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NATURAL BOUNDARY ELEMENT METHOD FOR
ELLIPTIC BOUNDARY VALUE PROBLEMS IN
DOMAINS WITH CONCAVE ANGLE

Qi-Kui Du* and De-Hao Yu**

Keywords: natural boundary reduction (NBR), concave angle domain, g—H (r,a)=0,

onl, (3)

numerical implementation, coupling.

ABSTRACT

In this paper the natural boundary reduction for some elliptic
boundary value problems with concave angle domains and its natural
boundary element methods are investigated. Natural integral equa-
tions and Poisson integral formulae are given. A finite element
methods of natural integral equations are discussed in details. The
convergence of approximate solutions and their error estimates are
obtained. Some numerical experiments are presented to demonstrate
the performance of the method and our estimates. As an application,
we present the coupling of FEM and natural boundary element.

INTRODUCTION

In this paper we consider a kind of elliptic prob-
lems with concave angle domains in two dimensions,
which is Neumann boundary-value problem. Let Q and
Q° are a bounded sector domain with angle a and an
exterior concave angle domains, respectively, and 0 < a
<2m

We consider some linear elliptic second-order
boundary value problemsin two dimensions. The bound-
ary of domain Q or Q° is decomposed into three disjoint
parts, ', Tgand IN,. I, Fgand ', where a Neumann
boundary conditions are given. The statement of the
problems considered is:

Au + Bu =0, inQ or Q° (1)
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3—3 R O=4.R 6, onT (4)
If domain is Q°, some conditions at infinity. (5)

Here, u isthe unknown function, g% isthe normal
derivative of u on boundary, g,(R, 6) is given function,
and B is aconstant. Equation (1) is Laplace, Helmholtz
or modified Helmholtz equation, according as (3 is zero,
positive or negative. In this paper we shall concentrate
on the method of natural boundary element method [1,
2, 3, 4] or DtN method [5, 6]. Itiswell-known that the
natural integral equation is hypersingular, its kernel
function has non-integrable singularity, the integral is
to be understood in the sense of the theory of distribution.
It can be referred to [10]. The condition at infinity (5)
isasfollows. If B <0 then the solution uis required to
vanish at infinity; If 8> 0 then at infinity the solution u
is required to be imposed a radication condition

tim, o G -y/Bu)=0 (6)

In the above problems, Yu [1] has only investi-
gated the problems for = 0. However, there are some
more significant engineering background for 3 # 0, such
as waveguide, electromagnetic radiation, geophysics,
meteorology, etc. In addition, discretization in time for
some time-dependent problems is reduced to the model
(1) [7]. So, it has been of great importance in theory and
practical applications to investigate some numerical
methods of the above problems systematically.

Givoli, Rivkin and Keller [11], Wu and Han [12]
used a method called the DtN finite-element method to
some elliptic boundary value problems in domains with
corners and singularities. They gave a sequence of
approximations to the exact boundary conditions on an
artificial boundary by using Green’s function. On the
boundary, the Neumann boundary condition is related
to the Dirchlet boundary condition, or the second-order
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derivative of the solution on the artificial boundary.
Bao and Han [13] gave a high-order local approximate
artificial boundary condition. Accurate numerical re-
sults were obtained for this approach in [11, 12]. In this
paper, we follow the idea of [2, 5, 10] for solving some
elliptic boundary value problems in domains (bounded
and unbounded) with concave angle, and give their
natural boundary reduction and natural boundary ele-
ment method (or called the DtN finite-element method).

The outline of the paper is as follows. In Section
2 we derive natural integral equationson I' and Poisson
integral equationsin Q or Q°. We consider the Laplace,
Helmholtz and modified Helmholtz equations in Q or
Q°. In Section 3 we discuss the numerical implementa-
tions of natural integral equations by finite element
method. Section 4 contains some error analyses for the
finite element scheme. To demonstrate the performance
of the method, we present in Section 5 some numerical
experiments and examples. As an application, we also
discuss the coupling of FEM and NBE in infinite sector
domain in Section 6. We close with concluding remarks
in Section 7.

NATURAL BOUNDARY REDUCTION

For problems (1)-(5), the function g,(R, 6) satis-
a

fies compatibility condition L gn(R, 6)de=0if B=0.

1. Bounded Sector Domain

Domain Q, boundaries", Npand I, are as follows:
Q:=(r,0]|0<r<R 00,0}, T:={(R, 6|60 (0,
N}, To:={(r,0)|0<sr<R},T4:={(r,a)|0<r<R}.

