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TRANSIENT RESPONSE OF SLOSHING FLUID
IN A THREE DIMENSIONAL TANK

Chih-Hua Wu and Bang-Fuh Chen

Key words: 3D tank, liquid sloshing, nonlinear waves, finite dif-
ference method.

ABSTRACT

Sloshing waves in moving tanks have been studied numeri-
caly, theoretically and experimentally in the past several
decades. Most reported studies have been for tanks excited by
forcing motion in a limited number of directions and with
fixed excitation frequencies throughout the forcing. In the
present study, a time-independent finite difference method is
used to simulate fluid sloshing in the three-dimensional tanks
with arbitrary depths and the tanks are subject to a range of
excitation frequencies with motions that exhibit multiple de-
grees of freedom.

The developed numerical scheme is verified by rigorous
benchmark tests, and the advantage and efficiency of the
method is aso discussed. The wave motions that arise for a
variety of water depths and a range of excitation frequencies
are presented and discussed. The coupled motions of surge
and sway are simulated with various excitation angles and
frequencies. The ‘diagond’, ‘single-directiond’, ‘ square-like’,
‘swirling’ and ‘ chaotic’ waves are successfully obtained in this
study and the transient response of sloshing waves in the tank
is discussed in detail.

. INTRODUCTION

Free surface sloshing in a moving container is associated
with various engineering problems, such as tankers on high-
ways, liquid oscillations in large storage tanks caused by
earthquakes, sloshing of liquid cargo in ocean-going vessels,
and the motion of liquid fuel in aircraft and spacecraft. It is
known that partially filled tanks are prone to violent sloshing
under certain conditions, especialy when near resonant exci-
tation occurs. Excitation with frequenciesin thevicinity of the
lowest natural frequencies of the liquid motion is of primary
practical interest.

Sloshing waves in moving tanks have been studied nu-
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merically, analytically and experimentally in the past several
decades, and these studies have explored arange of significant
phenomena such as linear and nonlinear effects of the slosh-
ing wave and the effect of fluid viscosity. Abramson [1] pro-
vides a comprehensive review and discussion of early analytic
and experimental studies of liquid sloshing, with application
to the aerospace industry. Neglecting fluid viscosity, a poten-
tial formulation of the problem has been employed by Naka-
yama and Washizu [21], Ockendon and Waterhouse [23] and
Faltinsen [ 7] amongst others.

Besides the potential flow approaches, many numerical
studies of the problem with primitive variables have been
made, particularly when the fully nonlinear effects of the
waves on the free surface are included. Papers that describe
the modeling of two-dimensiona sloshing include Chen and
Chiang [5], Aliabadi, Johnson & Abedi [2], Frandsen [13], and
Chen and Nokes [6]. Detailed surveys have been given by
Ibrahim et al. [18], who provide general insight into sloshing
problems, and by Cariou and Casella [3] who review com-
mercial codes. The advantages and disadvantages of various
computational fluid dynamics (CFD) methods are comparedin
the ISSC Report [18], and Ibrahim et al. [18]. Hit and Nichols
[14] devel oped a method known as the volume of fluid (VOF)
method which allows a steep, and highly contorted, free sur-
face. Celebi and Akyuldiz [4] used the VOF technique to
simulate which was forced to move harmonically along a
vertical curve with rolling motion. Turnbull et al. [24] used
simple o-transformed mappings in pseudo-spectral and finite
element schemes to solve for the free surface motion of fluid
in atank near the resonant frequency. Kim [20] used thefinite
difference method with SOLA scheme to simulate fluid
sloshing in atwo and three dimensional liquid containers. The
free surface profile was assumed to be a single-valued func-
tion (SURF scheme) and the free-dlip condition was applied in
his computations.

Frandsen [13] developed a fully nonlinear finite difference
model based on the inviscid flow equations. He described
the dloshing motion in a 2-D wave tank based on potential
theory according to amodified o-transformation that stretches
the grid from the bed to the surface. The advantage of the
o-transformation is that it can avoid re-meshing due to the
moving free surface, and the mapping avoids the necessity to
calculate the free surface velocity components explicitly.
Moreover, free surface smoothing by means of a spatial filter
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isalso not required. More recently, Chen and Nokes [6] stud-
ied detailed transient sloshing phenomenon, streamline pat-
terns and excitation frequency effects on hydrodynamic force
coefficients.

The analysis of 3D tanksisrelatively rare in the literature.
For 3D tank sloshing, Feng [12] used a three-dimensional
marker and cell method to study fluid sloshing in arectangular
tank. This method took large amounts of computer memory
and CPU time, and the results reported indicate the presence of
numerical instabilities. Wu, Ma and Taylor [27] used an in-
viscid finite element method to analyze fully nonlinear waves
in athree dimensional tank.

