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ABSTRACT

This paper deals with the dynamic analysis of a simply supported
beam subjected to multiple discrete and distributed moving loads.
Resonant vibration is observed for the support beam traversed by
multiple discrete moving loads. A practical scheme is applied to reduce
the excessive beam vibration to an acceptable range by using a damped
absorber attached at the beam center. Lagrange’s equation is used to
formulated the system governing equation and Laplace transformation
is applied to derive the dynamic responses for both the beam and the
absorber. Various design parameters, such as the mass ratio, the tuning
ratio, and the damping ratio, on the vibration reduction performance of
the damped absorber are fully analyzed. By properly tuning the absorber
with appropriate parameters, excessive beam vibration can be effec-

tively suppressed with a single damped absorber.

INTRODUCTION

Dynamic analysis for structures subjected to
moving loads has been a research topic for well over
a century. The interest for the study of this problem
originated for design of railroad bridges and highway
structures [1-2]. Today, the analysis of moving load
problem is applicable for various engineering appli-
cations such as high speed precision drilling [3],
turning [4], workpiece transportation, and fluid flow
induced vibration [5-7], etc.

When structures exhibit excessive vibration due
to external excitation forces, vibration absorbers have
been used extensively for vibration reduction to an
acceptable range. Frahm (8] invented a dynamic vi-
bration absorber for lumped parameter systems. Den
Hartog [9] refined the theory which includes the damp-
ing in the absorber design. Young [10] was the first

one to consider the application of lumped parameter
absorbers to beams. Optimal design for general beam
systems subjected to a point force with the use of
damped vibration absorber has also been reported[11).

In this paper, the dynamic characteristics of a
simply supported beam traversed by multiple discrete
and distributed loads will first be analyzed to under-
stand the system’s behavior. Application of adamped
absorber is proposed to suppress the excessive vibra-
tion of the support beam. The effects of the various
design parameters of the absorber will be examined to
facilitate efficient engineering design. To the best of
the authors’ knowledge, the study of this practical
scheme for vibration suppression of support beams
subjected to multiple moving loads by using adamped
vibration absorber has never been reported in the
literature and requires in depth analysis to explore its
applicability.
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EQUATION OF MOTION

The equation of motion for a Bernoulli-Euler
beam under a general forcing function can be written
as

4 2
ay+ 0

9 pady
I3 5+PA=T=f (1) (1)

The boundary conditions for a simply supported beam
discussed here are

¥y0,0=y(L,0)=0

2yl %

P4 B =0
0x2l,_o 9x2

x=L

and the mode shapes can be written as

9n(x)=sin 2 2)
The external forces considered here are multiple con-
centrated moving loads traveling on the support beam,
as shown in Figure 1, and can be represented by Dirac
delta function as Fé (x - vt), which can be expressed
using the Fourier sine series expansion, as depicted
in Figure 2:
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where ‘p’ is the number of moving loads, ‘7’ traveling
time for a concentrated load to move from one end of
the beam to the other, and ‘d’ the distance between

two moving loads. Forinstance as % =1, itrepresents
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Fig. 1. A simply supported beam with an absorber traversed by
multiple moving loads.

the case where the distance between two concentrated
loads is L and the succeeding load enters the beam at
the instant the preceding load leaves the beam span.
There will be at most one concentrated force within
the beam span at any time for this case. The exact
solution for the dynamic response of the support beam
due to multiple moving loads as describedin  Eq. (3)
can be shown to be:
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where ‘y,’ is the dynamic response of the beam, v,
maximum static displacement at the beam center due

to a single concentrated force, which is m for

the present analysis, and ‘a’ representing z{- ,in which
T; is the fundamental period of the support beam. It
can be seen from Eq. (4) that the fundamental mode is
the predominant one for contribution to the beam
response. Note that in the classical analysis of a
support beam traversed by a moving force, resonance
speed was observed to occurata=2n[12]. From Eq.
(4), the same situation applies for the case of multiple
moving loads discussed here. However, it has been
shown that the above resonance speed will not cause
the support beam to vibrate indefinitely [13]. The true
resonant vibration for the support beam under mul-

tiple moving loads occurs at %/j, Jj=1,2,3... The

purpose of this paper is to study a practical vibration
suppression scheme by using a passive damped vibra-
tion absorber to reduce excessive vibration of the
support beam due to multiple moving loads.