By separation of variables we find the general
solution which satisfies (1) in the domain Q and the
conditions mentioned in section 1:

u(r, 6?):200An B, cos" 0, [ <R 7)

The coefficients B,(r) for all different cases of 3
considered are summarized in Table 1. Therel(x) isthe
modified Bessel function of the first kind of order v, and
Ju(X) is the Bessel function of order v [8, 9], i.e,,

0= T haeg (3

_ F 1\l X 2 +v
I = Z(l) 'III'(i+1+v)( ) ’
Tablel. The coefficientsB,(r) for all different casesof 3
Parameter B<0 B=0 B>0
Bir) oz (/B r& Jox(/Br)

From the following

uR, 8)= lim u(, 6)

r-R™

= 2 AB(R) cos"F? 6)

Using the orthogonality of the cosines, we obtain
the coefficients A,, N =0, 1, 2, ...,

ra
A,=2% &B,R?| uR 6 cos"de, 9)
JO
Hence
_ l + o0 1 ra
Ut 0)=g 2 &) BRI [ uR 6)
cos" 0 eos" 0 4g, ¢ <R (10)
Where R is the radius of circular arc I'. If we let
Gp(r; R) : =By(r) » Rn(R)_1
then (10) can be expressed as follows:

+ 00 a
ur, 0=4 % G, R) JO u(R, 6)
ECOS%TQ ECOS%TQ de,

=Pu(R, ), r <R (11)

We differentiate (11) with respect to r and take the
limit as r approaches to R”, to obtain

%_@ Z ann 1, U(R, 6‘)
reos N7 [eos N0 d g (12)

The coefficients G,(r; R) and Z, in (11) and (12)
are summarized in Table 2. And g,is: ¢,=1,if n=0.
&,=2,ifn#0.

Table2. Thecoefficients Gu(r; R) and Z,, for all different cases

of B
B Gn(r; R) Z,
-0 Lo (/] B[ 1) /B[R m(FR)
|%T (\/WR) m | ki (FR)
S n
Ip(B)  a/[p[R Iy (/BR
70 IR T Iy (/AR
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2. Infinite Sector Domain

Domain Q°, boundariesT, gand I, are asfollows:
Q:={(r,0|r>R 600, 0}, T:={(R, 6| 6010,
)}, To:={(r,0)|r>R}, T4:={(r,a)|r>R}.

Similar to the above methods, we get the solution
of the problem (1)-(5) for all cases of 3 considered

ur, 6) = Z £.G(; R) u(R e)
Etos%fg [COS%TQ de
=Pu(R, 6), r>R (13)
Furthermore
Q= 3z, O” uR, 6)
[t:osr‘jﬂf‘9 Etos”"e dé, onr (14)

The coefficients G, (r; R) and Z, in (13) and (14)
are summarized in Table 3. There K\(X) is the modified
Bessel function of the second kind of order v, and H\,l)
(x) is the Hankel function of the first kind of order v [8,
9,i.e,

T —v(X) al V(X)

K0 = 5 snvm

HP0 =1 03,600 ™= 3_ (X)]

snvn
Since we have known that aan gr for interior
problem, and a%=—a% for exterior problem, on TI'.

Therefore (12) and (14) can be written as follows:

g%:@ Z“:n n[o LI(R,Q')

Et:osnjnfe Et:osr‘jﬂr‘9 de

=Ku(R, 6), onT (15)
Table 3. Thecoefficients Gy(r; R) and Z,, for all different cases
of 8
B Gn(r; R) Zn

o KpWlen  a/lplR Ky (/IR
Koz (/] B[R T Knn(FR)

nmr

=0 (TR)T n
HypGBn — a/|B[R Hop (/BR)
>0 Hu (/AR DHTn (/BR)

The coefficients Z, in (15) are given by Tables 2
and 3, respectively. That is, the coefficients Z, are
given in Table 2 for the problem in bounded sector
domain, and the coefficients Z, are given in Table 3 for
the problem in infinite sector domain. Equations (11)
and (13) are often called the Poisson integral formulae,
and equation (15) is called natural integral equation
[10] or Dirichlet-to-Neumann(DtN) map [8, 9]. In
practice, the natural integral equation istruncated after
afinite number of terms, M, namely,

g%:@ &é‘n n‘o LI(R 9‘)

[eos"710 [xos N0 g g
= Kwu(R, 6), (16)
To cope with the numerical analysis, referring to

