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VARIOUS GEOMETRIES
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ABSTRACT

This work presents a systematic study on the optimum base diameter,
length, heat dissipation, temperature profile, and efficiency of spines by
employing fin parameter versus fin efficiency method. The temperature
dependent heat transfer coefficient is assumed to be a power-law type.
Several common fin geometries including cylindrical, convex parabolic,
conical, and concave parabolic profiles are investigated respectively. It is
found that the optimum dimensions of spines are functions of fin volume,
heat transfer coefficient at fin base, and thermal conductivity. To facilitate
the thermal design of heat transfer components, simple mathematical ex-
pressions as well as design charts are presented.

INTRODUCTION

Applications for finned surfaces are widely seen in
air- conditioning, aircraft, vehicles, and vessels. Since
weight and material costs are the primary design con-
siderations in most of these applications, it is highly
desirable to obtain the optimum design information of
fins.

The information of optimum design of extended
surfaces is - readily available in the work of Kern and
Kraus [1]. Recently, a thorough review for fin tech-
nology has been presented by Kraus [2]. For spines,
Sonn and Barr-Cohen [3] and Li [4] dealt with the
optimization of a single cylindrical fin and pin fin array
respectively. Considering convective spines of cylin-
drical, convex parabolic, conical, and concave parabolic
profiles with curvature effect, Chung et al. [5] have pre-
sented a systematic study on the optimum dimensions
for these fins. As for radiative heat transfer, Chung
and Nguyen [6] formulated the general relationships
for spine dimensions as well as heat transfer character-
istics under the optimum condition. In addition, the
optimum geometry of the fin with least weight is
uniquely determined in their work.

For boiling heat transfer from fins, the heat
transfer coefficient can be expressed as an empirical
function of the temperature difference between the
fin surface and liquid. In the fin optimization problems,
Haley and Westwater [7]. used a numerical computation

to find out a turnip-shape-spine that would dissipate
heat at smallest volume. Yeh and Liaw [8] proposed
the optimum excavated shape in a cylindrical fin with
minimum weight. Employing a temperature correlated
profile, Razani and Zohoor [9] and Sohrabpour and
Razani [10] investigated the optimization of fins with
temperature dependent heat transfer coefficient. Very
recently, using an integral approach, Chung and Iyer
[11] have determined the optimum dimensions for
longitudinal rectangular fins and cylindrical pin fins
by incorporating transverse heat conduction. Due to the
complexity of their results, only numerous design
charts are given.

From the foregoing descriptions, it is apparent that
most works regarding boiling heat transfer are dealing with
optimum fin shape. To the best of the author’s knowledge,
there has not been any paper published to quantitatively
analyze the optimum characteristics of fins in boiling as
well as natural convective heat transfer. In this study, for
a given cylindrical, convex parabolic, conical, and concave
parabolic profiles of fins, the fin base diameter and
fin length which maximize the heat duty for a fixed
volume are investigated. Considering a powerrlaw
type heat transfer coefficient, simple formulas for the
base diameter, length, heat dissipation, temperature
distributions and efficiency of the optimum spines
are obtained. In addition to the laminar as well as turbu-
lent free convection, the results of this study can also be
applied to nucleate and film boiling heat transfer modes.
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MATHEMATICAL ANALYSIS

A spine with an arbitrary profile is now considered.
The surface heat flux along the fin length varies following
a powerr law type dependence on the temperature dif-
ference between the fin and the ambient fluid, i.e.

g=ab” (1)

where a and m are dimensional and dimensionless con-
stants respectively. The values of @ and m depend on
the boiling liquids and the types of heat transfer. For
instance, the exponent m may take the values of 0.75,
1, 1.25, 1.33, 3, and 4 depending on whether the heat
transfer process dominates by film boiling, forced con-
vection, laminar free convection, turbulent free con-
vection, nucleate boiling, or radiation into free space
at zero temperature. Note that the casem = 1 corresponds
to the “linear” cooling process. In this situation, a is
equivalent to the constant heat transfer coefficient, A.
As for m = 4, q stands for the product of emissivity, €,
of the fin material and Stefan-Boltzmann constant, o.