The aforementioned studies were in tanks excited by a
limited range of excitation directions, and with a fixed exci-
tation frequency throughout. Inreality, for aliquid tank sitting
on the ground when an earthquake occurs, or for atank float-
ing on the sea, the excitation direction can include multiple
degrees of freedom, including surge, sway, heave, pitch, roll
and yaw (see Fig. 1).

In the present study, we consider the excitation of a three
dimensional tank with different dimensionless excitation am-
plitudes; with multiple degrees of freedom for the excitation
direction; with excitation frequencies near and far from the
natural frequency. The main focus of this paper isthe response
of fluid in a 3-D tank undergoing different combinations of
motion with varying excitation directions.

Section 2 introduces the equations of motion which are
written in a moving frame of reference attached to the accel-
erating tank. The fully non-linear free surface boundary con-
ditions are listed in this section. The coordinate transforma-
tion functions that map the time-dependent domain into a
fixed unit cubic, and allow for mesh stretching at the bounda-
ries, are also presented in this section along with a sensible
non-dimensionalization of the governing equations. The pro-
posed finite-difference method is developed in Section 3,
where the full iterative procedure is introduced. Section 4
presents the detailed results and provides a comprehensive
discussion of al phenomenafound in thisstudy. Although the
governing equations incorporate excitations with six degrees
of freedom, only surge and sway motions are included in the
simulations presented here. Section 5 summarizes the key
conclusions.

[I.MATHEMATICAL FORMULATION

The coordinate system is chosen to move with the tank
(including surge, sway, heave, yaw, roll and pitch motions)
and isillustrated in Fig. 1(a). The inviscid momentum equa-
tions can be written as

ou du du ou lop .
—+u W—=-0g,———— %+
ot ox dy oz P oX 1)

~(Bz—y) - (268 - B - 7°)x— 2(fw— jn) — (Bw, — )

9y x
G lc
g
Ed
b B
R by, 2)
/ . E ,x"'bx(x,,w B

N

free
surface

X

(b)

Fig. 1. (a) Definition of sketch. (b) The concepts of transformation coordi-
nate systems and stretch of the grid. The stretching constants pre-
sented in (X', Y, Z) coordinateareA; =4, =43 = 0.5, ky =k = kg = 2.
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where u, v and w are the relative velocity componentsin X, y
and z directions, u;, v; and w; are velocity components of the
tank in x, y and z directions, ¥., y. and Z. are the relative
acceleration components of the tank in x, y and z directions;
(¢, B, 7) and (&, ,B ¥) are the corresponding angular ve-
locities and accelerations about the x, y and z —axes respec-
tively, p isthe pressure, p is the fluid density, and gy, g, and g,

are the components of the acceleration due to gravity.
The continuity equation for incompressible flow is

a_U+ﬂ+a_W=o (4)
ox dy o0z

the kinematic boundary condition on the free surface is

oh oh oh
—+U—+W—=

—= 5
ot ox 0z v ©)
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and the dynamic free surface condition isp = 0. The general
forms of boundary conditions at the solid walls are
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Taking partia derivatives of Egs. (1), (2) and (3) with re-
spect to X, y and z respectively, and summing the results, one
can obtain the following poisson equation which is used to
solve for the pressure.

2 2
o°p N o°p
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1. Coordinate Transfor mation

92p a(au ou auj
+ = u

Many finite difference and volume methods have been re-
ported to solve the free surface displacement of sloshing fluid
in tanks. Among these methods, SURF, MAC and VOF are
the most well-known methods. The SURF scheme assumes a
single valued surface profile and is potentially able to deal
with a uniform representation of large free surface waves and
even for overturning inception. The famous MAC methodisa
Largrangian concept and can treat overturning waves and
reentry inception with asimple logic. While the VOF method
tracks the volume occupied by the fluid rather than the free
surface and the method is the most popular method used in the
literatures. All the above methods could properly calculate the
instant free surface displacement but they all need complicate
computer programming in treating the time varied free surface
boundary and updating computational meshes. Alternately, in
the present study, the time-varied free surface boundary is
transformed to a time-independent free surface in the X' -y -z
domain and no boundary tracing is needed during the calcu-
lation. A single value height function is assumed and is
evaluated by solving the kinematic free surface condition. The
irregular boundary, including the time-varying fluid surface,

non-vertical walls and non-horizontal bottom, can be mapped
onto a cube by the proper coordinate transformations (Hung
and Wang [17], Hung and Chen, [16]) asfollows:

X— bl(yl Z)

X =——°"" (20)
bz(y,Z)—bl(y,Z)
« . y+d(x2)
y=1 h(x, z,t) (1)
z=by(xy) (12)

