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EFFECTS OF A HOLE ON UPLIFTING FORCES
ON A SUBMERGED HORIZONTAL THIN PLATE

Deng How Tsaur* and Shyh Rong Her**

Keywords: uplifiting force, plate with a hole, hypersingular integral
equation, boundary element method.

ABSTRACT

The effect of a hole on uplifting forces acting on a submerged
horizontal thin plate are examined using the boundary element
method. To deal with the submerged thin plate case, which is a
degenerate boundary problem, a hypersingular integral equation is
employed to overcome some troubles when the boundary element
method is used. Two-dimensional problems are considered, and
the linear gravity wave theory is adopted. Several examples are
calculated and the numerical results are presented to show the
influence of a hole on uplifting forces. - ‘

INTRODUCTION

Some researchers[1,2,3] have studied the ef-
fects of a hole on the uplifting forces exerted on a
submerged horizontal plate using the boundary ele-
ment method. In these researches the plate with a
thickness has been mainly solved, however, the re-
sults for a thin plate case have not been presented. In
a previous paper[4], a method for solving the problem
of the uplifting force on a submerged horizontal thin
plate has been developed successfully. To solve such
problems, the hypersingular integral equation in
conjunction with the boundary element technique
was employed, because the hypersingular integral
equation can be used effectively to solve the degener-
ate boundary-value problems, such as the crack
problems[5] and the cutoff wall in seepage prob-
lems[6].

In the present paper, the above work is extended
to study the case of a submerged thin plate with a
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hole and to investigate the effect of the hole on the
uplifting forces, which are due to the gravity wave
acting on the submerged horizontal thin plate. For
simplicity, two-dimensional problems and the linear
regular wave are considered. Some examples are
evaluated, and their results for different values of
the ratio of a hole to a plate are shown and compared
to illustrate how the hole affects the uplifting forces
on a submerged horizontal thin plate.

THEORETICAL FORMULATION

The definition sketch for this problem is shown
in Fig. 1. The cartesian coordinate system is used.
The x-axis is along the still water surface, and the z-
axis is upward along the vertical wall. The entire
domain is divided into two regions by a pseudo bound-
ary.

For the inviscid, incompressible fluid and the
irrotational flow, the velocity potential ®(x,z,t) satis-
fies the Laplace equation. When the flow is assumed
to be a small amplitude wave motion with an angular
frequency o, the velocity potential ®(x,z,f) can be
expressed in a complex form as follows:

<I>(x,z,t)=‘%€¢(x,z)exp(i07) , 1

where g is the gravitational acceleration, { is the
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Fig. 1. Definition sketch.
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incident wave amplitude, ¢ is the time, and &(x,2) is
the potential function.

The potential function ¢,(x,z) in the region (II)
can be determined by the boundary element method
with the following boundary conditions:

a?II(X,Z)=O

5 at x=0, (2)

a‘f’ll(X,Z): o?

az ?¢Il(xiz)? atZ=0, (3)

a¢11§:’2_)=0,_ at z=-h, 4)

%%ﬂ), at z=—-d*andw<x<w,

+(b_2b ), w+(b+2b )

<x<w+b, (5)

8¢11(x,z)=0,

at z=~d andw<x<w

on
+(b_2b’), w+(b3b’) <x<w+b (6)
and
On(x,z) = ¢(x,2), at x=10 | (7

8¢11(x,z)=8¢1(x,z)
ox . ox ’

at x=10 , (8)

where n is the unit outward normal; % is the water
depth; d is the depth of the location of the plate; w is
the distance between the edge of the plate to the
vertical wall; b and b are the widths of the plate and
the hole, respectively; and ¢ is the distance from the
vertical wall to the pseudo boundary.