[10] we recall an equivalent definition of Sobolev space
HS(T") for any real number s:

Of O HY(M) <
R O)= > ef, e a0+ 09
nN=—o
oo
andn:Z 1+(N )] O & ‘ <+
wherel : = {(R, 0) : 0<68<2m R>0}, and f, =

1 a inmg —iN7Tg .
TaL fR ) e @°+e " 7Hdo . Thus we assign the
following norm on H(I"): For any f O H%(I")

1+ ()] el
Especially, if s= 0 we have

. 1
< 212
2 e[| =
n=—o

s
[fR O, = 3

— 00

H fR. 6) Ho,r $= =|fR.6) HL

2N

In order to construct the weak form of problem
(15), we define the followings (ds = Rd0) :

DUg Ug): =<KugR, 6), ug>r

= [ Kuo(R, 6) (U dS

=5 5 annJ ’ uyR, 6)

EUO(R, 6) cosnT"e cos”%}e dedo, (17)
N 0yR, 6)ds

= [ 9.(R 6) WyR, 6)d8 (18)



78 Journal of Marine Science and Technology, Vol. 9, No. 2 (2001)

Then the weak form of (15) is:
1
(P) Find Uo OH2(T") such that
~ ~ i
D(Uug Up)=Fn(ug, OuaOH2() (19)
+00 inm _ijhm
Lemma 1. If U=n:Z_mUn(e'76+e ' "9), v= 2 u,
©€'@%+e "%, then
a a
uru=["uR 6-0)0 R 6)dE
JO JO
= 2 au, )@ +e™
n=—o
Proof Itisnot difficult to obtain that the following

ra _.nm o - _omm
’ (e|a9+el‘79)[(ela9+elae)d9
JO

_/Za, m=+n
_\O, otherwise
Thus

u* o= |Oa UR 0-8) IR, &) d8

iMQ +00 ra —iMQ
uea’ 2 Un ) (G

) n=—o

n

Mg

P

+e'df @ a e % dg

+
8

; _jnm
= 3 (auu,) €0 +e T

n=—o

This completes the proof.
From Lemma 1, we have

+ o0 inrr _jhmt
KugR, 8)=R—72n=2_wenznun[(e'ﬁa+e "% (20)

a , .
where u,, :2—1010 uoR, 6) E(e'%T9+e_'%19)d6.

Theorem 1. For all non-negative real number s, natural
integral operator K is a continuous linear operator from

Hs+§(r) to HS_E(F). In other words, there exists a

1
positive constant M, such that for any f O H™"2(n)
H Kst—%,FSMlust—%,r’ (21)

Proof By (20) and the definition of nhorm on H%(I"), for

any f O H*"2() we have,

+ 0

Ky o= 8

n=—o

1

S—=
nm\?| 2 m 2
“(T)] \R*afnznfn

nnzsé 2
Lo ()] et

+ 00
0

sCE(R—’E)Zn:Z_

<C@AUfS.s

Which completes the proof of Theorem 1.
Theorem 2. The bilinear form D(, *) is symmetric and

continuous on H 2(N) x H (), and H (") coercive in
the sense that exist two positive constants M, and M5

such that for any u, v O H 2(1)

D(u, v)=D(u, u), (22)
D <Mz uly oy . (23)
5(u,u)2M3qUH;r, (24)

Proof We have for any u, v 0 H 2(")

D(u, u)=<Ku,u>EJ‘ Ku [vdS
r

a + o0 SNIT N7t
= _IT |79+ o
L (Ranzz_w‘g”z”u”(e e 9))

+ o0 . n
E( > um(e'r?9+e_'ge)) Rd6

n=—o

a +00 . _inm

=%¥fo ( 2> £Z,u,e @ +e "’9))

= imrg _jmm
2 Uy e 7 +e @7)|d6
n=—o

= g _m(zagnznunun)

S
I

+ o0
2 2. £,Z,unU,
n=—oo

Hence, from this and Theorem 1 we have

+ o0

Du,v)=2m 2 &Zuyu,=D(u,u)
n=—o
D(u, v)=<Ku, u>

SH KUH—%,quH%,r
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SCqUH 1 rEﬂqu r

D(u, v)= Zn Z nﬁn ] é:un\2
M
ch:—oo a \eu \
2
=cfuls .

