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OPTIMUM SPACINGS OF LONGITUDINAL
CONVECTIVE FIN ARRAYS

Rong-Hua Yeh*, Shih-Pin Liaw** and Ming Chang***

Keywords: optimum spacing, fin array, forced convection.

ABSTRACT

This paper deals with the optimum spacings of longitudinal fin
arrays in forced convection theoretically. Four different fins in
arrays such as rectangular, convex-parabolic, triangular, and con-
cave-parabolic fins are taken into consideration in the analysis.
The aspect ratio, interfin spacing, and heat transfer characteristics
of the optimized fin arrays are investigated with given geometry of
base plate, total fin volume, and transverse Biot number. A
comparison in the total heat duties and overall surface efficiencies
of the four different arrays is also made. All the results are
presented in dimensionless forms for the convenience of parametric
study and design analysis.

INTRODUCTION

Heat transfer from a system can be increased
by extending the surface area through the addition of
fins. It is of great importance in various industrial
applications such as aerospace, air-conditioning,
electronic components, and automobile radiators.
Apparently, in most of these applications, the weight
is a primary consideration in the heat exchanger de-
sign.

A comprehensive review of fin technology was
presented by Kraus [1] for over six decades. In
addition to the fundamentals of heat transfer charac-
teristics of fins, Kern and Kraus [2] gave a thorough
treatment for the optimum design of convecting fins.
Lately, to improve the design of extended surfaces, a
lot of works [3-7] have been done in the optimization
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of a single fin by achieving a specified heat duty with
the minimum materials for temperature dependent
thermal parameters.

All the foregoing methods are essentially appli-
cable for the case of a single fin. In actual practice,
however, an engineer rarely comes across a single
fin. Besides, the recent concern over the thermal
efficiency of energy conversion equipment have
furthermore focused on the optimization of free
and forced convection fin arrays. In the design of
fin arrays of heat exchangers in vehicles and vessels,
it demands that the requisite thermal load be dis-
sipated with minimum volume and weight. This
requirement can be met by choosing fin dimensions
which maximize heat dissipation per fin volume.
Several studies of free convection from multiple
surfaces can be found in literature [8-11]. Due to
the nonlinear characteristics of this problem, most
of the works were investigated experimentally. In
forced convection, Dhar and Arora [12] obtained
the optimum fin profile and concluded that the use
of individually optimum profile fins did not neces-
sarily result in the optimum finned surfaces. The
least material of convectively cooled arrays of longi-
tudinal, rectangular fins were theoretically pro-
posed by Bar-Cohen and Jelinek [13]. In their work,
it is pointed out that the aspect ratio of the array
optimum fin is found to be only marginally thinner
than implied by the conventional single optimum
fin.

In this study, to maximize the total heat dissipa-
tion in forced convection, the optimum aspect ratio
and spacing between fins are obtained for a given
height and width of base plate, total fin volume, fin
thickness at root. Various fin profiles including rect-
angular, convex parabolic, triangular, and concave
parabolic ones are employed and analyzed in the fin
arrays. A least-material-fin array is found by compar-
ing the total heat dissipation of the four different
finned and unfinned surfaces. The optimum heat
transfer characteristics as well as efficiency of the fin
assembly are investigated.



ANALYSIS

Figure 1 shows the terminology for an array with
longitudinal rectangular fins. Although only the rect-
angular fin is shown in Fig. 1a, many configurations
of fins displayed in Fig. 1b can be established on a
vertical surface. The general fin profile function is
expressed as

fo=5Ey, (1)

where b and [ stand for the thickness at fin base and
height of the fin. In the above equation, the profile
index, n, represents rectangular fin for n = 0, convex
parabolic fin for n = 0.5, triangular fin for n = 1, and
concave parabolic fin for n = 2 respectively.

