify equations (16a) and (16b) by using the
partial integral method, one can get:

ðl
0

 
EI

d2Xi

dz2
d2Xj

dz2

!
dz¼p2

i

ðl
0

�
rcAcþrf Af

�
XiXjdz ð17aÞ

ðl
0

 
EI

d2Xi

dz2
d2Xj

dz2

!
dz¼p2

j

ðl
0

�
rcAcþrf Af

�
XiXjdz ð17bÞ

Equation (17a) minus Equation (17b), which
gives:

�
p2i �p2j

�ðl
0

�
rcAcþrf Af

�
XiXjdz¼0 ð18Þ

If isj, there must be p2isp2j , and there will al-
ways be:

ðl
0

�
rcAcþrf Af

�
XiXjdz¼0 ðis jÞ ð19Þ

Equation (19) shows that the main vibration
mode of the riser is orthogonal to the mass.
Substituting equation (19) into equation (17) and
equation (15) gives:

ðl
0

EI
d2Xi

dz2
d2Xj

dz2
dz¼0 ðis jÞ ð20Þ

ðl
0

Xj
d2

dz2

�
EI

d2Xi

dz2

�
dz¼0 ðis jÞ ð21Þ

Therefore, the main vibration mode of the riser
is also orthogonal to the stiffness. When i ¼ j,
equation (18) always holds, then:

ðl
0

�
rcAcþrf Af

�
X2

i dz¼Mpj ð22Þ

ðl
0

Xj
d2

dz2

 
EI

d2Xj

dz2

!
dz¼

ðl
0

EI
�
dXj

dz

�2

dz¼Kpj ð23Þ

where Mpj and Kpj are the jth order principal mass
and principal stiffness, respectively. And the rela-
tionship between them by equation (17) is:

p2
j ¼

Kpj

Mpj
ð24Þ

If the normalization condition of the main
mode Xj(z) is:ðl
0

�
rcAcþrf Af

�
~X
2
j dz¼Mpj¼1 ðj¼1;2;3/Þ ð25Þ

Then, the regular mode function is ~Xj. And, the
jth order principal stiffness Kpj is equal to p2j .

2.3. Transverse dynamic response

The general solution of equation (8) can be
expressed as:

xðz; tÞ¼
X∞
i¼1

~XiðzÞhiðtÞ ð26Þ

where ~XiðzÞ is regular mode function and hi(t) is
regular coordinate. Substituting equation (26) into
equation (7) gives:
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X∞
i¼1

d2

dz2

�
EI

d2 ~Xi

dz2

�
hi�

�
rcAcþrf Af

�X∞
i¼1

~Xi€hi¼

�f ðz; tÞ� v

vz
mðz; tÞ

ð27Þ

Both sides of equation (27) are multiplied by
~XjðzÞ, and the integral about z is obtained. Consid-
ering the orthogonality and normalization, it can be
simplified as:

€hiþp2i hi ¼ qiðtÞ ð28Þ
Equation (28) is the differential equation of

transverse motion of the riser expressed by the ith
regular coordinate.where qi(t) is:

qiðtÞ¼
ðl
0

�
� f ðz; tÞ � v

vz
mðz; tÞ

	
~XiðzÞdz ð29Þ

Equation (29) is the generalized force of the ith
regular coordinate.
Set the initial conditions of the DSCR as:

xðz;0Þ ¼ f1ðzÞ
vx
vt
jt¼0 ¼ f2ðzÞ

9>=
>; ð30Þ

Substituting equation (26) into equation (30),
both sides are multiplied by ðrcAc þrf Af Þ,~XiðzÞ and
integrated. According to the orthogonality condi-
tion, the response of the riser to the initial condition
expressed by the regular coordinate can be obtained
as:

hið0Þ ¼
ðl
0

�
rcAc þ rf Af

�
f1ðzÞ~XiðzÞdz

_hið0Þ ¼
ðl
0

�
rcAc þ rf Af

�
f2ðzÞ~XiðzÞdz

9>>=
>>; ð31Þ

The solution of the ith regular coordinate of
equation (28) is:

hiðtÞ ¼ hið0Þcos pitþ _hið0Þ
pi

sin pitþ

1
pi

ðt
0

qiðtÞsin piðt� tÞdt
ð32Þ

where t is a variable about time.
By substituting the response expressed by the

regular coordinates of equation (32) into equation
(26), the response of the riser to any excitation under
the initial conditions is obtained:

xðz; tÞ ¼

X∞
i¼1

~Xi

2
66664
hið0Þcos pitþ _hið0Þ

pi
sin pitþ 1

pi

ðl
0

~XiðzÞ
ðt
0�

� f ðz; tÞ � vmðz; tÞ
vz

�
sin piðt� tÞdtdz

3
77775

ð33Þ

3. Dynamic model induced by both axial loads
and transverse loads

3.1. Reconstruction of DSCR model

In general, due to the self-weight of the riser and
the influence of internal fluid, the riser is subject to
axial tension. The total axial force FT of the riser
includes: axial force caused by self-weight of the
riser Fc, axial force caused by internal fluid gravity Ff
and axial force caused by fluid flowing Fv (see Fig. 3).
Then, the total axial force on the riser is:

FT ¼Fc þ Ff þ Fv ð34Þ

where Fc and Ff are related to the riser density and
fluid density respectively, and the wet weight of
them in sea water is qc and qf respectively. The axial
force caused by internal fluid flow is (R2/2)prf(vf)

2

[5,16], where R, rf and vf are the inner diameter of
the riser, fluid density and fluid velocity,
respectively.
The differential equation of transverse motion of

the micro element is:

Fig. 3. Element considering longitudinal force.
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�
rcAcþrf Af

�
dz
�v2x
vt2

¼ f ðz; tÞdzþFs�
�
FsþvFs

vz
dz
�

þ
h
FT þ

�
qcþqf

�
dz
i
, sin

�
qþvq

vz
dz
�
�FT , sin q

ð35Þ
where FS is the section shear force, M is the bending
moment, x is the transverse displacement, q is the
angle between the longitudinal load and the axis.
When q is a smaller angle, one can get qzsinq.

Omitting the higher order terms, equation (35) can
be simplified as:

vFs
vz

�FT
vq

vz
�q
�
qcþqf

�
þ �rcAcþrf Af

�v2x
vt2

¼ f ðz; tÞ
ð36Þ

Substituting q ¼ vx
vz, Fs ¼ vM

vz and M ¼ EI v
2x
vz2 into

equation (36) gives:

v2

vz2

�
EI

v2x
vz2

�
� FT

v2x
vz2

�
�
qc þ qf

�vx
vz
þ

�
rcAc þ rf Af

�v2x
vt2

¼ f ðz; tÞ
ð37Þ

For free vibration, equation (37) can be written
as:

v2

vz2

�
EI

v2x
vz2

�
� FT

v2x
vz2

�
�
qc þ qf

�vx
vz
þ

�
rcAc þ rf Af

�v2x
vt2

¼ 0

ð38Þ

The solution of equation (38) is:

xðz; tÞ¼XðzÞ�B1 cos ptþB2 sin pt
� ð39Þ

where B1 and B2 are the coefficients of the general
solution.
Substituting equation (39) into equation (38) gives:

d2

dz2

�
EI
d2X
dz2

�
�FT

d2X
dz2

�
�
qcþqf

�dX
dz

�p2
�
rcAcþrf Af

�
X¼0

ð40Þ
where EI is constant because the riser is made of
uniform material with constant cross-sectional area.
Let a ¼ FT

EI, h ¼ qcþqf
EI , b ¼ p2

rcAcþrf Af

EI , and then equa-
tion (40) can be written as:

d4X
dz4

�a
d2X
dz2

� h
dX
dz

� bX ¼ 0 ð41Þ

Let the solution of equation (41) be:

XðzÞ¼A cos gzþB sin gzþC cosh lzþD sinh lz

ð42Þ
where l and g are circular frequency, and A, B, C, D
are the coefficients of the general solution.
Substituting equation (42) into equation (41) gives:

g4Acosgzþg4Bsingzþl4Ccoshlzþl4Dsinhlz
�a
��g2Acosgz�g2Bsingzþl2Ccoshlzþl2Dsinhlz

�
�hð�gAsingzþgBcosgzþlCsinhlzþlDcoshlzÞ
�bðAcosgzþBsingzþCcoshlzþDsinhlzÞ¼0

ð43Þ
When z ¼ 0, equation (43) is always true, and

then:�
g4þag2�b

�
A�hgBþ �l4�al2�b

�
C�hlD≡ 0

ð44Þ
3.2. Upper end fixed & lower end fixed (fixedefixed)

When the upper and lower ends of the riser are
both fixed, the transverse displacement and rotation
angle of the upper and lower ends of the riser are 0.
Then, the equation of boundary control at the

lower end is:8><
>:

XðzÞjz¼0 ¼ 0

dXðzÞ
dz

jz¼0 ¼ 0
ð45aÞ

The equation of boundary control at the upper
end is:8><
>:

XðzÞjz¼l ¼ 0

dXðzÞ
dz

jz¼l ¼ 0
ð45bÞ

Substituting boundary control equations (45a)
and (45b) into equation (41) gives:8>><
>>:

AþC¼ 0
gBþ lD¼ 0
A cos glþ B sin glþC cosh llþD sinh ll¼ 0
�Ag sin glþ Bg cos glþCl sinh llþDl cosh ll¼ 0

ð46Þ
Equation (46) can be simplified as:8<

:
gBþ lD¼ 0
Aðcos gl� cosh llÞ þ B sin glþD sinh ll¼ 0
�Aðg sin glþ l sinh llÞ þ Bg cos glþDl cosh ll¼ 0

ð47Þ
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Since equation (47) has solutions, the value of
its coefficient determinant is 0, and then, the fre-
quency equation is:�
l2�g2

�
sinh ll sin gl�2lg cosh ll cos glþ2lg¼0

ð48Þ
The solution of equation (48) can be expressed

by the intersection of two curves:�
f11ðl;gÞ ¼ l2 sinh ll sin gl� lg cosh ll cos glþ lg

f12ðl;gÞ ¼ g2 sinh ll sin glþ lg cosh ll cos gl� lg

ð49Þ

3.3. Lower endfixed& upper endhinged (hinged-fixed)

When the lower end of the riser is fixed and the
upper end is hinged, the transverse displacement
and rotation angle of the lower end are 0, and the
displacement and bending moment of the upper
end are 0.
Then, the equation of boundary control at the

lower end is:8><
>:

XðzÞjz¼0 ¼ 0

dXðzÞ
dz

jz¼0 ¼ 0
ð50aÞ

The equation of boundary control at the upper
end is:8><
>:

XðzÞjz¼l ¼ 0

d2XðzÞ
dz2

jz¼l ¼ 0
ð50bÞ

Substituting equations (50a) and (50b) into
equation (41) gives:8>><
>>:
AþC¼0
gBþlD¼0
AcosglþB singlþCcoshllþDsinhll¼0
�Ag2 cosgl�Bg2 singlþCl2 coshllþDl2 sinhll¼0

ð51Þ
Equation (51) can be simplified as:8<

:
gBþlD¼0
Aðcosgl�coshllÞþBsinglþDsinhll¼0
�A
�
g2 cosglþl2 coshll

��Bg2 singlþDl2 sinhll¼0

ð52Þ
Since the coefficient determinant value of

equation (52) is 0, the frequency equation is:

l cosh ll sin gl�g sinh ll cos gl¼ 0 ð53Þ
Then, the frequency can be calculated by

finding the intersection of function f21( p) and f22( p).

�
f21ðl;gÞ ¼ l cosh ll sin gl
f22ðl;gÞ ¼ g sinh ll cos gl ð54Þ

3.4. Lower end hinged & upper end hinged
(hingedehinged)

When both upper and lower ends of the riser are
hinged, the transverse displacement and bending
moment at the ends are 0.
Then, the equation of boundary control at the

lower end is:8><
>:

XðzÞjz¼0 ¼ 0

d2XðzÞ
dz2

jz¼0 ¼ 0
ð55aÞ

The equation of boundary control at the upper
end is:8><
>:

XðzÞjz¼l ¼ 0

d2XðzÞ
dz2

jz¼l ¼ 0
ð55bÞ

Substituting boundary control equations (55a)
and (55b) into equation (41) gives:8>><
>>:
AþC¼0
g2Aþl2C¼0
AcosglþBsinglþCcoshllþDsinhll¼0
�Ag2 cosgl�Bg2 singlþCl2 coshllþDl2 sinhll¼0

ð56Þ
Equation (56) is reduced as:8<

:
A¼ C¼ 0
B sin glþD sinh ll¼ 0
�Bg2 sin glþDl2 sinh ll¼ 0

ð57Þ

The coefficient determinant of equation (57) is
0, and then the frequency equation is:�
l2þg2