This completes the proof.
It follows immediately from the above Theorem 2,
Corollary 1. The variational problem (18) hasis well-

posed on H (") when B# 0, and the variational problem

(18) well-posed on H (") /P, when B = 0 (where Pg is the
polynomial of zero degree).

Corollary 1 implies immediately the well-
posedness of the original problem (1)-(5).

FINITE ELEMENT DISCRETIZATION

Now we consider the approximation of the prob-
lem (P). To the end, we discrete the circular arc I' into
a finite number of element domains and let S be the

finite element subspace of space H 2(T) corresponding
to the subdivision and spanned by some type of shape

functions, that is S' 0 H 2(") , then the discrete problem
of variational problem (19):

(Py) Find uf 0S" such that

D(uf, ug) =F,u), Ouvg0os" (25)

1. Linear Element

We now partition the boundary I" into N parts, the
points of divisionare 8,i=1,2,..,N-1,i.e.,,0= 6y <
0:<6,..<6<6,1<..<6y-1<6y=a,andseth; :
=6-6_4,i=12, .., N Let{Li(6)} bethesystem of
linear interpolation functions on boundary I'. It is easy

to know that Z L(@)=1 andS"={L,(O)}",OH 2() |
Then !

N

u§(R, 6)= 2 U; [L,(6) (26)
1=

Substituting (26) into (25), we easily obtain the

system of linear algebraic equations of variational prob-
lem (25) as follows:

Q-U=b (27)
Qoo Yo Yoz =~ don-1Gon|[Uy| [y
Ji0 du1 Q2 - yn-10an || U,y b,

Oz O21 OG22 " zan-1Q2n||U2[=|b2| (28)

On,0 AN, 20N,2 - ANy N-20N, N

where Q 1 = (G)n+ 1) x v+ 1 G - = D (Li(6), Lj(6)), U
: = (U01 U11 L] UN)T1 b = (bOI bly ey bN)T1 b L=

~ a
Fn(Li(e))ERL 9n(R, O)L(6)dO . Using (15), it is not
difficult to get that g;; are expressed as follows
Qij = Qi =?’Tzn§)8n2n oy (n) ;) (29)
i,j=0,1,2,..,N
" nrmo
0= [ L@ cos"F8d0, k=0,1,...N. (30)

where

qo(n) = f

I\)\I—‘

n7791
2th 1 20 ’

) n=12 .. (31

n?rehy 2a
N I"7'1(9N2—6Y9N )

fth, n=0,
qN(n):\ 2a? Sinnn(eN'i-gN—l)’

n=1,2, .. (32)

(33)

() = _(

Especially, we partition boundary I' into uniform
subdivision, thatish = h; = Q ,B8=ieh=ije %,WGHOW
have
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:/a, n=0,
qo() \%:Ianﬁ”z(y)’ n=12 >
Ja, n=0,
an(n) \(Z_l\ll)ngg’;'e sinz(gn), n=12, %)
fﬁ n=0,
aun) = - A5 sin? 2] i
[tos ﬁfhﬂ)7 n=12
k=1,2,..,N-1

2. Quadratic Element

We now partition boundary I" into 2N parts, the
points of divisionare 6,i=1,2,..,2N-1,i.e, 0= 6,
< 91< 0,..<0<6,1<..<6n-1<6p=a,and set

=6-6_4,i=12,...,2N. Let{¢i(6)} bethesystem
of quadratlc |nterpo|at|on functions on boundary I, it is

easy to know that Z $:(0)=1 and S"={¢ (0

H 2(|') Similar to the case of linear boundary element,
we easily obtain the system of linear algebraic equation
of problem (25), which is similar to the case of
linear boundary element, Equation (27). However, Q =
(i) 2N + 1) x (2 + 1), @nd gj are given by the followings:

gij = ;i =;’Tz ngognzn [ (n) ta;(n)

i,j=0,1,2,..,2N-1,2N (37)
a nmé

aun) = jo #(6)cos" " do,

k=0,1,2, .., 2N -1, 2N (38)

where 3
(hax+hy_y)
6h 2kh k-1 ,

() 1y, (O

n=0,

+h2k_1)(co:~:mT92k

Au-1(n)=

k=12 .., N (39)
1-oK
n ——I n
P hoha + o) ka(n)
1-ay
+ lo(n)
haceahors thas) @
k=0,1,2,..,N (40)
(o +ha_ 1)’ @na—hy ) -0
6 ] - ]
nm
nar[{ A +hy_psin a82k
0{ N7T6y
la(n) =
n7T32k 2 2gq
+thy_1COS—g— —{7
nrm
Dsinnrgaz"—sjn %k_z)},
n=12...
(41)
(Masr+ N )’ @oan—hao) n=0
6 L 1
nm
na{ 2k+1(h2k+1+h2k+2)5m‘6%
+n [(2hpy 11 +hyep) COS—% 71O
)= e
+hy i p 0082 — n?-[
O sin NTT6y 4 » n7292k) ¥,
n=1,2,