Since vibration of the support beam traversed by
multiple moving loads is primarily due to the funda-
mental mode, the contribution from higher modes can
be neglected with sufficient accuracy still being re-
tained. Therefore, the following analysis will con-
sider the first mode only for beam vibration analysis,
that is

yilx, 1) = qi(6) ¢(x). (5)

where
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¢ (x)=sin ©6)

APPLICATION OF A DAMPED
VIBRATION ABSORBER

When the moving speed of the multiple moving
forces is at or close to the true resonant speed, the
support beam will experience resonance or vibrate
excessively, which would make the system unusable
or even induce catastrophic structural failure. In this
situation, vibration suppression technique needs to be
considered to ensure operation accuracy and to avoid
material failure when the moving speed and the struc-
tural parameters can not be altered due to operation
requirements or modification costs. In this study, a
practical vibration suppression scheme is proposed
and will be analyzed to examine its dynamic charac-
teristics.

The kinetic energy (KE) and potential energy
(PE) for a support beam traversed by multiple moving
loads with a damped vibration absorber attached, as
shown in Figure 1, can be written as

=Llmazsel oy
KE—zmq2+2pAfo yidx @)

PE:%K[)’:(a,t)—q2]2+%EIJ' (5= ) dx  (8)

where ¢, is the absolute vertical displacement of the
absorber. Substitution of Eq. (5) into Egs. (7) and (8)
yields

KE=img+lpar ¢ )

PE-—K[¢1(05)q, 112] +5 ElLﬂlql (10)

in which B8, = a/L. For application of Lagrange’s
equation, the virtual work done due to the multiple
moving loads can be described as

L
5w=f0 £(x,1)Bydx (11)
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Fig. 2. Fourier since series expansion for a moving load.

The following equation can be obtained by substitut-
ing Eq. (3) into Eq. (11)

: d d
5w=F7§; sm—’,}f(z—z YT+ 1')[u(t—z YT+ 7T)
~u(r-2y1)16q, (12)

The Lagrange’s equation can be written as

d  OKE, 0KE OR _ OPE

= ( )- +—+ =0, 1,2 13
24 )" 3q Tog " ag o I7h2 )

where ‘R’ is the Rayleigh’s dissipation function, and

‘Q;’ the generalized forces. For the system under

consideration
R=Jcla-4,1 (14)
g—q=c[ql—qzl (15)
1
a—§=—c[ql—421 (16)
2

in which ‘¢’ is the viscous damping coefficient. From
Egs. (13- 16) and Egs. (9), (10), and (12), the equation
of motion for the entire system is

1
~PAL O
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o m [alE
Kol(+JEILE -k |
~Khi(®) K B
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=[ g ] ) a7

Applying Laplace transformation and Cramer’s rule
for the above equation, and using dimensionless ex-
pression, Q;(s) and Q,(s) can be obtained as

2
05a3 +al2 +05aT?
(5aw12+a§wl+ aT?

2F
Q,(s)= Py 6 5 4 3
EILﬂlwl S_6+AIS_S+AZS_4+A3S—3'
wi wi wi Wi
—(%yr-r)s - -ﬁ-yn
+
(e e~ ) (18)
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in which

PA
E1B}’

T2=§X

the tuning ratio

u=pALL , the mass ratio

¢

= 2’:W1 , the damping ratio

Al=2L(1+2u)

Ay=14T%4025a2+2uT? ¢} (@)

Ay=C[a’p+05a2+2+4uT* $? (@) +4uT?
-8uT? ¢} ()]

A;=025a2+T2+025a2T*+05a2uT? 92 ()

As=05a20[1+42uT*+2uT? 93 (@)-41uT? ¢, ()]

Ag=025a2T? (20)

