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ABSTRACT

This paper proposes an analytical solution to the long-wave
equation for waves propagating over a submerged cylinder
located in a pit. The pit was assumed to be axi-symmetrical
and convex or concave in shape, which may represent a sub-
merged sill being scoured at its toe. Techniques of variable
separation and Taylor series expansion were applied to find
the analytical solution. It is found that Longuet-Higgins' clas-
sical analytical solutions for waves scattered by a submerged
circular sill and by a submerged circular pit are actually spe-
cial cases of the present analytical solution. By using this
analytical solution, the influence of the incident wavelength
and shape of the pit, including the depth and width, on wave
pattern was analysed.

. INTRODUCTION

Surface gravity waves propagating from the deep ocean to
coastal regions may be substantially amplified by reflection,
refraction, diffraction, and shoaling because of variation in
water depth. Analytical solutions are particularly favorable
in studies on wave scattering because of their high accuracy,
low cost in labour, and timesaving; however, they are ob-
tainable for only special topographies and simple governing
equations.

Regarding three-dimensional bathymetries, severa ana
Iytical solutions to the long-wave equation have been deter-
mined for wave scattering by axi-symmetrical topographies,
such asacircular cylindrical island mounted on a parabol oidal
shoal [1], conical island and a circular paraboloidal shoal [21],
circular cylindrical island mounted on a conical shoal [22],
circular cylindrical island mounted on a general shoal [20],

Paper submitted 09/13/11; revised 02/05/13; accepted 05/21/13. Author for
correspondence: Huan-Wen Liu (e-mail: mengtian29@163.com).

School of Sciences, Guangxi University for Nationalities, Nanning, Guangxi,
P.R. China.

circular paraboloidal pit [19], truncated general shoa [8],
circular general pit [6], circular island [4], circular general
hump [11, 15], dredge excavation pit [16], vertical cylinder
containing an idealised scour pit [17], circular island consist-
ing of combined topographies|[3], and circular island mounted
on ageneral shoal [12].

In 2004, approximate analytical solutions to the mild-slope
equation were developed by Liu et al. [10] for wave scattered
by a circular cylindrical isand mounted on a paraboloidal
shoal, and then extended by Lin and Liu [7], Liuand Lin [9],
Jung and Suh [5], Hsiao et al. [2], and Niu and Yu [18] for
wave scattered by other axi-symmetrical bathymetries.

In this paper, we studied linear long wave scattering by a
submerged circular cylinder mounted on an axi-symmetrical
pit, which may represent a submerged sill being scoured at
itstoe. An analytical solution in the form of Taylor seriesto
the long-wave equation is detailed in Section I1. Section |11
presents computational results and related discussion. When
the width or the depth of the pit becomes markedly short, the
present solution can degenerate into the classical analytical
solution for wave scattered by a submerged circular sill or pit
developed by Longuet-Higgins [13]. According to the pro-
posed solution, the influence of both pit depth and width and
the incident wave period on the wave pattern was investi-
gated.

1. SOLUTION TECHNIQUE

We focused on a scattering problem of simple harmonic
waves over a submerged cylinder containing an axi-symmetrical
pit (seeFig. 1). Assumethat aistheradiusof thecylinder, bis
the distance from the pit centre to the actual edge of the pit, cis
theradial distance from the pit centre to the imaginary edge of
the pit extended to the water surface, hy is the water depth in
the region outside the pit, h; is the water depth over the cyl-
inder, h, is the water depth along the cylinder, and h; is the
distance between the crest of the pit and the stagnant sealevel.
Let the origin of the horizontal coordinate system be the ver-
tical projection of the centre of the pit in the stagnant water
surface. The water depth varies along the radial direction as
follows:
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Incident wave

N :

Fig. 1. Definition sketch of a submerged cylinder containing an axi-

symmetrical pit.
h,, b<r,
h(r)=1h, [1_r_j a<r<b, )
CS
h,, r<a,

where sisthe power exponent that can be an arbitrary positive
real number. Thus, the following equation can easily be ob-
tained:

hC c® hC

h,—h, b° h—h,

c

c’ b
s’ s” (2)
a a

For convenience, we denote x=—h; / c®; hence, the vari-

able water depth within the pit region can be rewritten as
h(r)=h_+ur®.

The long-wave equation for combined refraction and dif-
fraction is expressed as

2

V~(hV77)+%77=0, ©)

where 77 is the complex water surface elevation, g is the gravi-
tational acceleration, wisthe wave angular frequency, and V
isthe horizontal gradient operator.