(42)

CONVERGENCE AND PRIORI ERROR
ESTIMATES

Let ug be the solution of natural integral equation
(15), and up be the corresponding solution of natural
boundary element, which is the solution of problem
(Pn). The parameter h is stated as in section 3.

=\/D(*,*). Let T bethecircular arc of boundary
of domain Q or Q°. In this section we will present the
convergence and error estimates on boundary I for the
numerical solution of the natural integral equation.
For the natural boundary element of elliptic bound-
ary-value problems, under a united frame in Reference
[10] has acquired some theorems with respect to the
convergence and error estimates on boundary I for the
numerical solution of natural integral equation. Since
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the inferences of these theorems do not depend on the
concrete expression of natural integral operator K, so
we can directly write out the following theorems.

Theorem 3. (convergence) The numerical solution up
obtained by natural boundary element converges to the
exact solution ug in terms of energy norm | *

=0 (43)
Theorem 4. (priori error estimates) If uy O H"**(I"),
then the solution of natural integral equation has the
following priori error estimates:

r+s
—Ug |5 <Ch " 2uol,,, - (energy norm)(44)

hr+1

HUO_UBHLZ(DSC ‘uo‘ru,r’ (L?- norm)  (45)

1
H Uo—uf HL""(r)S ChHZ‘ u0‘r+1,r '
(continuous norm) (46)

wherer (r is a positive integer number) is the degree of
piecewise interpolation polynomial, C a positive con-
stant independent of ug, h, a and R. (45) and (46) hold

only for ug satisfying f [uR, 6)-Uuf(R, 6)] d6=0,
while 8= 0.

NUMERICAL EXPERIMENTS

In this section we only find the approximation
ubR, 8) of ug(R, 6) by using the natural boundary
element method stated as the above. In fact, once the
approximation U§(R, 6) of ug(R, 6) is obtained, the
approximation u"(r, ) of the exact solution u(r, 8) in Q
or Q° can be acquired directly by Poisson integral
formule. We here omit the part of computation. Since
the elements of stiffness matrix Q are given by some
infinite series, we substitute % into szm in infinite

n=1 n=1
series in practice computing the elements of stiffness
matrix Q (generally we take M < 100). The system of
linear algebraic equations obtained by finite element
discretization can be solved by Gauss-Seidel iteration
method, and the number of iteration is denoted by M.

Tablel. Linear boundaey element (piecewise linear e ement),

Denote the maxmal error of L2-norm on boundary by
Enax- TO surethe problem (1)-(5) has an unique solution,
some conditions must be added for 3=0. U h is taken
to be zero while linear boundary element is used and Uy
to be zero while quadratic boundary element is used.

Example 1. Solv énng the problem in exterior domain Q°,
whereR=1, a ===, and function g,(R, 6) isasfollows

‘ 46 =—1:
szst(R) Ccos 5 B=-1;
7n(R, 6)= cos%g, B=0;

HY(R) [tosi59 . pB=1.
5

This problem has the exact solution:
_ 40 =_1:
/ K%(r)[toss, B=-1;
u(r,e):\ir‘gcos‘?, B=0;

Hgl)(r) [tos49 , B=1.
5 5

wherer > Rand 0 < 8< a. Numerical results are shown
by Tables 1 and 2, respectively.
Example 2. Solvgng the problems in interior domain Q,

whereR=1, a——, and function g,(R, 6) isasfollows
- 40 —_1:
flg(R)[CosS, B=-1;
7R 0)={ cos{d, B=0;
Ju(R)kos?e, p=1.
: 5

Now the exact solution of the problem is

() [Cos4—59 B=-1;

- 5 4 <40 -0-
ufr, )= 4r cos5 B=0;

Ja(r) [Cos4—9 , B
5

5 1.

wherer < Rand 0 < 8< a. Numerical results are shown
by Tables 3 and 4, respectively.