�
sinh ll sin gl¼0 ð58Þ

Since l, g and sinhll are not 0, singl ¼ 0, and
then the circular frequency is:

ui¼
�
ip
l

�2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

EI
rcAc þ rf Af

�
1þ FTl2

i2p2EI

�s
ði¼1;2;3/Þ

ð59Þ

4. Numerical calculation and analysis

To analyze the influence of internal fluid and riser
self-weight on the natural frequency of the DSCR,
both the velocity and density of internal fluid are
considered in this paper. Two assumed cases are:
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the riser with a fluid density of 0 kg/m3 (empty
riser), and that with a fluid density of 500 kg/m3 (For
some oil and gas fields, the product may not be a
single natural gas or oil, but may be an oil-gas
mixture with a density of about 500 kg/m3). Three
cases of boundary conditions including fixedefixed
end (upper end fixed and lower end fixed),
hinged-fixed end (upper end hinged and lower end
fixed) and hingedehinged end (upper end hinged
and lower end hinged) are set for the comparative
analysis of the dynamic characteristics of the riser.
Some basic parameters are given in Table 1:

4.1. Natural frequency of DSCR with fixedefixed
end

The first 21 order vibration frequencies of four
riser models with/without internal fluid and with/
without considering the riser gravity are shown in
Fig. 4.
Notes: No F. & No D.W. refers to without internal

fluid and without considering self-weight; No F. &
D.W. refers to without internal fluid and consid-
ering self-weight; F. & No D.W. refers to with in-
ternal fluid and without considering self-weight; F.
& D.W. refers to with internal fluid and considering
self-weight.
The numerical comparison is as follows: The 1st

order frequency of No F. & No D.W. model, No F. &

D.W. model, F. & No D.W. model and F. & D.W.
model is 0.0831 rad/s, 0.2751 rad/s, 0.1611 rad/s and
0.2197 rad/s, respectively, and the 21st order fre-
quency is 1.6952 rad/s, 6.0038 rad/s, 3.6365 rad/s and
4.7344 rad/s, respectively.
Due to the large self-weight value of 1300 m riser,

weight has a great influence on vibration frequency.
Taking the 1st order frequency of non-fluid riser as
an example, the frequency of considering self-
weight is 3.31 times of that without considering self-
weight. If there is internal fluid (500 kg/m3) in the
riser, the 1st order frequency considering self-
weight is 1.36 times of that without considering self-
weight. Then, internal fluids can increase the inertia
of the riser and change the movement of the riser by
damping effect. And the vibration frequency of the
riser is reduced by 20.13% due to the effect of in-
ternal fluid when considering the self-weight of the
riser.
If the natural gas density is 0.72 kg/m3 and the oil

density is 810 kg/m3, the 1st order frequency of the
gas riser is 0.1953 rad/s and that of the oil riser is
0.2365 rad/s, and the latter is 20.08% larger than the
former (see Fig. 5). It can be seen that the first 21
order natural frequencies all increase with the
density increase of the internal fluid (see Fig. 4 and
Fig. 5).
When the fluid velocity in the riser is set as 0 m/s,

5m/s and 10m/s, thefirst 21 order natural frequencies
of the gas and oil riser is calculated, as shown in Table
2. The 1st order frequency is 0.2365 rad/s, corre-
sponding to thatof thegas riser (0.1953 rad/s)when the
flowvelocity of internalfluid is 5m/s, and the 1st order
frequency is 0.2368 rad/s, corresponding to that of the
gas riser (0.1953 rad/s) when the velocity of internal
fluid is 10 m/s, but the increase rate of the oil riser is
only 0.09% while that of the gas riser do not change.
For the higher order frequency such as the 21st order
frequency, the corresponding increase rate of oil riser
and gas riser are 0.09% and 0.0002% respectively,

Table 1. Basic parameters.

No. Parameter Name Value

1 Length of the riser l 1300 m
2 Young's modulus E 210 GPa
3 Moment of inertia I 1.7664 � 10�6 m4

4 Density of natural gas rfG 0.7174 kg/m3

5 Density of oil rfO 810 kg/m3

6 Density of DSCR rc 7850 kg/m3

7 Cross-sectional area of DSCR Ac 0.0109 m2

8 cross-sectional area of internal fluid Af 0.0885 m2

Fig. 4. Frequency comparison of four models (fixedefixed end). Fig. 5. Frequency comparison of gas riser and oil riser.
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indicating that velocity has little effect on the natural
frequency, especially when the velocity of internal
fluid is very low.

