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SEMI-ANALYTICAL SOLUTION FOR RADIATION
OF A HOLLOW SPHERE WITH AN OPENING
HOLE IN FINITE DEPTH

Man-sheng Dong"?, Guo-ping Miao*, Ju Fan', and Ren-chuan Zhu'
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ABSTRACT

An investigation is conducted on radiation of a submerged
hollow sphere with an opening hole in finite water depth in
this article. Based on the linear theory, the method of multi-
pole expansionsis used to obtain the fluid velocity potential in
the form of double series of the associated L egendre functions
with the unknown coefficients of an infinite set. In terms of
the body surface boundary condition and the matching condi-
tion between the inner and outer flows at the hole, the complex
matrix equations for the coefficients of the series are estab-
lished. The infinite sets of matrix equations are solved by
truncating the series at a finite number. Subsequently, the
added mass and radiation damping, associated with the peri-
odic heave motion of a submerged sphere, are evaluated nu-
merically.

I[.INTRODUCTION

It is always a widely concerned issue in the offshore and
ocean industries that radiation wave is caused by motion of
ocean engineering structure. There has been a mass of re-
search work dedicated to solve the radiation problem.

The method of multipole expansions is based on a one-
parameter family of solutions of the boundary value problem
[1, 6, 8, 9], which consists of two terms a singular solution of
the Laplace equation and integral component. Thorne [12]
introduced the method of multipole expansions for both
spherical and cylindrical structuresin finite and infinite depths.
Wang [13], based on the multipole expansions presented by
Thorne, investigated the radiation and diffraction problemsfor
submerged spherical vehicles, and discussed their free mo-
tions and different metacentric heights in infinite depth. Lin-
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ton [6] worked on radiation and diffraction of water waves by
asubmerged spherein finite depth using the multipole method,
and presented the method to predict the free surface elevation
in the vicinity of the sphere.

The boundary element method and finite element method
can be used to solve radiation problem. Teng et al. [11] de-
scribed some higher-order boundary element methods and
presents a novel integral equation for the calculation of the
wave diffraction and radiation problem. Bai et al. [2] used a
higher-order boundary element method to simulate numeri-
cally nonlinear waves radiated by a forced oscillating vertical
circular cylinder and solve the mixed boundary value problem
based on an Eulerian description. Wang et al. [14] investi-
gated numerically viscous flow past a rotating sphere by solv-
ing the three-dimensional Navier-Stokes equations using the
finite element method.

Panel method is a kind of approach to analyze radiation
problem. Qiu et al. [7] developed a panel-free method (PFM)
to solve the radiation problem of a floating body in the time
domain. The velocity potential due to a non-impulsive veloc-
ity is obtained by solving the boundary integral equation in
terms of source strength distribution. Datta et al. [3] devel-
oped an open uniform B-spline-based panel method for solu-
tion of potential flow problems. The method was applied for
the radiation problem in unbounded fluid and diffraction
problem formulated based on the transient Green's function.
Gao et al. [4, 5] developed a high-order Rankine panel method
based on Non-Uniform Rationa B-spline (NURBS) to solve
the three-dimensional radiation and diffraction problems with
forward speed.

Besides foregoing methods, there are other methods for this
problem. For instance, Siddorn et al. [10] solved the radiation
and diffraction of linear waves by an array of and a sgquare
array of truncated cylinders in the frequency domain by an
exact algebraic method. Zheng et al. [15] analyzed the radia-
tion and the diffraction of wave by an infinitely long floating
rectangular structure submerged in water of finite depth with
leeward boundary being a vertical wall by the eigenfunction
expansion matching method.

For some reasons, in some specific areas the spherical
structure may not be awhole sphere, but with an opening hole.
According to the existing literature, the authors have not found
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Fig. 1. Sketch of geometry for the problem.

an investigation on radiation of a sphere with an opening hole.
In this paper, an analytical procedure for radiation of a sub-
merged sphere with an opening hole is presented.