Applying the Gardner-Murray assumptions
[14,15], the one-dimensional steady state heat con-
duction equation governing a longitudinal fin can
be written as

d (d6 2H" o 2

dx " dx’ kb

In the above equation, k is the thermal conduc-
tivity of the fin, & is a heat transfer coefficient and
0 is the temperature difference between the fin sur-
face and the ambient fluid. With a uniform tempera-
ture distribution at the fin base and an appropriate
boundary condition at fin tip, Eq. (2) can be readily
solved to obtain the heat dissipation of a single
fin. The total heat transfer rate of a fin array are
calculated by summing the area occupied by the fins
and the interfin spacing area. An array with least
material can then be found by assuming that the
primary area is isothermal. The validity of this as-
sumption is expected to improve as the fin spacing
decreases and the thermal conductivity as well as
thickness of the fin support plate increases [9].

Optimum Array with Rectangular Fins (n=0)

The heat transfer rate of a rectangular fin with
negligible heat loss from tip can be found in [2] and is
written as

Q= 0, H (2%bh)" *tanh [ (2)'"" ], 3)

With some substitution in Eq. (3) and the addi-
tion of the heat dissipation from spacings of fins, the
heat duty of an array is calculated as

WHG, 12 2h 172
Q_bh”{hs+(2kbh) tanh[(k—b
V(b+s)

w21 )
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Fig. 1. (a) Geometric definition of a longitudinal fin array.(b) Various
fin profiles used in this study.

where V is the total volume of fins and W, H, b, s are
given in Fig. 1. If the number of fins is large, the
number of fins can be assumed to be the same as the
number of inter-fin spacing which equals W/(b+s). To
find the maximum heat dissipation of an array at
fixed V and b, it is possible to differentiate Eq. (4)
with respect to s and set the derivative identical to
zero. It yields
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B, 12
(3) +(2B)"*BSedi* [(2B,)'"* B
~tanh[ (2B;)'"* 1=0, (5)

where B; is a transverse Biot number and is defined
as hb/k and f represents V(b+s)/(WHb?). The opti-
mum J may be directly evaluated from Eq. (5) for a
given B;. Furthermore, the optimum aspect ratio and
dimensionless spacing of the fin array are obtained as

) =8. ©
and

($) =1B-1, (M
opt
where 7 includes the geometric factors of the base
plate of the fin array and is equal to WHb/V. The
dimensionless heat duty of the optimum fin assembly
are calculated as ,
B 1/2 ‘
0*={(1B-1)(3) +tanh[(2B,)""*B1}/(1). (8)
Fin efficiency, 7, is defined as the ratio of total
heat transfer of a fin to the ideal heat transfer of
isothermal fin at the base plate temperature. It is
shown as

tanh[ (28;)'” B]
(ZBi )I/Zﬁ
In contrast to the fin efficiency 7, which charac-
terizes the performance of a single fin, the overall
surface efficiency € [16] characterizes an array of

fins and the base surface to which they are attached.
For a rectangular-fin array, one obtains

2(+1)(1-1m)
B(7+2)+1 (10)

Optimum Array with Convex Parabolic Fins (n=0.5)

n= (9)

e=1-

From [2], the heat transfer rate of this fin is
calculated as
L3 (2ml)
I_y,3(2ml)’
If the array base plate surface is attached with

convex parabolic fins which are insulated at tips, the
total heat dissipation from fin array becomes

_ WHO, Ly (2ml)
I_y/3(2ml)

Q= 6,H (2kbh)'"? (11)

s+ ( 2kbh)!'? },  (12)

where

2112V (b+s)

) WHD 3

ml=(

At prescribed W, H, 65, b and constant thermal
properties, the optimum spacing between fins may be
obtained by letting dQ/ds=0. It gives

B+4Bf-2QB) T y-4BBYR=0, (1)

where
_ b3[20B)"*B]
1-1/3[2(231‘)”2;3]

Similarly, the optimum aspect ratio and heat
transfer rate of this fin array are derived as

(15)

) =%, (16)
opt
and
B, 12
Q*={(7ﬁ—1)(-2— +y} (1B). a7
The fin efficiency of this fin becomes
2y
N=—7—"7377" (18)
3ﬂ (ZB, )1 12
and overall surface efficiency is written as
_1.3801-m)
=1 B(7a3)-1" (19)

In the above equations, the definitions of yand B
are the same as those given in the previous case.