Throughout this analysis, a few assumptions are
made as follows: (1) The material of the fin is homoge-
neous and the thermal conductivity of the fin is constant;
(2) no heat source or sink exists within the fin; (3) the
ambient fluid temperature is maintained at a constant
value, T,; (4) There is no bond resistance at the base
and the base temperature, Tp, is uniform. The general
fin profile function can be expressed by

A=2&r @

where D and I denote the base diameter and length of the
fin and the profile index represents

cylindrical profile forn=0
convex parabolic profile forn=0.5
conical profile forn=1
concave parabolic profile forn=2

The volume of spines may be written in terms of base
diameter and length and is given by V= aD%/[4(2n+1)].
Applying the aforementioned assumptions and substi-
tuting the general fin profiles, the one-dimensional
steady state heat conduction equation inside the fin can
be described by the following equation

£ dd)da (1xy.om=0 )

where k is the thermal conductivity of the fin. The termi-
nology and coordinate system are shown in Fig. 1. Note
that the origin of the coordinate system is taken at fin
tip and positive x is toward the fin base. Introducing
the non-dimensional parameters, X = x/I, iX) = 6/6,,
and N = 4hb[2/(kD) equation (3) may be rewritten in
the form

()

=0
Fig. 1. Schematic diagram of the spine.
7 (P )~ N X =0 )

It is noted that b, (=a 6,""') is the heat transfer coef-
ficient at fin base.

Spine of cylindrical profile (n=0)

Consider negligible heat loss from the free end,
the heat flow through the fin base can be evaluated from
the equation below

1/5 1/5

Q=167 "+ G,e (' k V) e N"ef(1)  (5)
The spine efficiency is defined as the ratio of the actual
heat dissipated by the fin to the ideal heat transferred if
the entire spine is operating at the base temperature.
Hence the efficiency of the optimum fin can be expressed

as
n=f(1)/N )
Substituting equation (6) into (5) gives

Pl (k)TN By ()

Q=(1677
For known values of 6, k, and V, a relationship between
N and 7 can be obtained to maximize Q. A detailed
solution method is described in the end of this section.
Note that N may also be referred as fin parameter. A
certain value of N which leads to the maximum heat
dissipation of a fin is designated as Ny Hence, the
dimensionless optimum base diameter and length of the
fin become
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* Dt
D=h;§1/5
b

()

=[64/(72N,,)1"° 8)

e b
e 2= [Nl (417 ©
)

h,
and the maximum heat dissipation is obtained as

) 0, ,
= (167 NP (1) (10)

0, (B k V)

The fin efficiency of the optimum fin is the same as that
given in equation (6) with N,,,, instead of N.

Spine of convex parabolic profile (n=0.5)

In this case, the boundary condition at fin tip is
the same as previous case. The heat duty of this spine
in terms of fin parameter and efficiency are derived as

s 15

0=4 (47" 6,0 (b, kV®)'" Ny (11)
Similarly, an optimum N may be obtained to maximize
Q. The dimensionless quantities are defined in equations

(8)-(10) and are calculated as

D" =[256/(7N,,) 1" (12)

I'=[N2/(2m)]" (13)

Q"= (1287 Nj)'"+ /(1) (14)
and

N=15f(1)/N, (15)

Spine of conical profile (n=1)

The solution of this fin exists only when a finite
temperature excess (superheat) is imposed at the free
end. The total heat transfer rate of a conical fin is ex-
pressible as :

5

0=(ZL 7" 6, (h, k V)P N1y (16)

Similar to previous cases, for a fixed 6y, &, and, V, the
total heat duty Q may be maximized by choosing an

appropriate N,,. The dimensionless optimum dimen-

sions, heat dissipation, and efficiency of this spine thus
becomes

D" =[576/(#2N,,)1" a7

I'=[3N2,/(4m)1" (18)

Q' =(4327%/ N3+ £ (1) 19)
and

n=2f"(1)/N,, (20)

Spine of concave parabolic profile (n=2)

In view of Eq. (4), this fin exists only when the
tip temperature is equal to the environmental fluid. The
heat dissipation, Q, may be expressed in terms of N and

n, ie.