" by(x%,y) - by(x,Y)

where the instantaneous water surface, h(x, z t), is a sin-
gle-valued function measured from the tank bottom, d(x, 2)
represents the vertical distance between the still water surface
and the tank bottom, b; and b, are horizontal distances from
the x-axisto the west and east walls respectively, and b; and b,
are horizontal distances from the z-axis to the north and south
walls respectively, see Fig. 1. Through Egs. (10) to (12), one
can map the west wall to X' = 0 and east wall to X' = 1, the
northwall to Z = 0 and south wall to Z = 1, the free surface to
y =0 and the tank bottom to y" = 1. In this way the compu-
tational domain is transformed to a fixed unit cubic domain.
The main advantage of these transformationsisto map awavy
and time-dependent fluid domain onto atime-independent unit
cubic domain. In this way re-meshing due to the wavy free
surface is unnecessary. In addition, the mapping implicitly
deals with the free surface motion, and avoids the need to
calculate the free surface velocity components explicitly.
Extrapol ations are unnecessary, and free surface smoothing by
means of a spatial filter is not required.

The coordinates (X', y', Z ) can be further transformed such
that the layer near the boundary is stretched to capture sharp
local velocity gradients. The following exponential functions
provide these stretching transformations:

X = A, +(X = A,)e¥ KD (13)
Y=A,+(y -4, (14)
Z=A+(Z - A,)e @D (15)

The constants k, and A, control the mesh size near the free
surface and tank bottom. The constants ky, 4, ks and Az simi-
larly control the mesh in the horizontal directions. Thus, the
geometry of the flow field and the meshes in the computa-
tional domain (X-Y-Z system) become time-independent
throughout the computational analysis. Note the fluid domain
in the X-Y-Z system remains a unit cube. In order to increase
the accuracy of the computation, especially near the boundary,
the stretch factors, /1 = A, = A3 =05and k; =k, = ks = 2, are
used in the present study
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2. Dimensionless Equations

The dimensional parameters are normalized or non-dimen-
sionalised using the following equations.

u v w p
U= V= W= P=

\9d, N gd, v gd, £9d,
Tt 9 H=DZ% x X y Y ,_ %

d, do d, do d,

o B Y ¢ |d,
O =— =L 06.= 06 —_— 16
“or Foor 7T 2 " 27\ g (16)

_ A |4 T % g &
MmoorNg 7" 2z\g " 2z g

_Bd o _ 74
M2rg ™ 27 g

where d, is the undisturbed fluid depth (assumed constant for
the remainder of this paper), and x., Y. and z. are the tank
displacementsin the x, y and z directions, respectively.

With the aforementioned transformations and dimen-
sionlessvariables, Egs. (1)-(9) can be written in dimensionless
form. For example the momentum equation in the x-directionis

Ur + (C10C13U x +Cu G Uy +CL,CU, )+ CCUU,
+C,CUU, +C,CUU, +C,C VU,
+C.C W, +C,C VW, +C,CWJ, +C,C WU,
+CC W, = -G, - (C1C13 P +CCuR +CCys Pz) (17)

2
= Xemr _d_(zgﬂﬁ -yo, )
o
4n® ) )
~ (20,10, ~ O ~O} )X
o

~47m(0 ;W -0 ,,V)

The dimensionless forms of the other equationsarelisted in
Appendix A. In Eg. (17), C;-Cys are coefficients that arise
from the coordinate transformations and can be found in [26].
Py denotes apartia derivative of P with respect to X, Uristhe
partial derivative of U with respect to dimensionless time T,
and so Xcrr, Yerr and Zqrr are dimensionless ground accel-
erations in the X, Y and Z directions. All other terms have
similar meanings.

I11. COMPUTATIONAL ALGORITHM

In this three-dimensional analysis, the fluid flow is solved
in a unit cubic mesh in the transformed flow domain. All
computations use the dimensionless equations in the X-Y-Z

coordinate system. Central difference approximations are
used for the space derivatives, except at the boundary where
forward or backward differences are employed. A staggered
grid system is used in the analysis. That is, the pressure P is
defined at the centre of afinite difference grid cell (of dimen-
sions AX, AY, AZ), whereas the vel ocity components U, V and
W are calculated 0.5AX, 0.5AY and 0.5AZ behind, above or
backward of the cell centre.

1. Finite Difference M ethod

The Crank-Nicholson second order finite difference scheme
and the Gauss-Seidel point successive over-relaxation iterative
procedure are used to calculate the velocity and pressure, re-
spectively. The numerical scheme is described below. When
the dimensionless momentum equations, ex: Egs. (17) are
considered to be balanced at time T = (n + 1/2)AT, one can
express them in the following finite-difference form.