Table2. Quadratic boundarg element (piecewise quadratic

R=1a=30 dlement), R=1, a=1
Emax Emax
N M M, fB=-1 B=0 B=1 N M M B=-1 B=0 B=1
8 20 20 1.55E-2 2.11E-2 1.68E-2 8 20 20 1.24E-2 2.53E-2 1.41E-2
16 40 60 396E-3 556E-3  4.32E-3 16 40 60 164E-3 241E-3 184E-3
32 80 100 1.03E-3 1.43E-3 1.12E-3 32 80 100 2.10E-4 3.07E-4 2.34E-4
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Table 3. Linear boundaey element (piecewise linear element),

Table4. Quadratic boundarg element (piecewise quadratic

- —om -1 q=20
R=1a 4 element), R=1, a 4
Emax Emax
N M M, B=-1 B=0 B=1 M M, B=-1 B=0 B=1
8 20 20 169E-2 234E-2 1.75E-2 8 20 20 132E-2 212E-2 1.69E-2
16 40 60 4.34E-3 593E-3 4.47E-3 16 40 60 1.68E-3 269E-3 2.14E-3
32 80 100 1.13E-3 154E-3 1.15E-3 32 80 100 213E-4 339E4 271E4
SOME APPLICATIONS =<gn Li>r, i=0,1,..,M+N (50)
Let Q° be an unbounded domain whose boundary namely
is composed of two sides 'y and ', of a concave angle b
O< a<2mandasimplecurverl,i.e. I isdefined by any Q o0 Y bo
single-valued continuous function of 8, 8 0 (0, a), I = K+ ( 00 ) U] = :1 (51)
{(r,0)|r=r(6), 60(0, a)} andr =r(6) isasingle valued MxM b
M+N

function. Considering the following value problem:

Au+pu=0 in Q°
%H(r,O):O, onl,
g—H(r,a):O, onl, (47)

g—H(r,G)=gn(r,9), onl,
conditionsat infinity

InQ°wedraw acirclurarcN'gr={(R, 6) |0< 8< a},
it divides Q°into Q4 and Q,. Q,isaninfinite sector. It
is not difficult to get that (47) is equivalent to

f Find u 0 H*(Q,) suchthatfor any v 0 H(Q,)

\Dl(u, V) + DU, v)=<g,, v>T (48)

where D,(u, v) = ’ (Ou o - Buw) dx, D ,u, u):f v
Jaog R
a
[(g(u)dSzR[ v KU)d6, <g,, u>T :J g, (LdS.
JO r
+ 00 a
- T
KR 6= L 3 6,2, L UR, 6)
reos 776 (xos 70 g g (49)

Now we use the finite element method in Q. Set
V = (Ug, Uy, ..., Uy)T" is set of values at nodes on Mg, U
=(Un+1, Un+2, ..., Unem)T is set of values at nodes on
[ and at interior nodes. {L;(X Y)}-o' OHYQ) are
corresponding basis function, fox example, piecewise

linear, then restiction of 'g are approximately piece
N+M

wise linear onMg. Let U= igo U; [Li(X,Y), we obtain

N+M % ~
2, Dali L) U+ 2540,,L) U,

where K = (Dy(Li, L))m+Nn+ ) x m+n+1), Q= (O (L, L))
(N+1) x (N+1)s b =< On Li> . Kcan be obtained by FEM,
Q is given by above expreeions in Section 3.

CONCLUDING REMARKS

We have derived a sequence of natural integral
equations for solving elliptic problems with concave
angle domains, including problems in interior domain
and exterior domain in plane. A finite element formu-
lation is presented in computing natural integral
equations. Error estimates for finite element approxi-
mation are given, which depend on the parameter h.
From our numerical results, we can make several con-
cluding remarks:

1. It takes much time to obtain the numerical integration
by using classical boundary element method, espe-
cially to deal with singular integral. However, for
natural boundary element method we have seen that
the explicit expressions of these elements of bound-
ary element stiffness matrix are given (see Egs. (29)-
(33) or (37)-(42) ). And they have some distinctive
properties. It iseasy to be implementated on calcula-
tion and storage comparing with classical boundary
element methods.

2.To solve natural integral equation is very simple and
easy in programming. At the same time, natural
integral equation can be used as the artificial bound-
ary condition in practice, and one can get better
accuracy for solving problems in unbounded domains
by standard finite element methods. Thus we recom-
mend engineers to use the method.

3. Some domain decomposition methods based on natu-
ral boundary reduction have been used to solve some
elliptic problems with unbounded domains or
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singularities. We shall report on progress in some of
these directions in a future publication.
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