2,15
Q=(200037t)

.(hb4kv3)1/5‘0b.N1/5.n (21)
The optimum base diameter, length, heat dissipation,
and efficiency of a fin are then calculated from the fol-
lowing relationships

D" =[1600/(7*N,,,)1" (22)

I'= [51\{,@,/(4,,)]1/5 23)

Q" =(200072/ NA)'"+ £ (1) 24)
and

N=3F(1)/ N, 25)
Solution procedures

By letting d0=0, the maximum heat dissipation
can be achieved and one obtain

n=N"1" (26)

Imposing appropriate given boundary conditions at
tips, Eq. (4) is solved by finite difference method with
linearized source term {12]. An alternative way to solve
Eq. (4) may be done by the fourth order Runge-Kutta
method. The fin efficiency, 1, is evaluated for each
given N. A logarithmic coordinates is used in plotting
versus N. The optimum design, N=N,,, is reached
when the slope of the curve is -1/5. OnceN,, and f’(1)
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Fig. 3. Dimensionless temperature profiles of spines for m=3 and 4.

are evaluated, the optimum data can then be readily ob-
tained.

RESULTS AND DISCUSSION

For spines with eylindrical, convex parabolic, coni-
cal, and concave parabolic profiles, the optimum base
diameter, length, temperature distribution, heat duty,
and efficiency of the fins are obtained in many heat

~

D*
(*)
@)
(m)
(60)
£ .
Oh 1 il L | n 1
0 2 4 6
m

Fig. 4. Dimensionless optimum base diameter, length, heat duty, tip
temperature, and efficiency for a cylindrical pin fin.

transfer modes. In this study, two variables, fin param-
eter and fin efficiency, are adopted in the fin optimiza-
tion problem for boiling heat transfer. The optimum
dimensions and heat transfer characteristics of a fin
totally depend on fin volume, heat transfer coefficient
at fin base, and thermal conductivity of spines for a
given fin profile.

Figure 2 shows the dimensionless temperature
distributions of the optimum spines in both forced and
natural convection. It is interesting to learn that the
temperature profile of a fin with a given concave para-
bolic fin profile, n=2, is concave downward for m=1.25
whereas a linear temperature profile [1] is seen for a
least-material fin whose shape also turns out to be a
concave parabolic profile form=1. In addition, the tem-
perature is a little higher at a larger m. Similar trends
in temperature profiles are found in Fig. 3 at m=3 and
m=4.

In boiling heat transfer, the values of m may vary
from 2 to 5.5 as indicated in the works of Dhir and Liaw
[14] and Gaertner [15] for nucleate boiling and 0 <m <
1 for film boiling [7] or film condensation. Figures 4-7
display the base diameter, length, heat duty, and ef-.
ficiency for optimum spines of cylindrical, convex-
parabolic, conical, and concave parabolic profiles for 0<.
m< 6. As a whole, fin efficiency decreases abruptly
with increasing m for m < 1 and changes slightly for 2<
m. For a conical and a concave-parabolic-profile
fins, it is noted that no optimum design is found asm is
close to zero. This is due to the fact that the dimensionless’
temperature drops to zero in the middle section of the
finin along finfor 0 <m < 1. This resultis similar to
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Fig. 5. Dimensionless optimum base diameter, length, heat duty, tip
temperature, and efficiency for a spine of convex parabolic pro-
file.

Fig. 7. Dimensionless optimum base diameter, length, heat duty, and
efficiency for a spine of concave parabolic profile.

the finding of Yeh and Liaw [16]. Since inefficient
portions begin to show up on fin end, the optimum
conditions of a spine does not exist. Thus, for a spine
with concave parabolic profile, there is no point
found with which slope is equal to -1/5 whenm is less
than 0.3.

To save the time for calcualtion and to minimize
the reading errors, the exact design values are provided

P

2.5

D* 2
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)
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ll[ll'll(['llll]lll
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~
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Fig. 6. Dimensionless optimum base diameter, length, heat duty, tip
temperature, and efficiency for a conical spine.