I1.FORMULATION OF THE PROBLEM

1. Elementary Formula

It is assumed that the fluid is homogeneous, inviscid and
incompressible and the fluid motion isirrotational. A surface
wave with the frequency o and small amplitude A is applied
on a hollow sphere of the radius a submerged in water of the
finite depth d. The wave is paralel to the x-axis at the time
of the incidence on the sphere and is propagating along the
positive x-direction.

Two sets of coordinate systems are taken. One is a right-
handed Cartesian coordinate system (X, v, 2), in which the xy
plane coincides with the undisturbed free surface and the
z-axis is taken vertically downwards from the free surface.
The geometric centre of the sphere is located at the point
(O, 0, h). The other set is the spherical coordinate system
(r, 6, w) with the origin at the geometric centre of the sphere.
Fig. 1 showsthe brief sketch of geometry for the problem.

The relationship between the coordinate systems is given
byz—h=rcosé x=rsin 6cos iy, y=r sin @sin y, such that

R=rsind=x*+y? €))
r =R+ (z-h)? 2
R
tand=——, 0<O<r 3
z—h
and
_y
tam//—;, —-TSY<7w 4)

It is assumed that a rectangle aperture is situated at the

sphere in the direction of wave propagation. The longitudinal
range of angle is —y, < w < wy, and the latitudinal range of
angleis 12— 6,< O< W2 + 6.

For an incompressible and inviscid fluid, and for the small
amplitude wave theory with irrotational motion, a velocity
potential O(r, 6, , t) can describe the fluid motion, which is
written as:

o(r, 6, y,1) =Re[ 4(r, 0, )& | (5)
where Re stands for the rea part, ¢ is a time independent

potential and o isthe frequency of oscillation.

2. The Ve ocity Potential Outsidethe Sphere

To obtain the velocity potential ¢ = ¢r for radiation, the
following boundary value problem isto be solved

V=0 (6)
a—¢+K¢):O, onz=0 @)
0z

a—¢=O, onz=d (8
0z
ﬁ(%—ikoj(pfo, at infinity 9)
e _ _ .
or =V,, onr =a except theopening hole  (10)

where V, is normal velocity with the direction of the normal
defined out of the fluid, K = ¢%/g and k, is the finite depth
wave-number defined by the dispersion relation
k, sinhk,d — K coshk,d =0 (12)
The radia velocity V, of a sphere surface is defined by os-
cillation mode. Oscillation modes of the sphere are mainly
heave and surge. Since procedures of dealing with two prob-
lems are similar, we are focused on heave motion. Since mo-
tion amplitudeissmall in linear theory, the boundary condition
of body face is met on the average body surface.

3. TheVelocity Potential Outsidethe Sphere
The velocity potential inside the sphere is denoted by @pner.

Governing equation reads
Vz¢inner = 0 (12)

a ¢i nner

o =V,, onr =a except the opening hole

(13
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The matching condition of the outside flow field and the
inner flow field reads

J 00
P =&, onr=a, —z<wy<m 0<0<rm (14)
ar ar

Further they can be written as

(-7,~v,) and (v, 7)
:V1 = ¢l
ponr=a (O,%—thand(%+6h,ﬂj

(15

%: a¢inner
or or

PR =iners ONT =8, Y/, Sl/lgl/lh’%_gh Seg%-’_eh (16)

[11. MULTIPOLE EXPANSIONS

1. Thelnner Potential
By the method of separation of variables, the inner velocity
potential @inner Can be expressed as Pineer = R(O(OY (¥).
Using separation of variables for Eq. (6) we have

2
dq:+m2\11=0 (17)
dy
d’R dR
r2 +2r——1(1+)R=0 18
dr? dr (+3 (18
2
—.1 i[sin6’d—®j+ ﬂ——,mz 0=0 (19
sing dé@ de sin“é

whereu=I(1+1),0<6<

The general solution to Eq. (17) is¥(y) = cos my, wherem
isan integer. The general solution to Eq. (18) isR(r) = Ar' +
Br', where | is an integer. For R(r), r'* is close to infinity
whenr — 0, which goes against physical phenomenon. Sor™*
should be removed, and r' is held.