U =U0 AT (9, + R ) (18)
\/In]Jri :Vi,nj,k_AT(EKi,j,k'i'Pij(j,k) (19)
W =W —AT (R, R ) (20)
Hir,]j+,lk=Hir,1j,k_AT(Si,j,k +Vi,j,k) (21)

In these equations, the superscript n represents the time
index (i.e. T = nAT). The terms without a superscript are at
T=(n+ 1/2)AT. Thevelocity componentsat T = (n + L/2)AT
can be approximated as the averages of the values at nAT and
(n+ DAT. All of theterms on the right-hand side of Egs. (18),
(19) and (20) are applied at the same nodes as U, jx, Vi jx and

W, . Theterms R, ,R", and R’ are the corresponding

pressure gradients in the X, Y and Z directions, respectively.
Theterms g jx Ri,j « and X; jx contain all of the remaining
terms in Eq. (17), including the finite-difference expressions
for the convective acceleration, and the terms related to surge,
sway, heave, pitch, roll and yaw motions. In Eq. (21), S jxis
the non-linear term of the equation.

The pressure is evaluated by solving the Poisson eguation.
For T = (n + L/2)AT, one can express the finite-difference
equation in the following form

v ,
Pik=—";+Q; ]+ @-Y)R,, (22)
ik

in which & jy is the sum of the coefficients of pressure P; j,
V¥ is the relaxation parameter, and R’ is the previous iter-

ated pressure. The relaxation parameter ¥ is chosen to be 0.5
in the present study and much iteration time is reduced. The
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Fig. 2. The damping influence of weight parameter £ The wave history
at the tank’s corner A under coupled Surge-Sway motion. The
ratio do/L = do/B = 0.25, A/L = 0.005. o = w,=0.970;. Excitation
angle6 =5°.

terms IT; ; represent the finite-difference expressions of the
pressure gradient and €; ; « the finite-difference expressions of
the nonlinear convective accelerations and the term related to
tank motion (surge, sway, heave, roll, pitch and yaw). The
superscrlpt (n + 1/2), for Pi,j,k1 Hi,j,k and Qi,j,k is also omitted
here. The detailed finite difference expressions for P; i, IT; j«
and Q; j aretedious, and are, therefore, omitted from the text.
Once the pressure field has been solved by iteration, the ve-

n+l

locity components U} , V"', and W', can be calculated
from equations, Egs. (18), (19) and (20). The instantaneous
water surface profile H,”J”k can be calculated from Eq. (21).

In the present study, only the single-valued profile is assumed
on the free surface. This assumption is not valid when splash
or wave breaking occurs.

The difference approximation of the convective terms of
momentum equations are very sensitive to numerical solution
and the second-order centra difference upwind scheme (Hirt
et al., [15]) is adopted in the present numerical scheme. That
is, using a weight parameter ¢, the second-order central dif-
ference and first order upwind scheme can be written as

of \ _1+&sgn(f) fi—fiy, 1-&sgn(f) f.—f;
(g)_ 2 As )* 2 As ) &)

wheref can be any function of parameter such asvelocity u, v,
and w, As means the mesh size and sgn(f;) is the sign function.
This scheme is also used to solve the wave elevation from the
kinematic free surface boundary condition. As £isequal to 1
or 0, Eq. (23) becomes 1% order upwind scheme or central
finite difference, respectively. Thevalueof £isdetermined by
a parametric study. As plotted in Fig. 2, the larger £is, the
greater numerical damping. And the weight parameter £is,
therefore, set to be 0.1 in the present numerical model after a
parametric test.

The accuracy of the numerical results significantly depends
on the spatial grid resolution and the selected time step. Thus,
it is important to verify the appropriate time step for a par-
ticular spatial grid before large numerical problems are simu-

lated. The numerical errors can be reduced if the time step is
restricted by the condition given in Eq. (24)

At<min AXmin ,Aymin , AZmin
|ui,j,k | |Vi,j,k | |Wi,j,k |

Eq. (24) implies that a fluid particle cannot move more than
one cell in asingle time step.

(24)

2. lterative Procedure

The finite-difference equations mentioned above can be
used to solve for the wave field and internal flow field as the
tank is subject to external forcing. The most difficult part of
the present study is to calculate the coefficients of pressure,
ajk. A new iterative procedure similar to SIMPLEC ago-
rithm (Van Doormaal and Raithby, [25]) is developed and the
computational time reduces at least a half of that by imple-
menting the original iterative procedure reported by Chen and
Nokes [6]. The detailed implicit iterative solution procedure
employed here is given below. The convergence criterion for
the7iteration of U, V, Wand P is 10°, while for H it is set to
107,

Implicit iterative processes:

1. Specify theinitial condition

Update forcing condition (tank motion)

3. Calculate coefficients C;-C;5 and calcul ate the coefficient
of pressure, & x.

4. Cdculate §2i, ik ‘Jii,,-,k and Ni,j,k-

5. Substitute the results of step 4 into Eq. (22) in order to
calculate €; j .

6. Using the boundary conditions on pressure, calculate the

terms R, , R, and R’ inorder to calculate T, .