4.2. Natural frequency of DSCR with hingedefixed
end

Similarly, the natural frequencies of four models
are obtained (see Fig. 6) when the lower end is fixed
and the upper one is hinged.
Notes: No F. & No D.W. refers to without internal

fluid and without considering self-weight; No F. &
D.W. refers to without internal fluid and consid-
ering self-weight; F. & No D.W. refers to with in-
ternal fluid and without considering self-weight; F.
& D.W. refers to with internal fluid and considering
self-weight.
The 1st order frequency of No F. & No D.W.

model, No F. & D.W. model, F. & No D.W. model
and F. & D.W. model is 0.0857 rad/s, 0.2739 rad/s,
0.1602 rad/s and 0.2135 rad/s, respectively, and the
21st order frequency is 1.6560 rad/s, 5.9778 rad/s,
3.6145 rad/s and 4.5998 rad/s, respectively. The re-
sults show that there is a big difference between the
models with and without considering self-weight.
Due to the increased inertia and damping effects of
the internal fluid, the frequency is also slightly
reduced when the self-weight is taken into account
compared that without fluid.
The first 21 natural frequencies of the non-fluid

riser, the gas riser, the contrast group and the oil

riser are shown in Table 3. When the fluid velocity
in the riser is 0 m/s, the natural frequency of gas
riser is close to that of non-fluid riser as the density
of natural gas is close to 0 kg/m3. Despite the change
in the boundary conditions of the riser, the natural
frequency of the riser keeps increasing with the
increase of the internal fluid density. For example,
the 1st order frequency of gas riser is 0.1941 rad/s
and that of the oil riser is 0.2356 rad/s corresponding
to an increase rate of 20.38%, and that of the 21st
order of 15.85%.
When the boundary conditions of the riser are

fixed at the lower end and hinged at the upper end,
the first 21 natural frequencies corresponding to the
internal fluid velocities of 0 m/s, 5 m/s and 10 m/s
are also calculated, as displayed in Table 4. And the
influence of fluid velocity on the natural frequency

Table 2. Effect of velocity on natural frequency (fixedefixed end).

Order Frequency of gas riser (rad/s) Frequency of oil riser (rad/s)

v ¼ 0 m/s v ¼ 5 m/s v ¼ 10 m/s v ¼ 0 m/s v ¼ 5 m/s v ¼ 10 m/s

1 0.1953 0.1953 0.1953 0.2365 0.2365 0.2368
2 0.3908 0.3908 0.3908 0.4731 0.4732 0.4737
3 0.5868 0.5868 0.5868 0.7099 0.7101 0.7108
4 0.7834 0.7834 0.7834 0.9469 0.9472 0.9481
5 0.9809 0.9809 0.9809 1.1843 1.1847 1.1858
6 1.1794 1.1794 1.1794 1.4222 1.4226 1.4241
7 1.3792 1.3792 1.3792 1.6606 1.6611 1.6627
8 1.5804 1.5804 1.5804 1.8996 1.9002 1.9021
9 1.7833 1.7833 1.7833 2.1394 2.1401 2.1421
10 1.9881 1.9881 1.9881 2.3799 2.3806 2.3829
11 2.1949 2.1949 2.1949 2.6213 2.6221 2.6246
12 2.4041 2.4040 2.4040 2.8637 2.8646 2.8673
13 2.6155 2.6155 2.6155 3.1072 3.1081 3.1110
14 2.8296 2.8296 2.8296 3.3518 3.3528 3.3559
15 3.0465 3.0465 3.0465 3.5976 3.5987 3.6021
16 3.2664 3.2664 3.2664 3.8448 3.8460 3.8495
17 3.4895 3.4895 3.4895 4.0934 4.0946 4.0984
18 3.7158 3.7158 3.7159 4.3434 4.3447 4.3487
19 3.9457 3.9457 3.9457 4.5950 4.5964 4.6006
20 4.1791 4.1791 4.1791 4.8482 4.8497 4.8541
21 4.4164 4.4164 4.4164 5.1032 5.1047 5.1093

Fig. 6. Frequency comparison of four models (hingedefixed end).
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of this kind of boundary condition is also found very
small. It can be seen from Table 4 that all the in-
crease rate is nearly 0% when the flowing velocity of
the gas increases from 0 m/s to 5 m/s and from 5 m/s
to 10 m/s. But for the oil riser, the maximum in-
crease rate is 0.0318% which is corresponding to the
1st order frequency when the flowing velocity of the
oil increases from 0 m/s to 5 m/s, and the maximum

increase rate is 0.0950% when the flowing velocity of
the oil increases from 0 m/s to 5 m/s.