As can be seen from Eqs. (18) and (19), the denomi-
nator consists of sixth degree polynomial, and it is
infeasible to obtain exact symbolic expression for the
associated roots. Therefore, numerical allalysis is
required to proceed this study. Givena, g, £, and T,
Egs. (18) and (19) can be expressed as

P 6
__2F Biw,
Ql(s)_EILﬂ‘} #lzé; S—D,-W]

~-@yr-t)s  -Lyrs
L +e L

[e ] 21

2F 4 26' Giw,
EIL,B}' 7=1i=1s—H;w,

0,(s)=

~-Eyr-1ys  -Sy1s
L +e L

[e ] (22)

in which B,, D;, G,, and H, are obtained numerically.
Note that they may occur as complex numbers. Tak-

ing inverse Laplace transformation for Eqgs. (21) and

. . R . ql (t/ Tax)
(22) and using dimensionless expressions, 5
4(1/7) . L
and ~y, can be obtained. For o = 2 the
s

dynamic responses at the beam center and the ab-
sorber can then be written as

t L
NET) 96 £ 3 g o0 Feb-tr
Vs 4 y=1i=1 !

coslIm(D)EE (4~ 74 1)+0,]u(L-Lya1)
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+HGile €7 L  eos 1m(H)2E(L-2
+6,Ju(t-27) (23)
t
2(2) 96 § Re(”t)zT”(‘;"%y”)
=1 & & UG

coslIm(H)2E (4-Lye 1)+ @1u(t-2pe1)
14

R PEE(4-Ly)

cos[Im(H;)2E(L-2y)

(]I~

+|Gi|e

+plu(h-4p) (24)

where (+, Re(*), and Im(e) represent magnitude, real
part, and imaginary part of a complex number, respec-
tively.

As the distance, d, between two moving loads ap-
proaches zero, that is when the support beam is tra-
versed by distributed moving load, the external force
can be described by the application of unit step func-
tion, Fu(x-vt), and can be written as

f(x,t)=n§ %(l—cosﬁ%)[u(t)
-u(t—r)]sin%i‘- (25)

by applying Fourier sine series expansion. Substitut-
ing Eq. (25) into Eq. (1), the normalized dynamic
response of the support beam can be solved:

Yd 768 2n2my 1
== {[1-cos =+
Yu 5n5mS a t a?
1-025=
n?
2nlrm; ¢ t n 2nr
(cos 3 T—cosnn'?)]u(?)—(—l)[l—cos 3
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2n’rxw
1 — (cos nEL 1)

1= 025—

(L-1)+

nmtx

—Cosnﬂ’(%—l))]u(,%—l)}sin i3 (26)
: . S Es e i
in whrchyu—m , ‘w’being the load per unit length.

For the case of distributed moving load, the virtual
work done can be expressed as

Sw=2L (1-cos T [u(1)-u(1-D)18,  (27)

Analogous to the previous development, Q,(s) and
Q.(s) can be obtained as

5

2w 1 @,

G e = e
Efﬂlwl 5; (59_1) +0.25a2

(@) +285+T"]
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e Chder 2
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[1+e %] (29)

A3(wi1)+ i
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Ay=28(1+2m)
A, =1+T2+2uT? 5 (@)
Ay=28[142UT?+2uT? 97 (0) -4 uT? ¢y ( )]
Taking the inverse Laplace transformation, dynamic

responses at the beam center and the absorber are
obtained:

t L
»(z.3) 4 R, ()2

7_ : e Zﬂt
o oo 2 Z (I1ile cos [Im () =7+

+9;]u(%)+|li|eReU¢')%§(%'l)
cos[ Im(5)2E(L-1+81u(k-1)}  (30)

%(%) 768
Yu 57:5:;‘1

(| K| eRe (L G cos [ Tm (L) 272

+ 9 u(E)+|K;|efe (L5 G- 1)

cos[ Im(L)EE(L-D+plu(t-D) (D)
i R ) e )
IﬂWhIChgf-—taIl W,Q— —_——RE(Kj)’ and [

J., K;, and L, are obtained numerically as discussed
previously.