If the pseudo boundary is far away from the
plate, the potential function ¢,(x,z) can be given by
(3,71

Or(x,z)={explik(x-¥¢)]
+K, exp[~ik(x-¥)]1}Z(z) , ®
where k is the wave number that satisfies the disper-
sion relationship, K, is the coefficient of reflection,
and Z(z) is the depth dependency function and is

given by

Z(z) = {cosh k(h + z) / cosh kh}. (10)

INTEGRAL EQUATIONS AND NUMERICAL
PROCEDURES

The potential function ¢,/(x,z) satisfies the
Laplace equation, such that it can be expressed in
terms of the value of the potential function and its
normal derivative on the boundary incorporating the
fundamental solution (In 7) and its normal derivative
e (Inr). The boundary integral representation of

s

the potential function ¢; (&', 77') at a boundary point
o, m)is

@9u(&.1)= [ #u (&, )2 (nryar (s)

90y (&, M)
- I_—Tns‘—(lnr)dr(s) , an
where r is the distance between points Q’(&, 1°) and
Q(&, M), ng is the unit outward normal at the source

point. f denotes the Cauchy principal-value integral.

As the boundary is smooth, & is equal to T.

For the numerical computations, the boundary
of the region (/1) are divided into N constant elements
by discretizing the integral equations with the bound-
ary element technique. Equation (11) can then be
written in the matrix form,

U, Uny Uz | (9,
UI‘}I;‘ UUI‘; Ur;q (¢II)1';"
Urd—rn Urd—l—;;- Urd_rd_ (¢11)Id‘—
)
(%
Urnrn Urnl"d LIz R g
= | Ynn Uy Uz [ (3,0 b (12)
U, Uy Uiy "
d‘'n d 'd d 'd a¢1
(=I)
on -

where the subscript I',, T'; denote the nondegenerate
boundary and the degenerate boundary, respectively;
and I7 and I} denote the two sides of the degenerate
boundary. The elements, Ujand Fij » of the matrices
of eq.(12) are

Up=[ (mryar(s)) (13)

T,= r'a%(lnr)dl"(sj)—”dj : (14)

J

where J; is the Kronecker delta which is equal to 1
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when i = j and O otherwise.

For the plate with a nonzero thickness, the un-
knowns of the potential can only be solved by using
eq.(12), but for the thin plate it is not enough to obtain
a unique solution, a hypersingular integral equation
is required. By taking the normal derivative of the
boundary integral representation of the potential
function, we can obtain the hypersingular integral
equation. For a boundary point Q’(§’,7), it can be
written as

oW lET)_ (g, 8,m) 52 (nryar(s)
f r

anf ans

00y(€,Mm) 9
_fr "ans -anf(lnr)dl"(s) (15)

where nis the unit outward normal at the field point.
f denotes the Hadamard principal-value integral.

In a similar way for obtaining eq.(12), equation
(15) can also be written in the matrix form as follows:

Lrr, Loy Lo |( (%),
Ly, Lyyry Ly (9n)ry
er'—rn er—r*d'l' Lr‘;rd- (¢II)]"d"
0
5
Lrr, L Lrry Y
=|Lin Lyl |l (50, ) . (16)
Ly, Ly Loy (a¢11)d
on 'r;

where the elements, L;; and f,-j, of the matrices of
the eq.(16) are

Lij=jqanif(1nr)dr(s,.)+n6,-j : an
- 9?
Liffrj n an, (A {a®

In order to obtain a unique solution, the equa-
tions collocated on one side of the thin plate in eq.(16)
must be replaced by the equations collocated on the
same side of the thin plate in eq.(12), this leads to

(9,
(Pm)ry

Urpr, Uy Uy | \ 0017

(%)
Lep L L on T,
LI LI LI 90y
=|Lyr, Ly L [ (5, (19)
Ugr, Ui Unz| | 54,
(W)

Using boundary conditions, eqs.(2) to (8), we
can obtain the following matrix form equation:

(A**]{¢n} = {B**}, (20)

where [A**] and {B** }are the coefficient matrix and
vector. The value of potential on the boundary of
region (IT) can be evaluated by solving eq.(20).

