=
Journal of

Marine Science and Technology

E
5
S

. A=
Volume 3 | Issue 1 Article 4

Note on Effect of Elastic Deformation at the Root of a Cantilever Beam

M.T. Liang
Department of Harbor and River Engineering National Taiwan Ocean University Keelung, Taiwan, R. O. C.

D.B. Chan
Department of Harbor and River Engineering National Taiwan Ocean University Keelung, Taiwan, R. O. C.

Follow this and additional works at: https://jmstt.ntou.edu.tw/journal

b Part of the Civil and Environmental Engineering Commons

Recommended Citation

Liang, M.T. and Chan, D.B. (1995) "Note on Effect of Elastic Deformation at the Root of a Cantilever Beam," Journal of
Marine Science and Technology. Vol. 3: Iss. 1, Article 4.

DOI: 10.51400/2709-6998.2502

Available at: https://jmstt.ntou.edu.tw/journal/vol3/iss1/4

This Research Article is brought to you for free and open access by Journal of Marine Science and Technology. It has been
accepted for inclusion in Journal of Marine Science and Technology by an authorized editor of Journal of Marine Science and
Technology.


https://jmstt.ntou.edu.tw/journal/
https://jmstt.ntou.edu.tw/journal/
https://jmstt.ntou.edu.tw/journal/vol3
https://jmstt.ntou.edu.tw/journal/vol3/iss1
https://jmstt.ntou.edu.tw/journal/vol3/iss1/4
https://jmstt.ntou.edu.tw/journal?utm_source=jmstt.ntou.edu.tw%2Fjournal%2Fvol3%2Fiss1%2F4&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/251?utm_source=jmstt.ntou.edu.tw%2Fjournal%2Fvol3%2Fiss1%2F4&utm_medium=PDF&utm_campaign=PDFCoverPages
https://jmstt.ntou.edu.tw/journal/vol3/iss1/4?utm_source=jmstt.ntou.edu.tw%2Fjournal%2Fvol3%2Fiss1%2F4&utm_medium=PDF&utm_campaign=PDFCoverPages

Note on Effect of Elastic Deformation at the Root of a Cantilever Beam

Acknowledgements
The authors would like to acknowledge the helpful comments given by Prof. Yeong-Bin Yang of National

Taiwan University, Republic of China.

This research article is available in Journal of Marine Science and Technology: https://jmstt.ntou.edu.tw/journal/vol3/
iss1/4


https://jmstt.ntou.edu.tw/journal/vol3/iss1/4
https://jmstt.ntou.edu.tw/journal/vol3/iss1/4

Journal of Marine Science and Technology. Vol. 3, No. 1, pp. 19-27 (1995)

NOTE ON EFFECT OF ELASTIC DEFORMATION AT THE ROOT

OF A CANTILEVER BEAM

M.T. Liang and D.B. Chan

Department of Harbor and River Engineering
National Taiwan Ocean University
Keelung, Taiwan, R. O. C.

Key words: elastic-plastic, plastic hinge.

ABSTRACT

Parkes neglected elastic strains and examined a classical problem of
rigid- plastic structural dynamics for finding the deformation of a cantilever
beam carrying a mass at its tip which is subjected to a short pulse loading.
Symonds and Fleming examined the Parkes problem by making com-
parison between exact numerical solutions obtained from an ABAQUS
program for an elastic-plastic beam and the rigid-plastic solution slightly
modified to allow for large deformation. Further observation is acquired
by comparision also with a simplified elastic-plastic approach based on
treatment of elastic and plastic action in artificially separated stages. Wang
and Yu examined the Parkes problem associated with the elastic deformation
by introducing root rotational spring of the beam, they indicate that the
dynamic response of the spring-rigid plastic system is of three modes : (i) mode
I, (ii) mode IIa ;and (iii) mode IIb. This paper introduce and compare the
theory between the Parkes , Symonds and Fleming and the Wang and Yu
models. Basing on the extension of theoretical derivation one can find the
difference among them. This difference can be used three non-dimensional
parameters, that is, (1) t/T (The action time divides by the time taken for
the plastic hinge to travel from the cantilever tip to the root.), (2) s/L (The
distance from the traveling hinge to the tip of the beam divides by the length
of the beam. ), (3) V/Vo (The absolute velocity of the striker divides by
the initial velocity of the striker.) are used to present it. For very small 8
and small { until t/T — 0 of the mode I developed by Wang and Yu is
similar to Parkes’ models. No matter what value of 8, the cantilever
behavior of mode Ila is the same as that of mode IIb so long as the value of
{ is equal. The initial value of v* for the Wang-Yu model will approach
Parkes only under the conditions of t* << 1 and{ — 0. 8 — e~ is approximated
elastic analysis while 8 — 0 tends to plastic analysis . The plastic behavior
is very significant in the range of 0.1 <{ < 0.5 for the same value of f in
mode II.