The general solution to Eq. (19) is the associated L egendre
function of | degree and m order

P"(x)=(1- XZ)WZ%R(X), o<ms<l| (20)

where P, (X) isthe Legendre polynomial of degreel, x = cosé.
It is known that different levels and orders of associated
L egendre functions have the orthogonal properties.

(+m! 2
(I—m)2l+1 "

[R™(cos)R™(cos6)sin6do = 1)
0

Thus the inner velocity potential @inne Can be expressed by

¢inner = i ¢ml’\ef (r! 9) Cosrn// (22)
m=0

o (r, ) =Y B'r"P"(cosh)

n=m

(23)

We take the first derivative of @ineer With respect to r and
have

a inner o
¢a”; = B'nr"*R"(cosh)

(24)
If mistruncated to M, the number of unknown quantities
BT is(M + 1)(M + 2)/2.

2. The Outer Potential
The outer velocity potential ¢ reads

Be(r,60,y) =D #5(r, 6)cosmy (25)
m=0
where the y~independent potential is
(. 6)= a™ A'GI(r,6) (26)

Here AT are the unknown coefficients and G/'(r, 6) are the

multipole potentials. The function G/'(r, 8) cosmy satisfies

the Laplace equation, the free surface and bottom boundary
conditions and the radiation boundary condition except the
body surface boundary condition.

The function G.'(r, ) can be expressed as[8]

G = P"(cosf) P"(cosc)

n n+l
I
1

r
1 K+ k)[e’k(d”” + (—1)“+me-k“}
+
(n-m)!J  (ksinhkd - K coshkd)
x k" coshk(z—d)J, (kR)dk

n+l

(27)

wherer, and o are defined as

n=yR+(d+H-27°, tana= R

(d+H-2)°

Theline of integration in EqQ. (27) passes under the singular
point of the integrand at k = k.
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The second and third termsin Eq. (27) can be expanded into
aseries of the associated L egendre functions by

Pm(‘iﬂ’f“) >8 ( ]w P (coso)  (29)

and

1 K+ (e ]

j k" coshk(z—d)J_(kR)dk
(n—m)! (ksinhkd — K coshkd)
;.:C [ZHJ P™ (cosé)
(29)
where B and C are defined by
n_ 1 i (n+m+s)! (30)
2H)™ (n—m)!(s+2m)!
and
C:S]: (2H)S+I’T'|
(n—=m)!(s+2m)!
31
»«(K+k)[ KaH) 4 Cpymmer } (3
J k™™ (kH )dk
5 (ksinhkd — K coshkd)
where Ug(&) is defined by
coshé, s=0,2,4,--
U = 32

Hence the multipole potential G;'(r, 8) can finally be writ-
ten as:

Gm( 0) P (COSH) Z(Bm+cm (ZH jym Ser(COSQ)
(33)

If mis truncated to M, the number of unknown quantities
Al is (M + 1)(M + 2)/2. We notice that the problem under
consideration contains (M + 1)(M + 2) unknown coefficients.
Hence we have to establish (M + 1)(M + 2) equations to de-
termine these coefficients. Next we present the establishment
of these equations.

3. Matching the Inner and Outer Flow Fields

There are two matching conditions for the hollow sphere
surface, including the opening hole. In other words, the ve-

locity potentials satisfy both the body surface condition and
the opening hole condition, i.e. Egs. (15) and (16).

Ontheinner wall surface of the hollow sphere, both sides of
Eq. (13) are equal to V,, which are satisfied by functions in-
troduced below. At the opening hole, the normal derivatives
of the inner and outer field potentials are equal.

We suppose that the structure oscillates harmonically. The
velocity is denoted by V = Vie?', i = 0, 1, where o is oscillat-
ing frequency of the structure. Its harmonic oscillation may be
depicted by two modes heave and sway, which are denoted by
suffix 0 and 1, respectively. V; may betoken by unity velocity.

