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ANALYSIS OF THE PIVOT POINT FOR A
TURNING SHIP

Ching-Yaw Tzeng™

Keywords: Pivot point, Turning maneuver, Hydrodynamic coefficient,
Linearized maneuvering equations.

ABSTRACT

An approximate method based on the steady state linearized
sway-yaw equations is proposed to estimate the pivot point of a
turning ship. The location of the pivot point is directly related to the
ratio of the “sway-rudder” and “yaw-rudder” gain coefficients,
which can be readily computed from six linear hydrodynamic
coefficients. Hence, estimation of the pivot point for a ship at the
design stage is made possible with minimum hydrodynamic coeffi-
cients information required. Numerical results indicate that based
on the proposed method, the estimated pivot point position for a
turning ship correlates well with the solution obtained from a full
nonlinear differential equations of motion-based analysis, where
some forty hydrodynamic coefficients are involved. Existence of
similar pattern in the sway speed v and yaw rate r, known as the
cancellation effect in a turning maneuver significantly extends the
applicability of the proposed steady condition-based approach.
Specifically, the ratio v/r that defines the pivot point reaches a
steady value long before the ship reaches the steady state phase of
the turning.

INTRODUCTION

Pivot point is of special interest for pilots who
actually involved in handling of ships. Since it is
often necessary to conduct turning maneuver to avoid
possible collision incidents near coastal waters or in
harbors, where typically, limited space is available
for maneuvering [1]. As the ship turns about the pivot
point, it needs more space to turn if the pivot point is
not located near midship. Specifically, for a ship of
length L. if the pivot point is located at midship, the

2
swept path required is about 7- (LT)' However, it

takes four times as large swept path if the pivot point
is located at the bow.
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It is well known to the pilots that the pivot point
of a turning ship is located at about 1/5~1/4 ship
length aft bow[3]. The pivot point is defined as a point
X, measured from the center of gravity of the ship that
satisfies the relationship v + X, * r = 0, where r is the
yaw rate and v is the sway speed at the center of
gravity of the ship. The pivot point is therefore
characterized by a zero drift angle. Namely, forward
of the pivot point, the inflow appears to come from
one side of the ship; aft of the pivot point, the inflow
appears to come from the other side of the ship [2].

Simulations based on nonlinear equations of
motion has been adopted in studying the pivot point
under various environmental, and operating
conditions [4]. Slender body theory has also been
employed in estimating of the pivot point analytically
and it is concluded that under simplified assumptions,
the pivot point is indeed located near the bow [5].

In this paper, linearized sway and yaw equations
are employed to analytically estimate the pivot point
of a turning ship. Steady state condition-based
explicit formula relating the linear hydrodynamic
coefficients to the location of the pivot point will be
derived. Hence, it is possible to estimate the pivot
point of a ship at the design stage with minimal
amount of information on the linear hydrodynamic
coefficients, which can be obtained from captive model
test [2].

SYSTEM DESCRIPTION

It is well known that to fully represent a rigid
body motion in space requires a six-degree-of-free-
dom description. However, for ship maneuvering
study, it is usually assumed that the steering of a ship
can be regarded as horizontal plane rigid body mo-
tion; namely, a three-degree-of freedom motion. This
assumption holds as long as the corresponding sea
state is not too rough and the turning maneuver in-
duced rolling is not significant. Since we will be
studying the turning motion of a VLCC and a Mariner
class vessel in calm sea conditions, the above assump-
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tions are met.

Nonlinear Model

The equations of motion describing the steering
dynamics of a ship are readily obtained from Newton’s
law in space-fixed coordinate xy, — yo (see Fig. 1).
However, to take advantage of the symmetry property
of a ship, a ship-fixed coordinate system x — y is
preferred. with the origin for the axis system taken at
the center of gravity of the ship, the steering equations
of motion within the ship-fixed coordinate system can
be written as

m(i —vr) = X, (la)

mv+ur)=Y, (1b)

Ir=N, (Ie)
where

m is the mass of the ship,
u is the surge speed; namely, the speed in the x
direction,
v is the sway speed; namely, the speed in the y
direction,
r is the yaw rate; namely, the angular rate about
the vertical axis,
I is the moment of inertia of the ship about the
vertical axis,
X 1is the force applied on the ship in the x direc-
tion,
Y is the force applied on the ship in the y direc-
tion,
N is the moment applied on the ship about the
vertical axis.
The forces X, ¥, and moment N can be expressed
as functions of the states u, v, r, their time derivatives
i, v, 7 and the rudder angle 6. Hence,