19

INTRODUCTION

Parkes [1] made an analysis for the deformation of
a cantilever beam with rigid-plastic material property
witch is struck transversely at its tip by moving mass. In
the Parkes problem, the effect of elastic deformation has
been neglected. Only two non-dimensional parameters
affect the response of the cantilever beam, that is, the
ratio of the mass of the striker to that of the cantilever
beam, and the ratio between the impact energy and the

fully plastic bending moment of the beam cross-section.
Symonds and Fleming {2] studied the Parkes problem
by making comparison between exact and numerical
solutions provided by an ABAQUS program (A -finite
element program designed for general use in nonlinear
as well as linear structural programs for an elastic-
plastic beam and the rigid-plastic solution slightly modi-
fied to allow for large deflections). Moreover insight is
obtained by comparison also with a simplified elastic-
plastic approach based on treatment of elastic and
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plastic action in artificially separated stages. In order to
investigate the effect of elastic deformation which was
ignored by Parkes, Wang and Yu [3] have introduced a
rotation spring at the root of the beam, thereby introduc-
ing a third non-dimensional parameter, i.e., the ratio of
the maximum elastic energy that can be stored in the
model to the impact energy. According to the Wang-Yu
[3] model, the response of the system can be classified
by three different modes (see Figure 9 in Wang and
Yu [3]): (i) mode I, a plastic hinge (The presence of
the plastic hinge means that the beam will rotate at the
hinge cross section while the bending moment remains
constant and equal to M,.) travels from the tip to the
root, but before it reaches the root , the root spring
enters into its plastic state and creates a new hinge there.
After the traveling hinge reaches the root, it becomes
the only plastic hinge and absorbs the remaining kinetic
energy; (ii) mode Ila, the traveling hinge disappears at
an internal point of the beam, and only elastic deforma-
tion takes place thereafter; and (iii) mode IIb, the trav-
eling hinge disappears at an internal point at the beam,
but the remaining kinetic energy still results in a plastic
hinge at the root. In the case of mode I, Wang and Yu
pointed out that when the ratio of the maximum elastic
energy that can be stored in the model to the impact
energy is very small, i.e. B=[Mp/(2ZK))/[(GVo)/2]<< 1
the response of the beam is similar to Parkes’ model. In
this note, a comparison will be made among the Parkes ,
Symonds-Fleming [2] , and the Wang-Yu [3] model. One
will show that the mode I solution of the Wang-Yu [3]
model does not agree with Parkes’ model for v* and
s* when t* <<1. B — oo is approximated elastic analysis
while 8 — 0 tends to plastic analysis.

THEORETICAL REVIEW

Wang-Yu [3] considered that a cantilever beam
with a rotational spring at the root was subjected to a
transverse impact at its tip by a rigid (point) mass G
moving at some initial speed Vo, as shown in Fig. 1 (a).
After impact, the mass is supposed to adhere to the canti-
lever tip. The cantilever is of length L, mass m per unit

length, and has a plastic bending moment capacity Mp. .

They also assumed that:

1. the material of the cantilever beam is rigid-perfectly
plastic and time-independent;

2. the effect of shear on yielding can be ignored;

3. the deflection of the beam can be considered small;

4. the rotational spring is elastic-perfectly plastic, which
has a plastic bending moment capacity Mp as that of
the beam.