NUMERICAL RESULTS
Figure 3 illustrates the normalized dynamic re-
sponse at the beam center versus the moving load
speed parameter, a, for % = 0.5, which represents the

case where there are at most two moving loads within
the beam span at any time. The true resonant speeds

correspond to a = %/j,j =1,2,3, ..., at which the new

coming load erters the beam when the beam is going
downward and hence the response level keeps grow

Disp. ratic

Fig. 3. Dynamic response at the beam center versus moving

speed, % =i0.5.
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ing if moving loads continue entering the beam. The
maximum displacement ratio, defined as the maxi-
mum dynamic response at the beam center over the
maximum static displacement at the beam center due
to asingle force, versus the moving load parameter, a,
for various response time period is shown in Figure 4

for % =0.5. It appears the beam response continues
to grow at the above mentioned moving speeds and
such situation will not occur for moving speed above
a=0.5, which indicates higher moving speed does not
necessarily induce larger dynamic impact on the sup-
port beam.

Normalized dynamic response at the beam cen-

ter versus the moving speed parameter, a, for %: 0,

i.e. the distributed moving load case, is depicted in
Figure 5. Note that as the moving speed is slow, the
beam response resembles the static case, as would be

18 o ]
16 - -
14 ‘ 4
E AR “
5 10+
é‘: 8- | ;I i
4t ﬁ ; \ ]
2 ’ELJ i \\\\\k_gk,~————~4‘-"‘”"‘ = .
DO 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 l;‘ 2
a
Fig. 4. Maximum displacement ratio versus moving speed, %
(k5%
fo55.05105- 5155 —

\

\\
|ﬂﬂll
3 .\\“\‘{\\\ \|‘|‘|‘\\‘\‘“‘ “

Pisp. ratio

Fig, 5. Dynamic response at the beam center versus moving

speed, % = 0 (distributed load).

expected. Asthe moving speed increases, larger beam
dynamic response can be observed. However, unlike
the discrete moving load case, no resonant speed
exists for the distributed moving load problem. Fig-
ure 6 shows the maximum displacement ratio versus
the moving speed parameter, a, for various response
time period. Note that the beam response does not
increase as the response time period increases, which
is different to the case of multiple discrete moving
load problem. As the moving speed further increases,
the beam response reaches a constant maximum dis-
placement ratio, which is two for this analysis. This
resembles the case with sudden apply of a load on a
dynamic system and the maximum dynamic response
is twice that of static response.

Effectiveness of the application of a damped
vibration absorber to suppress the excessive beam
vibration is depicted in Figures 7 and 8, with the
significance of the design parameters being exam-
ined. It appears the tuning ratio parameter, T, around
unity gives the most favorable results for vibration
reduction of the support beam. With the increase of
the mass ratio, y, the beam vibration decreases. How-
ever, for it approximately above 0.32, its effective-
ness approaches the plateau, which indicates limited
improvement with even higher mass ratio. Note that
the mass ratio should be kept minimal to reduce the

total system weight. With % =05, it has been shown

that the true resonant speeds are at g = 0.5 /el =R

. Figure 8 shows that with the application of the
vibration absorber, the corresponding beam vibration
is effectively suppressed at those speeds, and that with
the increase of the mass ratio, the effective range of
vibration suppression around those speeds widened,
which indicates broader usable ‘speed band’ for higher
mass ratio.

2 —
Lo} 1
Laf
,'/
1.7} i
= 7
s 18f /’ 4
/ 1
a ¥
W L4} /
3
=
1.3 /
L2f /
/
11 / 1
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-1 -0.5 0 0.5 1

log(a)

Fig. 6. Maximum displacement ratio versus moving speed,
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As for the case of distributed moving load, Fig-
ures 9 and 10 illustrate the effects of the various
design parameters. It turns out the use of vibration
absorber for the distributed moving load problem is
not as effective as that for multiple discrete moving
load case, since the former does not have the problem
of resonant vibration for any moving speed. For higher
moving speed, the use of mass ratio, u = 0.25 gives
better vibration suppression performance, as indi-
cated in Figure 10.