Because the sea-bottom contours are axi-symmetrical, adopt-
ing a cylindrical coordinate system (r, 6) in which x = r cosé
andy =r sing isconvenient. Eq. (3) can thus be rewritten as

2 2
h(a_727+la_77+iza Zj-l—
arc ror r°o0

dhon , &

=0. 4
dr or 977 “

Furthermore, by expanding 7(r, 8) into a Fourier-cosine
series

n(r,6)=> R, (r)cosnd, (5)

M

Il
o

n

Eq. (4) can be transformed into an ordinary differential equa-
tion

w*r?

hrzR;+(r2h'+hr)R;+( —nzhja=o,n=o,L 2,.. (6)

In the outer region with water depth hy, Eq. (6) degenerates
into the Bessel equation

R+2R+(k-T]R -0 ¢

and the water surface elevation in thisregion can be written as

oo

n(r,6)= Z[i”gan (k) +APHY (kor)Jcosne, (8

n=0

where the constant coefficient A” is yet to be determined,
i=-1, k =a)/ [ahy , J,(kor) isthe Bessel function of the

first kind of order n, H® (k,r) is the Hankel function of the
first kind of order n, and &, is the Jacobi symbol defined as

1 n=0
- 9
e {2, n>0. ®

In the inner region with constant depth hy, Eq. (6) degen-
erates into the Bessel equation

F{;+%R1+(k12_?_EJR1=O, (10)

which in general has two independent particular solutions,
namely J,(kr) and H®(kr) with k =/ [gh;. However,
H® (k,r) issingular a r = 0 and must be discarded; thus, the
general solution to Eq. (10) issimply

R.(r)= A3, (kr), (1)
and the water surface elevation in thisregion is
n(r,e)ziAﬁ)Jn(kir)cosne, (12)

n=0

in which the constant coefficient A” must be determined.
In the region of variable water depth, Eq. (6) reads
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(,ur +hc)Rn+[(s+1) 5+1+hCrJRr']

+{a};r2 _nz(ﬂrs+hc):|R1:

(13)

In this region, the water depth function h(r)=h,+ur® is

not a power function because h. > 0O; in other words, the
bathymetry is quasi-idealised. Therefore, the conventional
solution technique, which transforms the governing equation
into classica equations such as the Euler equation, Bessel
equation, or Legendre equation, for determining a closed-form
solution used for idealised bathymetries [8, 20, 22] are no
longer available, and the technique by means of series expan-
sion must be employed.

Since 1, =(a+ b)/2 isan ordinary point to Eq. (13), al the

three coefficients in Eq. (13) are analytical functions at ry and
can thus be expanded into Taylor series at rq as follows:

rz(,urs+hc)=iam(r—ro)m, (14)
(s+1)yrs+1+hcr:iqn(r—ro)m, (15)
w;rz —nz(yrs+hc)=icm(r—ro)m, (16)
with

an=—(riur+ )" (17)
bmzﬁ((s&l)ﬂ s*1+hcr)( )| o (18)

1(a’r? ™
szﬂ[ 9 _nz(:urs"_hc)J |r:r0‘ (19)

A solution to Eq. (13) can then be sought in the form of
Taylor series asfollows:

R.(r) = APU, (N + APV, (1)

= (2)iun,l (r- ro)I + AES)iVn,I (r— ro)l- (20
1=0 1=0
Substituting Egs. (14)-(20) into Eq. (13) obtains
=1 U, =0, u,=-—2 (1)

2a,’

1
Uy, =_aOI(I 1)(2( -DU-j-Dau,,;

1-2

# 2 [ (=1 Dby +C U o ]| 1340, (22
0, V=1 v, =2, (23)
28,
Vn,l == |(|—1)(Z( _J)(I 1)31 nl-j
+|72|:(| J)bJ i + €V o :|] 1=34,... (249

The complex singularitiesin Eq. (13), except for r = 0, are

1
hb*—hea )s 2
——— | e s ,m=0,...,
ha_hO

P
hb*—hya® o i*™ _ _ q
——— | e Y ;m=0,..,q-1 sisarationa —.
h,—h, p

s—1, sisaninteger,

Furthermore, since

h,b* —h,a°
ha - hO

h,b° — hyb®

=b°, 25
ho—h, (25)

the series solution (20) converges for complex r in the disk
|r 15| < R with
R=min{|r,— 0], |r,—r, [} > min{r,,b—r} =(b—a)/2.  (26)

Therefore, the series solution (20) converges in the real
interval asfollows

a+b

a+b Ry atD
2

—R+T=—R+r0<r<R+ro (27

where R> (b —a)/2, which includes the physical interval [a, b]
asits subinterval. Finaly, the water surface elevation in the
variable water depth region is expressed as

n(r,0) = i(Aff)Un(r) + APV, (r)) cosne

oo

z( (Z)Zum(r—fo) +A513>z (1 =15’ jcosn@,

. (28)
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where A? and A® are constants to be determined.