The bending moment at the root of the beam is

Ko, elastic or unloading

M,= {Mp or — M, otherwise @
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Fig. 1. Wang-Yu cantilever problem:
(a) A beam struck by a rigid mass at its tip with root spring.
(b) The constitutive relation of the root spring.
(c) Deformation mechanism of the beam.
(d) Forces acting on free body AH and BH.

in which K = EI/L is the elastic constant of the root
spring, @.=¢-9, is the elastic rotation angle of the
spring and ¢, is the plastic rotation angle, as shown
in Fig. 1(b). Based on the above assumptions, the impact
by the striker at the tip causes plastic bending of the
beam and the elastic-plastic deformation of rotational
spring at the root. The former will induce a traveling
plastic hinge as shown by Parkes [1]. Assume that at
time t a plastic hinge builds up at H located at x = L - s(t)
as shown in Fig. 1(c). Segment AH has a rigid-body
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rotation about point A with angular velocity ¢, where ¢
is the angle between AH and the X-axis as shown in
Fig. 1(c). The velocity of a point x = € insegment AH is
y=0% @

Assume that the mass G has a relative velocity v to
the reference frame fixed on AH. Then segment HB has
a rigid-body rotation with relative angular velocity v/s.
Hence the velocity of a point x=L - € in segment BH is

y=9(L-E)+Vv(1-E/s) 3

Accordingly, the transverse acceleration of the beam can
be obtained as

y=9¢ @
for segment AH and

F=B(L-E)+V(1-F/s)+EVils? (5)
for segment HB.

The shear force Qu=0 at hinge H since the bending
moment takes a local maximum there. By using the
equilibrium conditions of two segments AH and HB,
respectively, as shown in Fig. 1(d), the equilibrium
equations result in

MMy [ mdEEaT=0 ©
Gy|z=0+fosmyd5=o Q)
—Mp+f0smjid§=0 ®)
M,—M,+m(L-5)’$/3=0 )

(G+sm/2)V+[LG+ms(L-S/2)]1¢+vsm/2=0 (10)
s2Vm/6+(L/2—s/3)ms2¢+ssVm/3—Mp=0 an

It is convenient to use the non-dimensional parameter as
follows:

s*=s/L,V*'=vIV,, ¢"=9,
=tV,/L, M, = M,/ mLV}

M2

a=1 GV} /M, B= ”/IGV2 §=G/mL

In terms of these parameter, Eqns (9)-(11) can be rewrit-
ten:

%(1—s’)3¢*+M:—g/2a=O (12)

(g+s‘/2)V‘V*+[g+s*(1-s*/2)]¢*+%V*s'*=0 k)
V's*2/64+(1/-5"13)s"2¢+5"V's*13-¢/20=0 (14)

Eqns.(1) is non-dimensionalized as

elastic or unloading (15)

"\ ¢l2eor —gI200  otherwise

. . /408
e { 591407
in which ¢, =9¢,. The problem is now changed to solve
Equations (12)-(14) associated with the initial conditions
V*(0)=1, s*(0)=0, ¢*(0)=0 and ¢ (0)=0. Rearranging
the above equations, one gets

¢ = . )3(g/2a—M ) (16)

5" =W/ W a7

V=W, (18)
in which

Wi=s*V¥/3-s¥2V*[(c+5%/2)/12

Wy=¢/20—(3/2-5")s"2(g/2a-M} )/ (1-5")
+5"2[g+5" (1-5")1(g/20—-M))

1(S+s* 1)1 (1-5")12

Wy=—{3[¢+s" (1-5*/2)]1(g/20—M)

I(1=5"Y+ V' W/W/2}(g+5"12)

For t* << 1, Eqns (16)-(18) become

¢ =3¢/2a (19)

§ =3¢/205" (20)

V'=-3/405" 1)
By integration,

¢ =3¢"2a 2)

¢ =3¢/ 40 : (23)
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* 1 31‘
V=l-5,/ — 24
2 o5 24
. 3
Var (25)

Wang and Yu [3] pointed out that the results obtained
from Eqns (22)-(25) agree with Parkes’ model for V*
and s* for t* << 1. Based on Eqns (22)-(25), they used
Eqns (16)-(18) to carry out the numerical calculation
for various parameters (o, S, {) in order to illustrate
the dynamic response of the spring-beam system. On
the numerical results, they classified the response by
three different modes. For a specified { (see Figure 9
in Wang and Yu [3]), the response become Mode I when
B tends to zero. When f > 1, the response is always in
Mode ITa. And for a specified 8 <1, the response tends
to take Mode IIb.