7. Calculate U; jx, Vi jx and W, jx from Egs. (18), (19) and
(20), respectively.
8. Calculate P; from Eq. (22) and then recal cul ate the terms
Rfk : Rij and FI)ZJk -
9. Recalculate new U i, Vi jx and Wi« from Egs. (18), (19)
and (20), respectively.
10. Average the velocities calculated from steps 7 and 9 and
then get new Ui,j,k1 Vi,j,k and VViijk.
11. Repeat steps 6 and 9 at least 2 times, then check for con-
vergence; that is, check if |pk+t _ pk|<10°, |yt _y¥| <

10°, V** —v¥| < 10%and W * —~WH| < 10®in which k
represents the iteration number. If convergence is not
reached, repeat steps 4-10.

12. Calculate H; jx from Eq. (21) and check that [H* _H¥| <
107, If the convergence has not been reached, go to step
3 and update the coefficientsrelating to H.

13. If H has converged then goes to step 2 and begin the next
time step.

N
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IV. RESULTSAND DISCUSSION

The wave motion in athree dimensional tank is considera-
bly more complicated than that in atwo dimensional tank. For
athree dimensional tank traveling in a vehicle on a highway,
or on a ship on the sea, the angle of the excitation motion can
changerandomly intime and asmall perturbation in excitation
angle might significantly affect the sloshing response of the
fluid in thetank. Asindicated earlier, if the tank is excited by
an earthquake, the duration of which may be less than 60
seconds, then a steady state responseis unlikely to be achieved
during the time span of the excitation and, therefore, the tran-
sient motion will be of most importance. Therefore, our main
emphasisin this study isto focus on the transient fluid motion
caused by harmonic excitation with various excitation fre-
guencies and angles.

The natural modes of a 3-D tank with sguare base can be
obtained by solving the linearized natural sloshing standing
wave problem. The angular frequencies, w; j of these natural
modes, are given in Eq. (25)

A =i+ j? 25)
@’ =94, tanh(4, ;d;)
wherei, j are the natural mode’s components of x- and z-axes
and @’ ; are natural frequencies of the 3-D tank. While six
degrees of freedom for the tank motion can be included in the
present model, simulations are only presented for coupled
surge-sway motion. Extensive simulations have been made
with the model, but the simulations for cases with strong
shallow-fluid doshing and large excitation amplitude were
failed to satisfactorily converge and thus these simulations are
beyond the current capability of our model.

1. Benchmark Tests

In order to validate the accuracy of our model, the simu-
lated results are compared with those reported in the literature.
Fig. 3(a) shows the sloshing displacement in the corners A and
B of atank with depth(dg)/breadth(L) ratio = 0.25 when the
tank is diagonally excited by a ground mation with an excita-
tion displacement A = 0.0093L, and an excitation frequency
equalsto 0.9, (wy = w1, the first natural frequency of the
tank). The results reported by Kim [20] are also shown in the
figure and the agreement is satisfactory. Kim used SURF
scheme to solve for the kinematic boundary condition and
used a numerical filtering of five-point formula to avoid the
stability due to saw-tooth waves. In the present study, we use
simple mapping functions to remove the time-dependence of
free surface. In this way, re-meshing due to the wavy free
surface is unnecessary and the calculation of the free surface
components explicitly is avoided. Besides, the present nu-
merical scheme can achieve accurate numerical results based
on arelatively coarse meshes (20 x 10 x 20) compared with
Kim's (30 x 30 x 30) meshes. Both smulation time and
memory are, therefore, dramatically reduced in this study.

()

o Kim (2001)
x  present (AT = 0.003)
—— present (AT = 0.006)
—— present (AT = 0.03)

« Kim (30 x 30 x 30)
— present (20 x 10 x 20)

0 10 20 30 40 o 10 20 30 40
T

|
(a) (b)

Fig. 3. Thewave history on corner A of the tank under diagonal motion,
do/L = do/B = 0.25, A (excitation displacement)/L = 0.0093, wy =
;= 0.99w;. (a) the comparison between Kim’'s (mesh: 30 x 30 x
30) results and the present results (20 x 10 x 20) (b) theinfluence
of different time step with the same mesh number (20 x 10 x 20).
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Fig. 4. The conservation of fluid mass during liquid soshing under (a)
varioustime stepsand (b) various mesh arrangements.

Also shown in Fig. 3 are the parametric tests for different
time steps. Fig. 3(b) depicts fixed mesh numbers (20 x 10 x 20)
with various time steps. As shown in the figure, the influence
of time steps on wave elevation isinsignificant.