Table 1. Dimensionless optimum base diameter, length, heat
duty, efficiency, and tip temperature of cylindrical
pin fins for m=0.75, 1, 1.25, 1.33, 3, and 4.

m D+ I* Q* n 6,
075 1446 0609 2205 0797 0617
1 1503 0564 2100 0789 0.688
125 1553 0528 2020 0784 0.737
133 1568 0518 1997 0783 0.750
3 1796 0395 1718 0772 0875
4 1891 0356 1626 0769 0.904

Table 2. Dimensionless optimum base diameter, length,
heat duty, efficiency, and tip temperature for
spines of convex parabolic profile (m=0.75, 1, 1.25,

1.33, 3, and 4).

m D* * o* n 6,
075 1734 0.847 2431 0.790  0.494

1 1.798 0.788 2318 0.781  0.583
125 1.855 0.740 2231 0.776  0.646
1.33 1872 0.727 2.207 0.774  0.663

3 2136 0558 1.901 0.761 0.829

4 2248 0504 1.800 0.759  0.868

for some very common heat transfer modes. Tables 1-4
indicates the optimum values for n=0, 0.5, 1, and 2.
The data given in these tables are identical to the works
of Sonn and BarrCohen [3] and Chung et al. [5] for
some special cases of m=1 (convective fin) and the
recent results [6] of m=4 (radiative fin). It is noted
that the optimum 6, is omitted in Table 4 because the
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Table 3. Dimensionless optimum base diameter, length, heat
duty, efficiency, and tip temperature of conical
spines for m=0.75, 1, 1.25, 1.33, 3, and 4.

m  D* 1 o+ n 6,
075 1880 1701 2483 0.782 0.293
1 1954 1001 2370 0772 0.409
125 2012 0943 2283 0766 0.493
133 2.030 0927 2258 0764 0516
3 2309 0716 1949 0750 0.750
4 2429 0648 1846 0747  0.806

Table 4. Dimensionless optimum base diameter, length, heat
duty, and efficiency for spines of concave parabolic
profile (m=0.75, 1, 1.25, 1.33, 3, and 4).

m D* I* o* 1
075 2031 1543 2493 0.759
1 2097 1448 2385  0.750
125 2157 1369 2299 0744
133 2175 1346 2275 0742
3 2467 1046 1968  0.728
4 2593 0947  1.864  0.725

concave-parabolic fin only exists for all zero 6,. Also,
from Eq. (10), it is observed that the optimum heat
transfer is proportional to three-fifth power of fin
volume. If the heat duty from a single spine is doubled,
an increase of 3.175 times in volume is needed. Thus,
it is better to have larger numbers of smaller fins than
to have fewer numbers of larger fins from the heat
transfer point of view.

CONCLUDING REMARKS

For given cylindrical, convex parabolic, conical,
and concave parabolic fin profiles, the optimum dimen-
sions and heat transfer characteristics of spines for
various heat transfer modes are obtained with the aid of
fin parameter and fin efficiency. It turns out that the
optimum base diameter, length, and heat duty are mainly
a function of fin volume, base heat transfer coefficient,
and thermal conductivity of a spine. For all the optimum
spines, the fin efficiency in convection is higher that
that in boiling or radiating heat transfer modes. In
addition, it is found that no optimum dimensions of
conical and concave-parabolic fins exist for m close to
zero. All the optimum data are given nondimensionally
in tables as well as charts for convenience of thermal
design of heat transfer components.

NOMENCLATURE

a dimensional constant related to a selected heat
transfer mode, W m? K-!

base diameter of a spine, m

" dimensionless temperature, &/ 6,
heat transfer coefficient, W m2K!
thermal conductivity, W m K'!
fin length, m
power-law exponent
fin parameter
fin profile index given in Eq. (2)
heat dissipation of a fin, W
surface heat flux, W m?
fin volume, m>

dimensionless fin length, x /1

coordinate

emissivity of the fin material

fin efficiency

temperature in excess of the ambient or temperature

superheat, T-T,, K

o Stefan-Boltzmann constant, W m? K*

TSI MR MRV OIZI Y

Subscripts and superscripts

ambient

fin base

fin tip

opt optimum
nondimensional quantity

c o

*
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