EXTENSIVE COMPARISON

Wang and Yu pointed out that the system of ordi-
nary differential equations (16)-(18) can be integrated
numerically step by step using the well-known Rugge-
Kutta method by taking the values of ¢*, ¢', V* and s*
given by Eqns. (22)-(25), for t* << 1, as the initial con-
ditions. Substituting Eqns. (25) into Eqns. (24), one gets

Vi=1-(s'1¢)/2 (26)
Eqgns. (25), in dimensional form , is
6M,t
§2= m“{’, 27

When the plastic hinge reaches the root of the beam, that
is s =L, one obtains

mV,L?

T=""o~
6M,

(28)

Combining Equations. (27) and (28) in the non-dimen-
sional form yields

Journal of Marine Science and Technology, Vol. 3, No. 1 (1995)

However, the absolute velocity at the free end is

F=gra-s¢" 31)
Hence
vt h=1-Gn/E+ibha-/I) @2

According to Johnson [4], one gets the equation from
the Parkes model

|4 1
V= (33)
Y142y ($)
and
ms? Y,
1= o 34
My 143)($) ey

When the plastic hinge happens at time t and reaches the
cantilever root, s = L, one has

T_mL |4

= 35)
6Mpl+(%) ¢
Eqns. (34) divided by Eqn.(35) one gets
f s 143
T=(%) 2\(5 (36)
1+(2) ()
The above Eqns. can be rewritten as
L+ =3 (&) ($)-(4)=0 (37)

This is a quadratic equation in terms of s/L. The solution
is

($)=5,(5,F)

£=8,(6,k)=\/L (29)
L=sn=t B/ B P .
Eqns. (26) can be written as 2[1+(%)]
v=1-3)$)=1-2,/F (30)  Substituting Eqn. (38) into Eqn. (33), one gets
2[1+(%)]
%ﬂ{,(g,%) I (39)

201421+ (2R (L)+(2) (ZY (LY +a(by1+(2)]
(O () (D) (7 T ¢
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Taking § — O for finding the limit of S-S, and V-V, ,
yields

lim (S,-S,)=\/% -+ (40)
and

. T 2 t—oo

lim (V,~ %)= lim (%),/ £ = (41)

Based on the results of Eqns (40) and (41), one knows
that the solution of Eqns (22)-(25) associated with the
initial condition t* << 1 is corresponding with the value
of s* obtained by Parkes. However, if considers the
influence of {under the conditions of t/T — 0 and { — 0,
to the parts of V*, one finds that the difference between
the Wang and Yu and the Parkes model is the same as
study the value of co/eo instead of 0/0 pointed out by
Wang and Yu. In order to describe this special feature
one takes the difference of either Eqns (31) and (38) or
Eqns (29) and (37) with respect to the value of t/T and {
as shown in Fig. 2 and Fig. 3. Fig. 2(b) shows that the
limit value of S-S, approaches the constant value of
VtIT —t/T when { << 1. Fig. 3(b) indicates that the
limit value of V,,-Vy, tends to infinite when { << 1.

At present one considers again the initial value
problem developed by Wang and Yu instead of { — 0.
The condition of /T << 1 in the Eqns. (22) -(25) is given
a very small value for application. One should estimate
the influence due to the change of t/T value. Fig. 2(a)
and 3(a) can be shown this phenomena. It is found out
that if one considers the deformation of a cantilever
beam struck transversely at its tip on the small value of
{ then one should choose the small value of t/T in order
to avoid the large influence caused by the error of
initial value.

EXTENSIVE INVESTIGATION

The s/L. phenomena affected by the value of t/T
has been shown in Figs. 2(c) and 3(c). For the sake of
studying in advance, one treats again the Eqns. (22)-(25)
associated the initial condition t* << 1 with Rugge-
Kutta method under the conditions of 03 < ¢ < 10° and
t/T=0"8, One can compare the difference between the
Parkes and the Wang and Yu model through the numerical
operation.