Figure 11 shows the normalized dynamic re-
sponse at the beam center for = e =1 =1 and
i = 0.2, with various damping ratios. The support
beam exhibits resonant vibration without the applica-
tion of absorber. The case with { = 0.1 yields best
performance among the three different damping val-

W
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Fig. 9. Maximum displacement ratio versus g and T for %: 10,

Max. Disp. ralio

Fig. 10. Maximum. displacement ratio versus u and a for %: 10,
d _ T =
I =I0= 1l @=10F
2
&
2

Fig. 11. Dynamic response at the beam center for
T=1,T=1,=0.2.
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ues. The vibration suppression performance does not
necessarily increase with the increase of damping
ratio. The effect of the mass ratio for the same system
as discussed in Figure 11, with { = 0.1, is shown in
Figure 12. It turns out the influence of the mass ratio
is quite limited for the present case as far as the beam
vibration is concerned. Figures 13 through 18 show
the normalized dynamic response at the beam center

for £=05,0.2, and 0.1 with the effects of 4 and £
being illustrated, respectively. Similar comments as
made above apply for these analysis cases. The analy-
sis results for the case of the distributed moving load
problem are shown in Figures 19 and 20. It appears
the vibration reduction performance for the distrib-
uted moving load problem is not as effective as that
for the multiple discrete moving load problem, hence
the use of vibration absorber for this particular case is

not warranted.

Disp. ratio

Fig. 12. Dynamic response at the beam center for % =1,a=1T

=1,{= 0.1.
#=01—;02-—;0.3 - — —; without absorber **x

Disp. ratio

1.5 2 25 3 35 4

Fig. 13. Dynamic response at the beam center for % =05,a=
05 T=1,u=02.
£=0—001—; 01—~ —1—;
without absorber ***

Disp. ratio

-6
t/r
Fig. 14. Dynamic response at the beam center for % =05, a=

05 T=1,{= 0.1,
#u=01—; 0.2 —; 0.3 —. —, —; without absorber ***
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Fig. 15. Dynamic response at the beam center for % =02,a=

02, T=1,u=0.2.
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without absorber *¥*
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Fig. 16. Dynamic response at the beam center for % =02, a=

02,T=1,¢= 0.1.
4 =0.1— 0.2 ——; 0.3 —, -, —; without absorber ***
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18. Dynamic response at the beam center for % =0.1,a=01,

T=1,p=0.1.
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19. Dynamic response at the beam center for % =0,a=2,
T=1, u=0.25.
{= 0—; 0.01 ——; 0.1 -, —. —; 1 —; without absorber
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Fig. 20. Dynamic response at the beam center for % =0,a=2,

T=1,§= 0.1.
4 =0.1—; 0.25 ——; 0.4 —. —. —; without absorber ***
CONCLUSIONS

Dynamic characteristics of a simply supported
beam traversed by multiple moving loads and a prac-
tical scheme for suppressing the resulting resonant or
excessive vibration by using a damped absorber have
been presented. Since the support beam vibration is
dominated by the fundamental mode for this type of
moving load problem, the use of the first mode to
decribe the system behavior was found to be adequate
and the amalysis work was simplified greatly when a
damped absorber is applied for vibrtion reduction
study. The Dirac delta function and the step function
were used to describe the discrete and the distributed
moving load, respectively, and Fourier sine series
expansion was then applied to facilitate further analy-
sis. In this paper, it was found the use of a damped
vibration absorber is effective for suppressing the
excessive support beam vibration for the multiple
discrete moving load problem. Original resonant
vibration can be reduced to an acceptable level with
finite amplitude. The effects of the number of forces
within the support beam, moving speed, tuning ratio,
mass ratio, and damping ratio have all been examined
for efficient design reference. For a simply supported
beam subjected to distributed moving force, the maxi-
mum displacement ratio was found to be below two.
As opposed to the multiple discrete moving load case,
no resonant moving speed is present for this analysis
case. The effectiveness of the application of a vibra-
tion absorber for the distributed moving force prob-
lem was found to be quite limited. Therefore, its use is
not warranted for this particular case.
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