Jn(keb)  V; (b)

—i"g khV (a , N 34
The continuity of the wave elevations and the flow fluxes ot )kan(kob) V, (b) (39
atr=aandr =brequires
B 2| n+18n Un(a‘) Jn(kla) (35)
U(r’e) r:a’:ﬂ(r’a) r=a"’ S b haUn(a) kihl‘]n(kia) ,
hlan(rﬂ) :haan(rﬁ) , . . .
or =TT g e 0y O :L\//n(b) kH (k)| U, (@) khyd, (k)
L0 HP(kD) | |U,(@ I, (ka)
n(r,0)| - =n(r.6)| -
9n(r.0) _b,z_aﬂ(f'9>| LJUn) KHP WD) [Vo(@) khiJ,(ka) 36)
o I U, ) HOKD) || Vo@  3.ka) |
which is equivaent to
1. RESULTS AND DISCUSSION
-J.(ka) u,(@ V,(a 0 A The analytical solution presented in this paper involves an
—khJ (ka) hU (a) hV.(a) 0 A? infinite Taylor series which must be properly truncated in
On G Eb) Vv Eb) “HO (k b) ® practical computation; in other words, to calculate the Taylor
n n ",(l)ko A(”O) series Ry(r) in Egs. (8), (12), and (20), terms are summed until
0 U.(b)  Vib)  —kHy"(kob) ]| A convergent results are obtained. For al the examples com-
puted in this study, the summation processes of Un(r) and
0 V,(r) were stopped when
0
= ., : (30)
,: 8”J".(k°b) M<1040 37)
n=0
By solving this system and using the Wronskian identity
and
Jn(kr)H'n(l’(kr)—J'n(kr)Hél)(kr)=i, (31
ke A
all the four coefficients A, j=0, 1,2, 3are DV, (r)
n=0
AD =& are satisfied, respectively. It is found that the shorter the in-
D cident waves are, the more the terms Ny in Eq. (37) and N, in
Eq. (38) are needed. Conversdly, for the same incident wave,
with as the radial distance r increases, more terms are required to

obtain a convergent series solution. At the same time, the
outer the solutions are sought, the more the angular modes n
are required.

hU.(a) khJ,(ka)
U@  J.(ka)

hV, (@) khJ,(ka)
Vo@  J,(ka)

S
h(b)  keJ,(kob)

1. Validation against L onguet-Higgins Solutions[13]

. (32 Longuet-Higgins conducted an analytical study on wave
scattering and wave energy trapping by a submerged circular
sill [13]. Hissolutionisalso valid for acircular pit, where the
depth can be described by Eq. (1) witha = and hy =h.. To

' (33  vaidatethe present analytical solution, weseta=10m, b=230

m, hp=1m, h.=5m, and s=64 and let h; increasefrom /2 m
to 5 m, then the topography approached a circular pit. The

D._2 e, V:(2)3. (ka) computation results for wave amplifications along the x-axis

2 b at an incident wave period of T = 15 s obtained by using the

U, () J,(ksb)
Un(b)  kod (ko)

n
n

2" h (U, (@) V,(a)

D, = . !
b U@ V,(a)
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Fig. 2. Comparison between the proposed solution and L onguet-Higgins
solution [13] for acircular pit wherea=10m,b=30m, hg=1m,
hc.=5m,s=64,T=15s,and h;=05,1, 3,5m.

present analytical model are shown in Fig. 2 along with
Longuet-Higgins' classical solution for acircular pit [13]. As
expected, as h; increased, the current analytical solutions
approached L onguet-Higgins' analytical solution [13].

2. Influence of Pit Depth on Wave Amplification

This subsection details the examination of the influence of
pit depth on wave amplification. Asshown in Fig. 3(a), when
we set the parameters a, b, hy, h;, and h, and let the power
exponent s decrease to 0, the pit depth h, also decreases to 0.
ForT=15s,a=10m,b=30m,hy=1m,h; =0.5m, and h. =
5 m and let the power exponent s decrease froms=1/2tos=
1/128, wave amplifications along the x-axis were calculated
and shown in Fig. 3(b) along with Longuet-Higgins' analytical
solution for a submerged circular sill [13]. As s decreases,
namely, the pit depth h, decreases, the amplitudes of standing
wavesin front of the pit decreased accordingly because of less
reflection from the cylinder. Since all the values of s are less
than 1, namely, the topography of the pit is convex upward,
therefore, when s decreased, the amplitude in the lee side
conversely increased because of less refraction from the rear
wall of the pit, leading to energy scattering laterally. When
s = 1/128, the present solution coincided well with Longuet-
Higgins' analytical solution [13].