One takes t/T, s* and V*+(1-5")9  of mode I in
the Wang-Yu problem for comparing the Parkes pro-
blem. Fig. 4 indicates that the difference of dynamic
energy is small and V/Vo is very closed between the
Wang and Yu and Parkes problem when the elastic mod-
ules K is increased (i.e. the stored elastic strain energy
and f are decreased). This implies that the influence of
elastic modules K of spring at the root of cantilever is

Aw
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Fig. 2. The relationship among s/L, /T and {.

suggested by Wang and Yu. However, this is not agreed
that the mode I in the Wang-Yu problem is similar
to Parkes’ rigid-plastic model if the value of f is very
small. Both the Wang-Yu and the Parkes model are
similar only at § = 0. Fig. 5 shows that the position of
plastic hinge of mode I in the Wang and Yu model at
the small value of B and the same time t/T is quite dif-
ferent. This also indicates that both the velocity dis-
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tribution curve and the deflection curve of cantilever

are completely different. Thus, one can find out that

both the Wang-Yu and the Parkes model are similar at
the cantilever of 8 — 0 by means of searching for the
moving velocity factor of the two plastic hinges. Fig. 5
reveals that the t/T at the root rotating spring in the
model I of the Wang-Yu problem is really influence
the movement of plastic hinge. It is obvious that the
value of /T is influenced by {. Fig. 6 obtained from

!
b emebeaaba L2
i '

Wang and Yu's model
- --—  Parkes' model

Fig. 4. Comparison between the Parkes and Wang-Yu model.
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A denotes the time t/T

Fig. 5. Comparison between the Parkes and Wang-Yu model.

Fig. 7 can be explained that if the { increases then the
t/T decreases under the same condition of 8.  This.
means that the cantilever behavior described by Wang
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and Yu and Parkes is quite different. The point of
view obtained by Wang and Yu should be modified that
for very small 8 and small { until t/T — 0 of the mode
I developed by Wang and Yu is similar to Parkes’ model.

Moreover, it is worth to point out that the cantilever
behavior of mode Ila is similar to mode IIb only using
the same value of { no matter what value of 8. Fig. 7
indicates that the position of plastic hinge and the tip
velocity both mode ITa and mode IIb are very closed
under the same value of { and t*.

The phenomena of Mode Ila and Mode IIb in
the Wang and Yu model will continuously study here.
For the impact theory of elastic-plastic cantilever beam,
the beam in time occurs free vibration with nature fre-
quency after the dissipation of plastic behavior. Now
one investigates the relationship between (@, B, {) and
tft, which is the ratio of the time from impact to dis-
sipated plastic behavior to that of period of natural fre-
quency. Table 1 indicates that the value of t/t,, is free
of relation to o, However, it is very obvious that /ft,
— oo when 8 — 0 while t#/t, — 0.25 when  — o (see
Fig. 8). It may be said that 8 — 0 tends to plastic
analysis , that is tg/t, — oo approach to plastic analysis.
It is approximated elastic analysis t/t, — 0.25 , that is
B — oo. The relationship between { and tf/tw (see
Fig. 9) is very interested that the maximum value of ¢/t,,
occurs in the range of 0.1 < { < 0.5 for the same value
of Bin Mode II. This imply that the plastic behavior
is very significant in the range of 0.1 <{<0.5.

COMPARISON AND DISCUSSION

0.45

3
LASILINE B A S B B N S F N A N B N Bt &

0.20

S

(b)

Mode IIb $ﬁ=0.1)
+ === Mode Tla

8=10)

Fig. 7. (a) The variation of travelling hinge location with time.
(b) The variation of tip velocity with travelling hinge location.

Table 1. The relationship among -~ S~ {and tt,,

21 ﬁ ; t't/tw
.10E+01 .10E+00 .10E+00 2774E+00
.30E+01 .10E+00 .10E+00 .2774E+00
50E+01 .10E+00 .10E+00 2774E+00
.70E+01 .10E+00 .10E+00 .2774E+00
.10E+01 .10E+00 .10E+00 .2774E+00
.30E+01 .10E+00 .10E+00 2774E+00
.S0E+01 .10E+00 .10E+00 .2774E+00
.70E+01 .10E+00 .10E+00 .2774E+00
.10E+01 .20E+00 .10E+00 2774E+00
.30E+01 .20E+00 .10E+00 2774E+00
.50E+01 .20E+00 .10E+00 2774E+00
.70E+01 20E+00 .10E+00 .2774E+00
.10E+01 20E+00 .10E+00 2774E+00
.30E+01 .20E+00 .10E+00 2774E+00
.S0E+01 20E+00 .10E+00 2774E+00
.70E+01 20E+00 .10E+00 .2774E+00
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Symonds and Fleming [2] used five methods: 1.
rigid perfectly-plastic analysis, 2. Simple mode ap-
proximation technique (A means of avoiding the travel-
ling hinge phase in the complete rigid plastic analysis
is provided by the so-called mode approximation tech-
nique.), 3. multistage mode approximation technique
(The multistage mode approximation technique has as
its basis a bilinear elastic plastic constitutive relationship
for moment versus curvature.), 4. linear acceleration
lumped mass formulation ( The mass matrix in this
formulation is based on an acceleration field assumed
to vary linearly along the length of the cantilever beam.),
5. ABAQUS program, to study a cantilever beam with