Thus the radial velocity component V, of heave reads

V, =cosé (34)
The radia velocity component V" of sway reads
V, =sin@cosy (35)

We note that P°(cosé) =cosé, P'(cosf)=sind. Hence
V' can be denoted by the identity below

V) =B/ (cosf)cosjy, j=01 (36)
where|j isadefinite number, not iterative suffix. j =0, 1 means
heave and sway modes, respectively.

Further we definite a function following

_ ¢R_¢inner
G= a¢inner r :O' on
or )
V4 T
W, Sy Sy, E—HhSGSE+6’h 37)
V4 V4
r=a, v yn2r-y,), 8:(E_eh’5+0h)
w:(0,27), 9:[0,%—0hjand(%+9h,ﬂ'j

Hence Eq. (37) satisfy the matching conditions, which can
determine uniquely unknown coefficientsin formal solutions.
According to Eqg. (14), we have

Zamzphmi%” = 2 BT "R (coso) (38)
In terms of Eq. (33), we can obtain
ZA1Enms_ 2‘ :, s=mm+1---; m=0,1---, (39)

n=m
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where
=—(n+1)J,,+ Dy (40)
D =a™(s+m)(By + Cns)( Tm (41)
Q'=sa"" (42)

And & isthe Kronecker delta function.

Asabove, if mistruncated to M, thereare (M + 1)(M + 2)/2
linear equations with unknown coefficients A''and B".

We discompose the sphere surface into three sections (O,
2 — 6), (A2 — 6, M2+ 6y) and (42 + 6, 7) in latitude
direction. The opening hole is at (@2 — 6, 712 + 6,). The
sphere surface boundary of latitude degree (0, 772 — 6;,) and
(72 + 6, x) iswall boundary. According to Eqg. (37), we have

a¢inner j H
=5 =R'(cosb)cos jw, onr =a,
v :(0,27), (43)
9:[0,%—9 jand[ +0h,ﬂ'j
and
¢R _¢inner
a¢inner j ; = O' onr=a,
————PB!(cosb)cos jy
or (44)

9:[1_ah,£+ahj,{ V(W)
2 2 v (W 2r—y)

Both sides of Egs. (43) and (44) are multiplied by cosky,
respectively, and integrated from 0 to 2z. According to the
orthogonality properties of my cosine functions at the extent
(0, 27), noticing Egs. (22), (24), (27), (28), (30), (31) and (37)
we have

> Bina" 'Ry (cos#) - B (cos#)d, =0, k=0,1,---,

=k (45)
T T

o (O,E—ﬁh) and (E+9h,ﬂ')

and

l: (cosH)
o

+ Z(Bm + Cns)[ Tm PsTm(C059)1

Ser.{Ze

-> Bra"p" (cose)}

n=m

+Y C2,,. > B'a"*R"(coss) - C2,, B’ (cos) =0,

m=0 n=m

(46)
6: (E—eh,zwhj, k=0,

where

27—y,

Yh
Cl, = '[cosm//cosky/dy/, C2.,= _[ cosmy coskydy .

V¥ Yh

In terms of the orthogonality of associated Legendre
polynomias in @ interval of 0 to z, Egs. (45) and (46) are

multiplied by R*(cos@)sind and integrated for @ over the

interval [0, #]. Considering the definition extent of these
equations, we define

IHI" = | RB*(cos)R"(cos6)singde (47)
%+6h
EH}“

IM/™ = j P*(cos@)P™(cos@)sinddé (48)
2o,
2

ILT = [ R*(cos)R"(coss)sinode (49)

0

We have easily

Zsﬁna"*l(uﬂknkﬁu||-|,$r)—(|L,klk +1H )6,
n=k

= S ||\/|km = R
+Y CL, 1> a™ AT +Z(Bm+cm( Hj IM/T,,
m=0 n=m
—ZB;"a“IM,ﬁm}+ZCZWZBrTnaHIMl'r‘]m
n=m m=0 n=m

—CZJKIMlk{:O, k=0,1---, | =k, k+1,---,

(50)

Eqg. (50) issimilar to Eq. (38) in unknowns. If kistruncated
to M, there are (M + 1)(M + 2)/2 linear equations with un-

known coefficients A’ and B)'. Thusthereare (M + 1)(M + 2)
linear equations with unknown coefficients A" and BT for