4.3. Natural frequency of DSCR with
hingedehinged end

The natural frequencies of four models are also
calculated when the upper and lower end of the
riser are both hinged (see Fig. 7).
The 1st order frequency of No F. & No D.W.

model is 0.0836 rad/s and the 21st order frequency is
1.6173 rad/s; the 1st order frequency of No F. &D.W.
model is 0.2727 rad/s and the 21st order frequency is
5.9520 rad/s; the 1st order frequency of F. &No D.W.
model is 0.1592 rad/s and the 21st order frequency is
3.5928 rad/s; the 1st frequency of F. & D.W. model is

Table 3. Riser frequency of different density fluid (v ¼ 0 m/s).

Order Natural frequency(rad/s)

Non-fluid riser Gas riser Contrast group Oil riser

1 0.1940 0.1941 0.2243 0.2356
2 0.3883 0.3885 0.4487 0.4714
3 0.5830 0.5833 0.6734 0.7073
4 0.7784 0.7787 0.8984 0.9435
5 0.9746 0.9749 1.1239 1.1801
6 1.1718 1.1722 1.3501 1.4171
7 1.3703 1.3708 1.5768 1.6546
8 1.5702 1.5708 1.8045 1.8928
9 1.7718 1.7724 2.0331 2.1317
10 1.9753 1.9759 2.2628 2.3713
11 2.1808 2.1815 2.4936 2.6119
12 2.3885 2.3893 2.7257 2.8534
13 2.5986 2.5995 2.9593 3.0960
14 2.8114 2.8123 3.1943 3.3397
15 3.0269 3.0279 3.4310 3.5847
16 3.2454 3.2464 3.6695 3.8309
17 3.4671 3.4681 3.9097 4.0786
18 3.6920 3.6930 4.1520 4.3277
19 3.9204 3.9215 4.3963 4.5784
20 4.1524 4.1535 4.6427 4.8307
21 4.3881 4.3893 4.8914 5.0848

Table 4. Effect of velocity on natural frequency (hingedefixed end).

Order Frequency of gas riser (rad/s) Frequency of oil riser (rad/s)

v ¼ 0 m/s v ¼ 5 m/s 10 m/s v ¼ 0 m/s v ¼ 5 m/s v ¼ 10 m/s

1 0.1941 0.1941 0.1941 0.2356 0.2357 0.2359
2 0.3885 0.3885 0.3885 0.4714 0.4715 0.4720
3 0.5833 0.5833 0.5833 0.7073 0.7075 0.7082
4 0.7787 0.7787 0.7787 0.9435 0.9438 0.9447
5 0.9749 0.9749 0.9749 1.1801 1.1804 1.1816
6 1.1722 1.1722 1.1722 1.4171 1.4175 1.4189
7 1.3708 1.3708 1.3708 1.6546 1.6551 1.6567
8 1.5708 1.5708 1.5708 1.8928 1.8934 1.8952
9 1.7724 1.7724 1.7724 2.1317 2.1323 2.1343
10 1.9759 1.9759 1.9759 2.3713 2.3721 2.3743
11 2.1815 2.1815 2.1815 2.6119 2.6127 2.6152
12 2.3893 2.3893 2.3893 2.8534 2.8543 2.8570
13 2.5995 2.5995 2.5995 3.0960 3.0970 3.0998
14 2.8123 2.8123 2.8123 3.3397 3.3408 3.3439
15 3.0279 3.0279 3.0279 3.5847 3.5858 3.5891
16 3.2464 3.2464 3.2464 3.8309 3.8321 3.8357
17 3.4681 3.4681 3.4681 4.0786 4.0798 4.0836
18 3.6930 3.6930 3.6930 4.3277 4.3290 4.3330
19 3.9215 3.9215 3.9215 4.5784 4.5798 4.5840
20 4.1535 4.1535 4.1535 4.8307 4.8322 4.8366
21 4.3893 4.3893 4.3893 5.0848 5.0863 5.0909

Fig. 7. Frequency comparison of four models (hingedehinged end).
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0.2101 r rad/s and the 21st order frequency is
4.5250 rad/s. Similarly, when considering the self-
weight, the natural frequency decreases slightly
with the increase of inertia and damping effect of
internal fluid. Therefore, there are great differences
between the results with and without considering
the self-weight of the model.
Notes: No F. & No D.W. refers to without internal

fluid and without considering self-weight; No F. &
D.W. refers to without internal fluid and consid-
ering self-weight; F. & No D.W. refers to with in-
ternal fluid and without considering self-weight; F.
& D.W. refers to with internal fluid and considering
self-weight.
For the hingedehinged model, the influence of

internal fluid on the natural frequency of the riser is
illustrated in Table 5. Taking the 1st order frequency
as an example, the increase rate of gas riser, contrast

group and oil riser are 0.0363%, 15.7851% and
21.7272%, respectively, compared with the non-fluid
riser. But the corresponding increase rate of the 21st
order frequency are 0.0262%, 11.6744% and
16.1681%, respectively. Then, the natural frequency
of the riser increases with the increase of the inter-
nal fluid density but the amplitude increase of
higher order natural frequencies is slightly smaller
than that of lower order natural frequencies.
Therefore, internal fluid density has a significant
effect on the lower order natural frequency.