300.00 «

¢=71.64

250.00

ALANASRA) 4022002

200.00 3

VELOCITY
&
o

TIP

100. 00

Al s palasaagassstasas

50. 00

0.00 -
0.00 10. 00 20, 00 Jo. 00 40. 00 50 00 60.00

TIME (107°SEC)

Fig. 10. The curve of tip velocity versus time.

tip mass. In order to compare the results of elastic-plastic
state between the Wang-Yu model and the Symonds-
Fleming model , one substituted the beam dimensions
and properties (see Table 1 in Symonds and Fleming [2])
into the theory of Wang-Yu model with R=1/8. Thus,
the curve of tip velocity versus time is shown as in
Fig. 10. If compare Fig. 10 with Fig. 5(a) in Symonds
and Fleming(2), it is found out that the tip velocity
versus time in Wang-Yu model is very similar to multi-
stage mode approximation technique and is approached
to linear acceleration lumped mass formulation. Table 2
indicates the time value at the tip velocity with zero.
The present solution based on Wang-Yu model approaches
the each solution obtained from Symonds and Fleming
[2].

CONCLUSIONS

Numerical calculation for various parameters ¢, ﬂ,
{'have been carried out to illustrate the dynamic respo
of the spring-beam system. This note has shown
the dynamic behavior of the Wang-Yu problem is i
general very different from that of the Parkes proble
as is evident from the theoretical formula derived fi
the two problems. For very small 8 and small ¢ unti
tp/T — 0 of the mode I developed by Wang and Y
is similar to Parkes’ model. No matter what value of
the cantilever behavior of mode IIa is the same as
of mode IIb so long as the value of { is equal. In addi
tion, it is evident from the results both theoretic
and numerical analysis that the solution of the initi
value problem of V* considered by Wang and Yu is
not agreed with the Parkes model at the condition o
t* << 1. The initial value problem of V* for the Wang
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Table 2. The time value at tip velocity with zero

B ABAQUS multistage Mode linear acceleration lumped Wang and
approximation technique mass formulation Yu model
2 37 24.9 249 17.735
1 31 30.0 29.8 25.389
0.5 44 38.0 38.6 36.523
0.25 55 53.0 520 53.364
0.125 75 73.5 71.9 92.764

Yu model will approach Parkes only under the condi-
tions of t* << 1 and { — 0. B — oo is approximated
elastic analysis while f — O tents to plastic analysis.
The plastic behavior is very significant in the range of
0.1 < {< 0.5 for the same value of 8 in Mode IL

ACKNOWLEDGMENT

The authors would like to acknowledge the helpful
comments given by Prof. Yeong-Bin Yang of National
Taiwan University, Republic of China.

NOTATION
mass of the striker (Wang-Yu’s model)
root rotating spring constant
length of the beam
mass per unit length of the beam
mass of the striker (Parkes’ model)
p fully plastic bending moment of the beam
distance from the traveling hinge to the tip of the
beam
s/L
time
t Vo/L
time of root rotating spring entering to plastic state
time for the plastic hinge to travel from the tip to
the root

»ZRBOCRQ

LA Bl

ey PWR W <*§<

relative velocity of the striker to the rotating refer-
ence frame

absolute velocity of the striker

initial velocity of the striker

v/Vo

deflection

ratio of the impact energy to Mp
[Mp/(2K))/[(GV0)/2]

mL/2M Parkes’ model)

mL/2G (Wang-Yu’s model)

ratio of the mass of the striker to the beam
rotation angle of the beam about the root
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