X=X, v, runvio), (2a)
Y=Yu,v,ruv,id), (2b)
N=N(u, v, r, i, v, F, 8). (2¢)

Taylor series expansions up to 3rd order in terms
of the state variables u, v, r... have been suggested to
represent Egs. (2) as follows[2]:

X = Xo+ X+ Xu + X + Xyt + X, V°
+ X556 + X, + Xovr + X,v8 + X576
+ X55,00u + Xpput?u + XppViu + X, pvru
+ X, 5.v0u + X,5,r0u, (3a)

x,X
v Yo

Fig. 1. Definition of Motions in the Horizontal Plane.

Y=Yo+ Yy+Yi+Yyv+VYr+Vs6+ Y, vu
+ Yru+ Ys,0u+ Y0 + Y, r + Yss50°
+ Y, vt + YVosv& + Yo vt + YourV? + Yossr &
+ Yo + Y5,V + Y5,0rt + Y5,0u°
+ Y,,5vré, (3b)

N=Ny+ Npy+Nji+Ny+Nr+ Nsgb+ Nyvu
+ N,,ru + Ns,0u + N,,,v} + N,,, + Ns550°
+ N, v + Nyssv& + Npuii® + N,V + N, 5518
+ Nyur® + Ng,,0v* + Ng,.0r* + Ng,. 00’
+ N, svro, (3¢)

where X,, Y5, N,... are the hydrodynamic derivatives.
For example, N, = dN/dv stands for the derivative of
the moment N with respect to the sway speed v. These
hydrodynamic derivatives can either be obtained from
experimental model tests or from system identifica-
tion techniques applied to measured ship trajectories
[2].

Linearized Model

As the relationships between X, ¥, N and the
state variables described by Eqgs. (3) are too com-
plicated. Taylor series expansion has been suggested
to expand the right hand sides of Egs. (2) while
keeping only the linear terms[6]. Substitution of the
expansion form into Eqs. (1) gives

mi—vr)=Xg0+ X u+Xu+ Xy
X+ Xr+ X7, (4a)

mv+ur)=Yz0+ Y u+Yu+Yy
Y+ Yr+YF, (4b)

Ii=Ns6+Nyu+Nygi+Ny+Ny
+ N+ Nr. (4c)
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Due to symmetry property of the ship, some of
the hydrodynamic derivatives vanish[2]. Further
linearizing the left hand sides of Eqs. (4) with respect
to a straight line motion condition of constant surge
speed uq gives

mie = X, u+ X, (5a)
m+rug)=Ys0+ Y v+ Y v+ Y r+ Y, (5h)
Ii=Ngd+Nyv+Ny+Nr+Ni (5¢)

The equations of motion are greatly simplified
after linearization being done; specifically the surge
Eq. (5a) is decoupled from the sway Eq. (5b) and the
yaw Eq. (5¢). Egs. (5b)-(5c) describe the lateral
motion of a ship. Most ship steering autopilots design
are based on the model described by Egs. (5b)-(5¢).

Linearized Yaw Dynamics Model

After elimination of the sway speed v in Egs.
(5b)-(5c) yields

T\ Tof+ (T + Ty + r=K(6 + T36), (6a)

where T, T», T; are time constants and K is the rudder
gain relating the steady state yaw rate to the rudder
input, which can be expressed in terms of the hydro-
dynamic derivatives

(I-Np)(m-Y,)-N;Y,

Tm - ; (6b)
T,+T,
~(I-N)Y,—(m—-Y)N, + (muy—Y )N, —Y,N,
D (6¢)
_ Y,Ns—N,Y;s
K=- (—D ), (6d)
= (m = Y‘-‘.)Na— NirYS
KT, = D : (6e)
where
D = (mug - Y,)N, + N,Y,. (6f)

The transfer function corresponding to Eq. (6a)
is readily obtained as

’ K(1 + sT)

3 (0 +sT)( +5T5) M

Equation (7) defines the input-output relation-

ship between the yaw rate r and the rudder angle J.
Namely Eq. (7) characterizes the yaw dynamics of a
ship.