Egs. (38) and (50). Obviously, the number of unknown coef-
ficientsisalso (M + 1)(M + 2). Through solving these equa-
tions we can determine unknown AT and B[ and accordingly
obtain the inner and outer velocity potentials.
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IV.THE ADDED MASS AND RADIATION
DAMPING

The total exciting forces on the sphere by the radiation
potential can be calculated by integrating the total pressure P
over the body surface Q

F, = HQ PndS (51)

Here n isthe normal vector out of the body surface having
the components
n=(n,,n,n,) (52
where n, = sinécosy, n, = sindsiny, and n, = cosé. _
L et the motion of the sphere be described by Re[(&, &)€7
for heave and surge motion, respectively. We then define ¢!

by ®=Refiwé¢ie”] ( = 0, 1), with ¢} representing the
radiation potential dueto avelocity of unit amplitude in thejth
mode. As the radiation potential ¢. is solved, the hydrody-

namic forces can be evaluated though Eq. (51). Accordingly if
we write

F A ion, - [[onds (=)

where Aj; and B;; are known as the added mass and radiation
damping, respectively. The subscript j denotes the mode of
motions, wherei =x, Y, z,j = 0 for heaveand j = 1 for surge.

The rapid convergence of the infinite series solutions in
terms of the associated Legendre functions has been found
with respect to radiation parameter Ka. So we can solve the
infinite equations by truncating the series at a finite number
n=N. Rahman [8] indicated that N = 4 is sufficient to obtain
accurate enough results. In this article N = 4 was taken to
make numerical simulation.

Numerical analysis was conducted to observe the rela-
tionship between the added mass and radiation damping and
angles of opening hole. Main parameters of numerical simu-
lation areasfollows: 6, = y, = 6, =0, a= 1, the submergence
parameter h/a = 2, depth parameter d/a = 6, and opening hole
angles from 0.2 to 0.4 at interval 0.1. Since non-dimension-
alized added mass and radiation damping coefficients are
dlightly different for various opening angles, we take directly
added mass and radiation damping to observe the influence of
opening angle. Numerical results are demonstrated by the
following Figs. 2 and 3.

Fig. 2 and Fig. 3 show heave added mass and radiation
damping in the condition of various opening angles, respec-
tively. We can see that added mass tends to increase with
opening angles getting greater. The larger opening hole angle
is, the moreit increases. When 6, = y, = €= 0.4, it go up by
close 10 per cent. But heave radiation damping is visible

2600 [
2500 -
2400 |
2300
2200
2100 [
2000 -
1900 |
1800 |

00 02 04 06 08 10 12 14 16 18 20

Ka

Added mass (Kg)

Fig. 2. Heave added massfor a submerged sphere with an opening hole.

500
v,
= 200l '/\\ —a—0=00
o v —e—0=02
fvﬁ \‘ —4—0=03
£ 300 \ —v—0=04
a.
= 4
3 \
= 200+
2
= x\
&
S 100+
¥ 1 1 1 |

0 1 1 1 1 1
00 02 04 06 08 1.0 1.2 14 16 1.8 2.
Ka

Fig. 3. Heave radiation damping for a submerged sphere with an open-
ing hole.

different only when Ka is between 0.4 and 1.4. It is easy to
draw a conclusion that heave added mass varies more ob-
viously with opening hole angle increasing than radiation
damping.

V. CONCLUSIONS

In the present study, an analytical method is developed to
solve the radiation problem for a sphere with an opening hole
in finite depth. Using multipole expansions, the fluid vel ocity
potential has been obtained in the form of a double series of
the associated Legendre functions. Subsequently, we analyze
the added mass and radiation damping due to heave motions
by the method of truncation. When angles of opening hole are
increasing added mass tend to go up more obvioudy than ra-
diation damping.

In the framework of linear potentia theory, the proposed
solution in this paper can be applied to optimization anaysis
for nonholonomic spherical structures in ocean engineering.
Besides, this work may serve as a benchmark to check dif-
ferent numerical schemesfor validation.
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