We further check the mass balance of the numerical simu-
lation. The continuity of fluid massisshownin Fig. 4. Fig. 4()
presents the numerical errors influenced by various time step
and the results show that the numerical errorsincrease with the
magnification of the time step. The numerical errors influ-
enced by mesh number are shown in Fig. 4(b) and it showsthat
numerical errorsare all negligible small for various mesh sizes.
For excitation frequency far away from the first fundamental
frequency, larger time step (AT = 0.03) can be applied in the
simulation. Whereas, for near-resonant excitation, smaller
time step (AT = 0.006~0.003) is chosen so as to reduce the
numerical errorsin the present study. Asthe parametric study
mentioned above, the selection of a grid resolution of AX =
AZ = 0.05, AT = 0.006, are used in al the simulations in the
present study.

Fig. 5 compares the sloshing displacements of fluid in a
tank excited by a heave (vertical) motion with those reported
by Frandsen [13] and again the agreement is very good. Be-
sides, the present numerical results are further validated by
comparing with experimental and analytical results reported
by Faltinsen et al. [9]. The comparisons (Fig. 6) show, once
again, excellent agreements among numerical, experimental
and analytical results.
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Fig. 6. The comparison of the present result with the experimental and
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0.5. Excitation displacement A/L = 0.0078, (a) surge motion, oy =
1.037w4; (b) diagonal motion, oy = @, = 1.115m;.

2. Horizontal Ground Motion

For practical engineering applications, for example a tank
excited by a real earthquake, the ground motion will be a
complex combination of surge, sway, heave, pitch, yaw and
roll. Initialy, if wefocus on the horizontal excitation only, the
tank, in general, would not be excited exactly in either the
surge (x-) or sway (z-) directions, but rather it will be a cou-
pled surge and sway motion, and the excitation direction may
vary with time. In this paper, we define 6 as the excitation
angle of the horizontal ground motion. For longitudinal ex-
citation, surge motion with 6 = 0°, Faltinsen et al. [8] reported
four different kinds of waves — planar waves (w,/w; = 0.92;
h = 0.508), swirling waves (w,/w; = 1.011), irregular waves
(w1 = 0.945) and sguare-like waves (w/w; = 0.98). Here
wy is the excitation frequency of longitudinal excitation and
w1 = wy,o from Eq. (25). When the tank was excited by di-
agona motion (0 = 45°), the same four kinds of waves might
be expected, but the stable square-like waves and swirling
waves were seldom seen in their experimental measurements.
Visual observations made by Faltinsen et al. [8] showed that
three dimensional waves are observed only when the tank was
under near resonant excitation. When the excitation was away
from the lowest natural frequency, the sloshing responseswere
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Fig. 7. Thespectral analysisof 921, 1999 ChiChi earthquake. Subfigure:
thetime history of acceleration (m/s?). w; : the fundamental natu-
ral frequency of atank with do/L = do/B = 0.25.

basically two-dimensional longitudinal excitation or diagonal
sloshing (under diagonal excitation). In the present study,
longitudinal excitation and diagonal excitation and a wide
range of excitation frequencies, are simulated.

In this section, the tank is excited by surge-sway motion
with various excitation frequencies. The tank isrigid with a
sguare base and an undisturbed fluid depth of dy/L =0.25. The
amplitude of the ground displacement is0.005 L. The spectral
analysis of a typica earthquake record (921 Chi-Chi earth-
quake, Taiwan 1999), presented in Fig. 7, indicates that the
majority of the energy resides within the frequency range of
0.2w; to 2.5w;. Therefore, in the present study, excitation
frequencies from 0.2w, to 2.3w; are used. The different types
of sloshing wave that arise with different excitation frequen-
cies and excitation angles are discussed separately in the fol-
lowing subsections.

3. Diagonal Excitation

For non-resonant excitation, a diagonal wave, in which the
wave soshing occurred only in the diagonal direction of the
tank, was first identified by Miles[21]. In Faltinsen’s studies
the diagonal wave occurred when the tank was excited by
frequencies far from the first natural frequency. Fig. 8 shows
pattern of the wave history of the fluid dloshing in atank ex-
cited by diagonal ground motion (0 = 45°) with an excitation
frequency of w = 0.8w;. The contour of the surface elevation,
Fig. 8(b) shows clearly that the waves are traveling in the
diagonal direction. For afixed excitation angle of 6 = 45°, the
diagonal waves also can be found when the tank is excited at
other excitation frequencies. However, as the tank is acceler-
ated at other angles, the diagonal wave no longer occurs.
Instead, the waves are found to dosh in the same direction as
the excitation motion. We can define this type of wave as a
‘single-directiona’ wave. Fig. 9 presents the surface contour
profiles of single-directional waves with various excitation
angles, and a fixed excitation frequency of 0.4w;. The sin-
gle-directional waves have been reported in the literature but
al the earlier studies have been limited to a tank undergone
longitudinal forcing (surge 6 = 0°) or diagona forcing (6 =
459,
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transient period with excitation frequency o = 1.5w;. (a) the
pattern of square-like waves (b) the contours of free surface.