Linearized Sway Dynamics Model

After elimination of the yaw rate r in Egs. (5b)-
(5c) yields

T,T, + (T + TYv +v=K(6+T,3), (8a)

where T, T, T, are time constants and K, is the rudder
gain relating the steady state sway speed to the rudder
input. T, T, are defined by the same relationships
described in Egs. (6b)-(6¢). K, and T, are defined by
the following relations

_ (mug—-Y)Ns+N,Ys

K,= D (8h)
KvTv = g_ Nr)j;)a = Nryé_i, (8(‘)

where D is defined as in Eq. (6f). The transfer
function corresponding to Eq. (8a) is readily obtained
as

v K,(+sT,)

5T U +sT)(T +s5Ty) ®

PIVOT POINT ANALYSIS

The pivot point is defined as a point X, measured
from the center of gravity of a ship that satisfies the
following relationship

viX,er=0, (10)

where v is the sway speed at the center of gravity of
the ship, r is the yaw rate. Specifically, due to
combination of side motion and the rotation, causes
the ship to appear to rotate about a point, which is
generally known as the pivot point.

Measured Data-Based Analysis

It is possible to estimate the pivot point X, from
Eq. (10) if measurements on the yaw rate r and the
sway speed v are available. Practically, this can be
done on board a ship with a dual-axis Doppler speed
log in conjunction with a rate gyro. Consequently, it
follows from Eq. (10) that

XP=—W'?'. (11)



42 Journal of Marine Science and Technology, Vol. 6, No. 1 (1998)

Note that Eq. (11) is ill defined when the yaw
rate r is zero, which corresponds typically to a straight
line motion. Actually, when the ship is moving on
a straight line or in a pure sway motion, it is reason-
able to consider the pivot point being located at
infinity. As the ship initiates a turning maneuver, the
yaw rate r built up slowly, a larger error is likely to
happen when using Eq. (11) in evaluating the pivot
point especially for the period before completion of
rudder movement.

A well-tuned VLCC ownship model built by
Krupp-Atlas Company for the ship handling simula-
tor of National Taiwan Ocean University is chosen as
a real ship and the simulated sway and yaw informa-
tion are treated as data measured on board a real ship.
Figs. 2A-2B show the measured sway sped v and the
yaw rate r for the VLCC for a 35 deg turning maneu-
ver. Pivot point computed with Eq. (11) is shown in
Fig. 2C, and it is observed that during the 35 deg
turning maneuver, the pivot point moves from midship
to about 1/5 ship length aft bow.

After examing Figs. 2A-2C, it is interesting to
note that the pivot point settles down to a fixed value
long before the sway speed and the yaw rate do.
Namely, the pivot point reaches a steady state value
while the ship is still in the transient phase of the
turning maneuver. Specifically, the pivot point reaches
a steady value in 4 minutes after initiating the turning
maneuver; however, it takes twice as long before the
ship reaches the steady state turning condition. This
phenomenon can be attributed to the cancellation
effect between the sway and yaw induced side forces

[7].
Nonlinear Maneuvering Equations-Based Analysis

If all the hydrodynamic coefficients appeared in
the nonlinear maneuvering equations described by
Egs. (1)-(3) are available, it is possible to obtain the
sway speed v and the yaw rate r numerically via the
differential equation solver. Hence, Eq. (11) can be
readily applied in finding the pivot point. Since the
Mariner class vessel has been extensively studied, the
corresponding hydrodynamic coefficients are well
documented. Specifically, the hydrodynamic coeffi-
cients corresponding to a speed of 15 kts are em-
ployed in this study in simulating the 35 deg turning
maneuver,

After solving for Eqgs. (1)-(3), the sway speed v
and the yaw rate r of the Mariner class vessel during
a 35 deg turning maneuver with an initial speed of 15
kts are given in Figs. 3A-3B. The pivot point calcu-
lated with Eq. (11) is given in Fig. 3C. It is seen that
the pivot point shifts from midship to 0.13 ship length
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Fig. 2. (a) Sway velocity, VLCC 35 deg turn. (b) Yaw rate, VLCC 35
deg turn. (c) Pivoting position, Aft-Bow, VLCC 35 deg turn.