By the linearized Bernoulli equation, the non-
dimensional hydrodynamic pressure, P/pg{, can be
calculated by

&:—i(p”(x,z)exp(im) . (21)

The non-dimensional resultant uplifting force,
Flpg{h, acting on the thin plate can be obtained by

F 1 w+(b-b')12
wommll, AT

w+b
+ (By-Bp)dl(s)} ,  (22)
w+(b+b)/2

where R; and A denote the hydrodynamic pressures

on the upper and lower surfaces of the thin plate,
respectively.

NUMERICAL RESULTS

The numerical results are obtained under the
conditions as shown in the following table.

Table 1. Non-dimensional parameters for all examples

c’hlg 0.25 to 2.50 with an interval 0.25
d/h 0.25 and 0.5

b/h 1.00 and 1.50

wih 0.00, 0.25, 0.50 and 1.00

b'Ib 0.0, 1/6 and 1/3

where o%h/g is the non-dimensional frequency, d/h
is the non-dimensional depth of the location of the
thin plate, b/h is the non-dimensional length of thin
plate, w/h is the non-dimensional distance from edge
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of the thin plate to vertical wall, and b/b is the ratio
of the hole to the plate.

In different cases, the final calculated results
are shown in Fig. 2(a) to 5(d). In all the figures, the
non-dimensional amplitude of the resultant uplifting
forces |F |/ngb is plotted for different values of
the non-dimensional frequencies o®h/g and of the
ratio of a hole to a plate b/b.

From all the figures, it is found that the ratio of
a hole to a plate b’/b decreases, the amplitude of the
resultant uplifting forces on the thin plate increases.
When the ratio decreases to zero, which is the case
of a plate without a hole, the largest amplitude of
resultant uplifting forces occurs. The effect of a hole
on the uplifting force is different for different non-
dimensional frequencies of the water wave,

Figs. 2(a), 3(a), 4(a), and 5(a) show the cases
of no distance between the edge of the thin plate and
the vertical wall, w/h = 0.00. It is found that the
largest amplitude of resultant uplifting forces always
occurs in the lower frequency range o*h/g < 1.0,
otherwise, (w/h = 0.25, 0.50, and 1.00), the largest
amplitude of resultant uplifting forces nearly always

.occurs in the higher frequency range o’hlg 2 1.0,

those can be found from Figs. 2(b)-(d) to Figs.5(b)-
(d).

Comparing the results shown in Fig. 2 and
Fig. 4 with those shown in Fig. 3 and Fig. 5, the effect
of the non-dimensional depths of the location of the
thin plate, d/h, on the uplifting force can be observed.
Therefore, the resultant uplifting forces in the cases
of d/h = 0.25 are larger than those in the cases of d/h
= 0.50, and the effect of the hole on the resultant
uplifting force is larger in the cases of d/h = 0.25.

As the results shown in Fig. 2 and Fig. 3 are
compared with those shown in Fig. 4 and Fig. 5, the
effect of the non-dimensional lengths of thin plate,
b/h, on the uplifting force can be seen. Thus the
resultant uplifting forces of the cases of b/h = 1.5
are larger than those of the cases of d/h = 1.0 except
the case of the comparison of Fig. 2(d) and Fig. 4(d),
and the effect of the hole on the resultant uplifting
force is larger in the cases of b/h = 1.5.

CONCLUSIONS

From the above studies and discussions, some
remarks are written in the following:

1. The ratio of a hole to a plate is smaller, the ampli-

tude of resultant uplifting forces on the thin plate

is larger. The largest amplitude of the resultant
uplifting forces occurs in the case with no hole.

. The effect of a hole on the uplifting forces depends

on the non-dimensional frequency of the water
wave.

. When the distance between the edge of the thin

plate and the vertical wall vanishes, the largest
amplitude of resultant uplifting forces always oc-
curs in the case of the plate without a hole and in
the lower frequency range 6°h/g < 1.0, otherwise,
the largest amplitude of resultant uplifting forces
almost always occurs in the case of the plate
without a hole and in the higher frequency range
o’hlg > 1.0.

. When the submergence of the thin plate is deeper,

the effect of a hole on the uplifting forces becomes
smaller.

. When the length of the plate is shorter, the effect

of a hole on the uplifting forces becomes smaller.
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