4. Frequently Obtained Square-like Waves and Chaotic
Waves

Faltinsen et al. [8] theoretically predicted that square-like
waves can co-exist with planar waves (the sloshing waves
under longitudinal forcing), although they found the square-
like waves were rarely observed, and were only confirmed in
one experimental series of longitudinal excitation at w,/w; =
0.98. The classification of square-like waves is, therefore,
omitted in their later articles. The phenomenon of square-like
waves corresponds to waves traveling primarily on two op-
posite sides of the tank. In previous studies (e.g. Faltisen et al.,
[8]) sguare-like waves were discussed for a tank excited at
near resonant conditions. However, in the present study,
square-like waves can be found when the tank is excited at
non-resonant frequencies. Fig. 10 presents results for a tank
excited by diagona forcing with an excitation frequency of
15w;. The relationship between the surface elevation at
points E & F and the surface elevation contours are shown in
Figs. 10 (a) and (b), respectively. The surface elevation con-
tours in Fig. 10(b) clearly shows square-like waves that are
quite different from the so-called diagona doshing or sin-
gle-directional sloshing previously considered.

Fig. 11 presents the free surface contour of sguare-like
waves in a tank accelerated at various excitation angles with
the same excitation frequency used in Fig. 10. Asshowninthe
figure, the square-like form becomes more pronounced as the
angle increases. The terraced planes are clearly seen for the
cases of the tank under diagonal excitation. Figs. 11 (€) and (f)
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further illustrate the free surface contours of square-like waves
under different mesh numbers. These figures demonstrate the
free surface profile of coarse meshes (20 x 10 x 20, solid line)
is almost the same as that of the finer meshes (40 x 20 x 40,
dashed line). The coarse meshes, therefore, can be applied on
the simulation of square-like waves.

Waves that slosh irregularly inside the tank are termed
chaotic or irregular, waves. Irregular waves have been pre-
dicted when the excitation frequency lies within a tight band
around the first natural frequency, although they were not
observed in the experimental measurements of Faltinsen et al.
[11]. In this study irregular waves could be found when the
tank is excited by frequencies outside this limited range. Fig.
12 presents the results of atank accelerated with an excitation
angle of 6 = 10° and an excitation frequency of 2.3w;.

5. Near Resonant Excitation

Under a near resonant excitation, the waves will move
along the tank walls in a clockwise or counterclockwise di-
rection, they arereferred to as“swirling” waves. The study of
Faltinsen et al. [8] showed that the frequency domain for
swirling waves right shifted away from the main resonance
range with decreasing fluid depth, especially for 0.17 < dy/L <
0.274. They aso reported that the excitation frequencies for
generating swirling waves are limited within a certain small
range when the tank is excited by longitudinal, or diagonal,
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Fig. 12. Theirregular waves. Thetank isexcited at 6 = 10°, w = 2.3w1. ()
the wave elevation at point A (H,), E (He) and | (H)); (b) the
pattern of irregular waves.

forcing. The existence of swirling waves for an excitation
direction of 5°, and forcing frequency of w/w; =0.97 isshown
in Fig. 13. A beating phenomenon and a clear switching of
direction can be seenin Figs. 13(a) and 13(b), respectively.

6. Spectral Analysis

In this section, a spectral analysis is performed in an at-
tempt to identify the dominant frequencies for each type of
sloshing wave. As the tank is excited under an excitation
frequency close to the first natural frequency of the tank, the
resultant phenomenon is called ‘the primary resonance’ of the
tank. When the excitation frequency is moved away from the
first natural frequency of the system, a secondary resonance
might also be triggered due to a contribution of other natural
modes of the system.

Fig. 14(a) presents the wave elevation and the corre-
sponding spectral analyses of single-directiona waves forced
far from the first natural mode, @ = 0.4w;. The resulting mo-
tion is dominated by two frequencies, one near the primary
resonance (1.02w,) and the other near the excitation frequency
(0.42w,). Fig. 14(b) presents the results of square-like waves
for atank forced at w = 1.5w;. Aside from the peaks at the
primary resonance (1.02w,) and excitation frequency (1.53w),
two natural modes, wzo and w4 are aso present, although
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Fig. 14. Spectral analyses of wave elevation of corner A for (a) diagonal
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they contain little energy. Thus, for diagonal, single direction
and sgquare-like waves, the major response frequencies are the
first fundamental frequency and the excitation frequency.
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Fig. 15. Spectral analyses of wave elevation of corner A for swirling
waves. (a) o = 0.97w; and (b) @ = 1.04w;. Subfigures: the wave
history of each case.