4.4. Comparison and discussion

To optimize the dynamic characteristics, three
kinds of riser ends including hingedehinged end,
hinged-fixed end and fixedefixed end are studied
for the DSCR.
The natural frequencies of each order increase

when the boundary condition of the gas riser
changes from hingedehinged end to hinged-fixed
end, and the increase amplitude increases obviously
with the increase of the order, in which the first
order frequency increases by 0.0012 rad/s, while the
21st order frequency increases by 0.0268 rad/s, and
the increase amplitude of the larger order in the
adjacent order is larger than that of the smaller
order (see Fig. 8).
When the boundary condition of the oil riser is

changed from hingedehinged end to hinged-fixed
end, the natural frequency of each order increases
and the increase rate becomes larger with the in-
crease of order. The 1st order frequency increases
by 0.0008 rad/s while the 21st order frequency in-
creases by 0.0183 rad/s. Similarly, the increase value
of larger order in the adjacent order is larger than
that of smaller order (see Fig. 9).
When the boundary condition is changed from

hinged-fixed end to fixedefixed end, all the natural
frequencies of the gas riser increase, in which the 1st
order frequency increases by 0.0012 rad/s and the

Table 5. Riser frequency of different density fluid (v ¼ 0 m/s).

Order Natural frequency(rad/s)

Non-fluid riser Gas riser Contrast group Oil riser

1 0.1929 0.1929 0.2233 0.2348
2 0.3860 0.3861 0.4468 0.4697
3 0.5795 0.5797 0.6705 0.7048
4 0.7737 0.7740 0.8946 0.9401
5 0.9687 0.9690 1.1191 1.1758
6 1.1647 1.1651 1.3443 1.4120
7 1.3620 1.3625 1.5701 1.6487
8 1.5607 1.5612 1.7968 1.8860
9 1.7611 1.7617 2.0244 2.1240
10 1.9633 1.9639 2.2531 2.3628
11 2.1675 2.1682 2.4830 2.6025
12 2.3739 2.3747 2.7141 2.8432
13 2.5828 2.5836 2.9467 3.0849
14 2.7942 2.7951 3.1807 3.3277
15 3.0085 3.0094 3.4164 3.5718
16 3.2256 3.2266 3.6538 3.8172
17 3.4459 3.4469 3.8931 4.0639
18 3.6694 3.6705 4.1342 4.3122
19 3.8964 3.8975 4.3775 4.5619
20 4.1270 4.1281 4.6228 4.8133
21 4.3613 4.3624 4.8705 5.0664

Fig. 8. Relationship between natural frequency and boundary conditions
(gas riser).

Fig. 9. Relationship between natural frequency and boundary conditions
(oil riser).
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21st order frequency increases by 0.0271 rad/s. And
when the boundary condition is changed from
hinged-fixed end to fixedefixed end, the natural
frequencies of oil riser also increase, in which the
natural frequency of the 1st order increases by
0.0008 rad/s while the 21st order increases by
0.0175 rad/s. Then, the natural frequency of each
order of the gas riser increases gradually when the
boundary condition changes from hingedehinged
end to fixed-hinged end and then to fixedefixed
end, and the frequency of oil riser has a similar
change trend to that of gas riser.
It can be seen from the figure that under the same

boundary conditions, the natural frequency of each
order of oil riser is smaller than that of gas riser.
This is attributed to the fact that the greater the
main mass, the greater the inertia of the riser, the
smaller the change in natural frequency.
For non-fluid riser, without considering the axial

force caused by self-weight, the 1st order frequency
is reduced by 7.03% when the boundary condition
changes from fixedefixed end to hinged-fixed end,
while by 13.50% when the boundary condition
changes from hinged-fixed end to hinged-hinged
end. The corresponding frequency of gas riser de-
creases by 6.54% and 12.70%, respectively, slightly
lower than that of non-fluid riser. Further calcula-
tion shows that the natural frequency decreases
with the decrease in the number of fixed end.
Considering the influence of gravity of the DSCR,
the corresponding natural frequency decreases by
0.612% when the boundary condition changes from
fixedefixed end to fixed-hinged end, while by 1.21%
when the boundary condition changes from
fixedefixed end to hingedehinged end.
In addition, the corresponding reduction of the

gas riser is about the same as that of non-fluid riser
because the density of natural gas is very small and
the riser gravity is much larger than that of internal
gas. However, that of oil riser decreases by 0.360%
and 0.718%, respectively when the boundary

condition are changed. Therefore, the density has
little effect on the natural frequency of the riser.