Optimum Array with Triangular Fins (n=1)

It is noted that the tip temperature of this fin
must be finite. The heat dissipation of a triangular fin
is obtained as [2]

L2k ) F11
Qf=6bH<2kbh)“2————. (20)
10[(75 2]

For this case, the heat duty of the fin array is
written as

2h 1124V (b +5)

LIS 1
WHO, 15 kb WHb
Q0= {h +(2kbh) (2h)1/24V(b+s)]}' @1
kb WHb

Similar to the procedures of previous cases, an
optimum relationship is obtained as

B+8B,f-2(2B;)"*y-8B,fy?=0, (22)

where
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_L[4(2B)""*B]

= - (23)
L[4(2B)""*p)

The optimum aspect ratio has the form:

(£) =28. | (24)

opt

The formula of the maximum heat transfer rate
of an array with triangular fins is identical to Eq. (17).
The fin efficiency and overall surface efficiency are
evaluated from

- y
n_zﬂ(ZBi)llz b (25)
and
e=1-FPU-1) 26)
B(y+4)-1"

Optimum Array with Concave Parabolic Fins (n=2)

This fin exists on the condition that the tem-
perature at tip is the same as that of the environmental
fluid. The heat transfer rate of this fin is given as [2]

_ 6,Hkb

172
0= 21

[-1+(1+4m¥*) '], Q7

The total heat dissipation of the array is ex-
pressible as

_WHS, WHb*k
C="Frs Mg pasn ]
+(1+4m2*)'*1}, (28)
where
_ 2B \23V(b+s)
mi=(3p) Whb (29)

Differentiating Eq. (28) relative to s yields the
optimum equation below:

1+36B,3*—(1+3B;B8)(1+72B;%)?=0. (30)

The optimum aspect ratio is obtained from the
solution of Eq. (30) for a given B; and is written as

(L) =3p. | 31)
opt .

The dimensionless heat transfer rate of the opti-
mized fin array becomes

B, U2 —14+(1+72Bf)
* — —1)(=
o ={(B-1)(F) + 5 (28" B

1(13). (32)

1/2

In addition, the fin efficiency and overall sur-

face efficiency becomes

—1+(1+72BB)'?
= +(3;B,-ﬁ2ﬁ2) , (33)
and
e=1-PPU-1) (34)
B(r+6)-1"

Note that the formulae of the optimum spacings
of the arrays with rectangular, convex parabolic, tri-
angular, and concave parabolic fins are all identical
and can be calculated directly from Eq. (7)

RESULTS AND DISCUSSION

From the foregoing analysis, the optimum spac-
ing of fin arrays can be obtained for a given geometry
of the base plate, total fin volume and the transverse
Biot number. Initially, to check the accuracy of
the present model, a comparison in temperature
profiles along the center line is made between the
proposed solutions with two-dimensional ones.
Figure 2 shows the error rate (the differences of
the two temperatures divided by the temperature
calculated from one-dimensional analysis) along the
fin length. Note that the origin of the coordinate
system is taken at fin tip and positive x is toward
the fin base. Itis apparent that the deviation increases
as B; increasing. Thus, it is recommended that B;
should not be far greater than 0.01 for accuracy of
the proposed model.