Figs. 15(a) and 15(b) show the spectral analysisfor swirling
wavesin atank forced at w = 0.97w; and w = 1.04w,, respec-
tively. The figures clearly show resonance peaks correspond-
ing to the primary natura frequency, and also 2wy o which is
dlightly smaller than the natural frequency w,,. The spectral
analyses of swirling waves consistently show the occurrence
of aresonance peak corresponding to w,,, and this secondary
resonance may be related to the development of the swirling
wave in the tank. This finding will be validated with more
simulation examples presented in later sections.

Fig. 16(a) depicts the spectral analysis of irregular waves
sloshing in atank accelerated by an excitation frequency of 1.8
w1o. N addition to the primary resonance and a peak corre-
sponding to the excitation frequency, there is another resonant
peak attributed to the odd natural mode wsp. Fig. 16(b) plots
the spectral analysis for a tank sloshing with an excitation
angle of 45°, and an excitation frequency of 2.3w1, and in this
case not only is the resonant peak wso observed, but a peak
corresponding to wsisalso present. It appearsto be common
for the occurrence of irregular waves to be related to the ap-
pearance of odd natural mode responses (Wu and Chen, [26]).

7. TheLimitation of the Present Numerical Model and the
Requirement of CPU Time

The simulations for cases with strong shallow-fluid slosh-
ing and large excitation amplitude were failed to satisfactorily
converge and thus these simulations are beyond the current
capability of our model. Fig. 17 presents the results of atank
under shallow water depth (do/L = 0.1). For a non-resonant
oscillation, the proposed numerical scheme can be applied
with Aldy = 2.2 (Fig. 17(a)). However, the limit of A/d
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becomes 0.05 in a near-resonant oscillation due to large
nonlinear effect appeared in the shallow water depth, as shown
in Fig. 17(b). Figs. 17(c) and (d) further revea the angle of
wave slopes (6,,) of the free surface along the south wall and
diagonal line of the tank for the resonant sloshing with A/d, =
0.1, respectively. The angle of wave dope (6,) is defined as
the angle between the free surface and the horizontal plane.
The excitation angleis 5° and thus, the maximum wave slope
occurs along the south (north) wall of the tank and the limita-
tion of the wave slope of thiswork is about 40°.

The requirements of CPU time of each type of doshing
waves are listed in Table 1. The AMD Phenom |l X4 955 is
used for computing under Linux Operating system. Table 1
shows the swirling waves need more CPU time than the others
and the reason istrivial that more iterations are required when
atank is excited under near resonant frequencies.

V. CONCLUSIONS

The following conclusions have been reached:

1. Anefficient numerical scheme with high accuracy has been
developed and the method can be used to study a 3D tank
excited by complete 3D motions with simultaneous action
of six-degree-of-freedom.

2. Benchmark tests with previous studies indicate that the
current numerical scheme has acceptable levels of accu-
racy.

3. The results of Faltinsen et al. [8, 10] indicate that square-
like and irregular waves will be present when the tank is
under near resonant excitation conditions. However, in the

Table 1. Therequirement of CPU timefor different slosh-
ing waves simulated up to 60 seconds, mesh
numbers; 20 x 10 x 20, 8 = 10°, dy/L = 0.25.

Wave type Time step CPU time (hours)
Single-directiona waves 0.006 9.17
Square-like waves 0.006 8.66
Swirling waves 0.003 19.84
Irregular waves 0.003 17.62
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Fig. 17. The limitation of the present numerical scheme under shallow
water depth (do/L = 0.1). Thewave history at point A. (a) oy =
w;=0.5w;. (b) wx=wm,=0.97m;. Theangle of wave slope (6,,) of
Aldy = 0.1 () along south wall (Ws) and (d) diagonal line of the
tank. Excitation angle 6 = 5°.
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present study, in tanks suffering horizontal ground motion
at various excitation angles, square-like and irregular waves
not only occur near resonant frequency excitation, but also
at excitation frequencies far away from the first natural
frequency of the system.

. The difference between diagona waves and single-
directional wavesisdueto thetank being excited at various
excitation angles.

. The free surface contours of sgquare-like waves show dif-
ferent terraced planes under various excitation angles, and
the terraced planes are most obvious when 6 = 30° and 6 =
45°,

. Swirling waves occur when the tank is under a near reso-
nant excitation frequency, except when the excitation angle
iscloseto 45°. Inthiscase, the phenomenonis absent. The
swirling waves will change swirling directions (counter-
clockwise to clockwise) according to the phase lag between
the wave motion and the motion of the tank.

. The spectral analyses for different sloshing waves have
shown that (a) only the primary resonance and excitation
frequencies influence the sloshing system of diagonal, sin-
gle-directional and square-like waves; (b) for the sloshing
system of swirling waves, not only the primary mode, but
the secondary mode also appears in the spectral diagram
and causes a secondary resonance; (c) in the spectral
analysis of irregular waves, the odd natural modes (i = 1, 3,
5...,j =0) are generated and have asignificant influence on
the sloshing system.
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