4.5. Change rule of natural frequency due to
internal flow (hingedehinged end)

To study the change trend of natural frequency
caused by internal fluid density, the fluid density is
set to change within 0e1000 kg/m3. The relationship
between the 1st order natural frequency and the
density of internal fluid is that the frequency in-
creases with the increase of fluid density, but the
increase rate decreases gradually (see Fig. 10). Then,
high density fluid slows down the increase rate of
riser frequency.
The effect of velocity on natural frequency of gas

and oil risers is studied by comparing the two kinds
of risers, and the velocity is set to 0 m/s ~50 m/s (see
Fig. 11 and Fig. 12). The change trend of gas riser
and oil riser are similar to each other.
For the gas riser, when the flow velocity changes

from 0 m/s to 5 m/s, the 1st order natural frequency
increases by 0.0002 rad/s with an increase rate of
0.104%; when the flow velocity changes from 0 m/s
to 30 m/s, the 1st order natural frequency increases
by 0.0012 rad/s with an increase rate of 0.625%. It
can be seen that as the fluid velocity increases from
small to large, the natural frequency increases at an
increasing rate. Then, the velocity change of the

Fig. 10. Relationship between the 1st order natural frequency and the
fluid density.

Fig. 11. Relationship between the 1st order frequency and flow velocity
(gas riser).

Fig. 12. Relationship between the 1st order frequency and flow velocity
(oil riser).
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internal fluid at low speed effect the natural fre-
quency of the riser less than that at high speed.
For the oil riser, the 1st order natural frequency

increases by 0.0013 rad/s with an increase rate of
0.54% when the internal flow velocity changes from
0 m/s to 5 m/s, and the 1st order natural frequency
increases by 0.0121 rad/s with an increase rate of
5.19% when the internal flow velocity changes from
0 m/s to 30 m/s. Similarly, variations in high flow
velocity significantly alter the riser frequency.

5. Conclusion

The effects of internal fluid density and velocity on
the natural frequency were compared and analyzed
by constructing a dynamic model of DSCR. In addi-
tion, the differences of natural frequencies of the
DSCR with different boundary conditions were
studied and analyzed. The following conclusions can
be obtained:

(1) The increase rate of the natural frequency in-
creases gradually with the increase of internal
fluid velocity, and the effect of low-speed varia-
tion of internal fluid on the natural frequency is
smaller than that of high-speed variation. The
increase rate of the 1st order natural frequency
of gas riser is 0.625%, while that of the 1st order
natural frequency of oil riser is 5.19% when the
flow rate changes from 0 m/s to 30 m/s. And the
frequency of oil riser changed by high-speed
fluid is more significant than that of gas riser.

(2) Without considering the axial force caused by
the self-weight of the riser, the 1st order fre-
quency of gas riser decreases by 6.54% when the
boundary condition changes from fixedefixed
end to hinged-fixed end, while by 12.70% when
the boundary condition changes from hinged-
fixed end to hinged-hinged end, but the corre-
sponding reduction of oil riser is less than 1% in
both cases. The change of the natural frequency
decreases with the increase of the density for the
same number of fixed end.

(3) Considering the effect of the whole self-weight,
the 1st order natural frequency of gas riser is
reduced by 0.612% when the boundary condition
changes from fixedefixed end to fixed-hinged
end and by 1.21% when boundary condition
changes from fixedefixed end boundary condi-
tion to hingedehinged end. The corresponding
reductions of oil riser are 0.360% and 0.718%,
respectively. The effect of fluid density on the
natural frequency becomes smaller when
considering the axial force caused by self-weight.

(4) For the fluid with lower transporting density, the
influence of boundary conditions on DSCR nat-
ural frequency is greater than that of the fluid
with higher transporting density. The dynamic
characteristics can be optimized and resonance
can be avoided by changing the boundary of the
riser and the parameters of internal fluid in
practical engineering.
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