The dependence of optimum aspect ratio on B;

0.06

Error rate
o
P
w

Rectangular profile

U 2 I I L ] A 4 §

Fig. 2. Error rate of the temperature at center line of a rectangular fin.
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for single fins and fin arrays is illustrated in Fig. 3.
For fin arrays, at a known B; the aspect ratios of
fins from large to small are n=0, 0.5, 1, and 2 respec-
tively. Special attention is given on that (/b)ep, of
n=0 and 2 for single fins almost coincide. On the
whole, the values of (I/b)qp, is smaller for fin array
than for single fins at a specified B;. The dependence
of Nb/W on B; are shown in Fig. 4. With known b
and W, the optimum number, N, of fins for fin arrays
can be evaluated. It is observed that the optimum
numbers of fins in arrays have an inverse effect to
the aspect ratios. This is due to the fact that the
present results are obtained at a given total fin vol-
ume, V, and a fin thickness at root. For a concave-
parabolic-profile fin (n=2), its value of (I/b)yy is
the smallest, hence Nb/W is the largest. In addition,
it is observed that the larger v (=WHb/V) is, the
smaller the optimum number of fins is needed to
achieve the maximum heat dissipation of a fin array.
For clarity, only the cases of y=1.4 and 1.7 are given
in this figure.

The optimum spacing between fins in a fin array
depends upon n and ¥. Figure 5 plots the dependence
of the optimum spacing of fin arrays on B;. For an
optimized fin array, (s/b),y is the smallest for a

concave parabolic fin assembly whereas it is the

largest for a rectangular fin array. Also, (5/b)qp
increases with increasing . The maximum heat trans-
fer rates from various optimized fin arrays are de-
picted in Fig. 6. Itis shown that Q* is the largest for
n=2 and is the smallest for n=0. This result is similar
to the optimum numbers of fins in an array stated
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Fig. 3. Dependence of the optimum aspect ratio on B;.

previously. From the heat transfer point of view, it is
preferred to have larger numbers of smaller fins than
larger ones at a given total fin volume. In addition,
the dimensionless maximum heat transfer rate de-
creases as yincreases.

Figure 7 indicates the overall surface efficien-
cies of the optimized fin arrays forn=0, 0.5, 1, and 2.
It is shown that the present model predicts that the
efficiencies of the optimum assemblies are all well
above 0.85 in the valid range (B;<0.02). Apparently,
the efficiencies of optimum arrays from large to small
are rectangular, convex-parabolic, triangular, and
concave-parabolic fin arrays respectively. Addition-
ally, the overall surface efficiency is larger for a
larger y at a given B;.

CONCLUSIONS

In this study, the optimum spacings of longitudi-
nal fin arrays are obtained at a given geometry of
base plate, total fin volume, and transverse Biot
number. Four longitudinal extended surfaces includ-
ing rectangular, convex parabolic, triangular, and
concave parabolic fins are considered. It is con-
cluded that the optimum aspect ratio as well as
spacing is the largest for a rectangular fin and small-
est for a concave-parabolic-profile fin. The maxi-
mum total heat duty is the largest for a concave-
parabolic-fin array and is the smallest for a rectangu-
lar-fin array. The overall surface efficiencies of
the optimum fin assemblies from large to small are a
rectangular-fin, a convex-parabolic-fin, a triangular-

0
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i — 7y =14 ]

S SR y = 17 J
10—l

10" 10° 10°

Bi

Fig. 4. Dependence of the optimum number of fins on B;.
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parameter, Eq. (13)
number of fins, W/(b+s)
profile index, Eq. (1)
heat transfer rate of array
*  dimensionless heat duty of array,
Y
WHS6, (2kh/ b)!'?

fin spacing

total volume of fins
width of fin array
coordinate
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Greek Symbols

dimensionless parameter, V(b+5)/(WHb?)
dimensionless parameter, WHb/V

fin efficiency

variable, Egs. (15) and (23)

temperature difference between fin surface and
ambient fluid

€ overall surface efficiency

DEIR™

Fig. 6. Dependence of the maximum heat transfer rate on B,

fin, and a concave-parabolic-fin arrays respectively. Subscripts, Superscripts

b fin base
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