aft bow during a 35 deg turning maneuver. Once
again , due to the cancellation effect previously de-
scribed , the pivot point reaches a steady value long
before the ship reaches the steady state phase of the
turning maneuver. Specifically, it takes 70 sec for the
pivot point to reach a steady state value; however it
takes twice as long for the ship to enter into the steady
state phase of the turning maneuver. In summary,
Egs. (1)-(3) are solved numerically by standard
differential equation solver for a 35 deg. turning
maneuver, and this is how Fig. 3A (sway speed v) and
Fig. 3B (yaw rate r) are obtained. The pivot point is
then found by algebraically solving the pivot point
definition equation (Eq. (11), X, = —v/r). Here, X,
defines the pivot point, and this is how Fig. 3C is
obtained. It is also to be noted that it is impossible to
find an explicit formula of the pivot point for the
nonlinear analysis; consequently. no such formula is
presented in the paper. Since in the nonlinear analysis
the sway speed v and the yaw rate r can only be found
numerically via nonlinear differential equation solver,
then the pivot point is obtained from the definition



C.Y. Tzeng: Analysis of the Pivot Point for A Turning Ship 43

Table 1. Nondimensional Linear Hydrodynamic Coefficients,

0
Mariner Class Vessel [8]
7 N, ~166¥10°
£ N, —264%10°
N —139*10°
'S5 S0 700 150 200 250 300 350 400 Ys 278*10°
Y,—m’ —499*10°
t(sec) L
Y, -1160%10*
(a)
1.5
_— with Eq. (11), it follows that
K,
"'E, 0.5¢ Xp{s,s]=__}’(‘ (14)
ol T I R R where s.s. represents the “steady state™ condition.
(se0) Further simplification is achieved by substituting Eqs.
(6d) and (8b) into Eq. (14) to give
(b)
o8 _ N.Ys—(Y,—mug)N 5
=
g As the hydrodynamics coefficients are usually
2 expressed in non-dimensionalized form [2], Eq. (15)
& —— can be further simplified into non-dimensionalized

200 250 300 350 400
t(sec)
(c)

Fig. 3. (a)Sway velocity, Mariner 35 deg turn. (b) Yaw rate, Mariner 35
deg turn. (c) Pivoting position, Aft-Bow, Mariner 35 deg turn.

equation v + X, ¢ r = 0.

Steady State Linear Sway-Yaw Equations-Based
Analysis

As can be seen from Fig. 2C and Fig. 3C, the
pivot point settles down to a fixed value shortly after
initialization of the turning motion. Hence, it seems
possible to estimate the pivot point with the steady
state formulation, while employing only a minimum
amount of hydrodynamic coefficients. Specifically,
divided Eq. (9) by Eq. (7), we have

K. (1 +sT)

Mo T T Bl

r= K(l1+sT3)" (12)

It is well known from the Laplace transform that,
“s — 0 corresponds to the steady state condition 1 —
=", Hence

Vies) _ Ky

Fiss) T K’ “3)

form

N5~ (X,~m)Ns

R L (16)
Y,Ns—N.Y5

X;;E.s‘.s) =—(

where N,.N,...are the non-dimensionalized coeffi-
cients. For example, N, is defined by

N
—, (17)
7}[:3“{]
where p, is the density of water, L is the ship length,
ug is the ship speed, and X, is normalized by the
length of the ship L, namely,
X

4 (5.5)
Xy = —F (18)

N,=

With the nondimensionalized hydrodynamic
coefficients of a Mariner class vessel given in
Table 1 [8]. It is straightforward to find from Eq. (16)
that X;,(_,__\., =0.4923. Namely, the pivot point during
the steady state phase of the turning maneuver is
located at 0.4923 L ahead of the center of the gravity,
where L is the length of the ship. Since the center of
gravity of the ship is located at 0.023 L aft midship.
The pivot point is therefore located at 0.10 L aft
bow. This value is not far from the value 0.13 L
computed from the previously discussed nonlinear
maneuvering equations-based approach, where some
forty hydrodynamic coefficients are required in the
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analysis.
CONCLUSIONS

An approximate method based on the linearized
steady state sway and yaw equations has been sug-
gested in estimating the pivot point of a turning ship
at the design stage. Analysis of a Mariner class vessel
indicates that the proposed approximate method
achieves acceptable accuracy when compared with
results obtained from a full nonlinear differential
equations-based analysis. However, more numerical
examples need to be carried out before quantitative
performance evaluation of the proposed method can
be established. It is observed that the pivot point of a
turning ship settles down to a constant value long
before the ship enters into the steady state phase of the
turning motion. Hence, the proposed steady state
condition-based method seems to extend its applica-
bility into the latter half of the transient phase of the
turning maneuver.
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