3. Influence of Pit Width on Wave Amplification

We subsequently investigated the influence of pit width on
wave amplification. As shown in Fig. 4(a), we set the pa-
rametersa=10m, hp=1m,h;=05m,h.=5m, ands=1/2
and let the width of the pit (i.e., b) decrease from 30 mto 11 m.
For T = 15 s, wave amplifications along both the x-axis and
y-axis were calculated for different b and are shown in Fig.
4(b)-(c) adong with Longuet-Higgins' analytical solution for a
submerged circular sill [13]. When b =30 m or b-a =20 m,
the pit was the widest and the water depth was the deepest
among the four cases. The large reflection from the cylinder
caused high standing waves in the front side. The large

incident waves

h
ho
s=1/128
s=1/32
s=1/8
‘ s=1/2
(a)
2.00
——-5=12
1754 - s=1/8
——-5=1/32
o 150 ¢ s=1128 A
S Longuet-Higgins [13] {1.
g 125 LN
= S N N .“ jl' :'??T'?‘_:'?—-
S 1.00 -PANANANAVNAL B it
g MWWV N
< \ \/ 1\01 LN
2 0.75 X \
= 0.50 N T O g
0.25
0.00
20 -16 -12 8 -4 0 4 8 12 16 20

x/a
(b)

Fig. 3. (a) Cross-sectional view along the x-axis for a cylinder mounted
on apitwherea=10m,b=30m,hp=1m, h;=05m, h;=5m,
and s=1/2, ..., 1/128. (b) Changing trend of amplifications along
the x-axis for different exponentss.

refraction from the cylinder and from the back wall of the pit
caused energy to scatter laterally, leading to alocal focal point
of energy at y = +4 and amplitude attenuation in the down-
stream. As the pit width b decreased, the pit depth h, de-
creased accordingly. Thus, the changing trend of the wave
amplification along x-axis was similar to that shown in Fig.
3(b). Again, when b = 11 m, the present solution approached
Longuet-Higgins' analytical solution considerably well. For
the case of s = 2, similar effect of the pit width on wave am-
plification can be observed in Fig. 5.

4. Influence of Incident Wavelength on Wave

Amplification

The current analytical solution was employed to investigate
wave amplification along the x-axis for various incident waves.
Weseta=10m,b=30m,hp=1m,h;=05m,andh,=5m
and considered two cases of s=1/2 and s= 2. To ensure that
the incident waves were in the long-wave range, we choose all
the values of k;h, in therange 0 < k;h, < 7/10, i.e., 0.05, 0.10,
0.15, 0.20, 0.25, and 0.30, wherek, is the wave number related
to the deepest depth h,. The computation results are plotted
inFig. 6(a) to (c) for s=1/2andin Fig. 7(a) to (c) for s= 2.
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Fig. 4. (a) Cross-sectional views along the x-axis of a submerged cylinder

mounted on an axi-symmetrical pit for which s=1/2, a=10m, h,
=1m,h;=05m,h,=5m,and b=30m,20m, 15m and 11 m. (b)
Wave amplifications along the x-axis. (c) Wave amplifications
along the y-axis.

Both Figs. 6(a) and 7(a) indicate that for markedly long
waves (e.g., ksh, = 0.05, 0.10), the submerged cylinder and pit
impose no substantial transformation to the waves above them.

incident waves
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Fig. 5. (a) Cross-sectional views along the x-axis of a submerged cylinder
mounted on an axi-symmetrical pit for whichs=2,a=10m, hy =
Im,h;=05m,h;=5m,andb=30m,20m, 15m, 11 m. (b)
Wave amplifications along the x-axis. (c) Wave amplifications
along the y-axis.

The maximal wave amplification occurred in front of the pit
because of partial standing waves. Asthewavelength reduced
(e.g., kahy = 0.15, 0.20), both the reflection and refraction
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effect gradually increased in importance, and the wave could
be amplified approximately 1.25 times its original amplitude
inthetwo casesof s=1/2, k;h, =0.20, and of s= 2, k;h, =0.15
some distance upstream from the cylinder centre. When the
wavelength further decreased (k;h, = 0.25, 0.30), the refrac-
tion effect was markedly significant. The amplification there-
fore became larger, and the focal position shifted downstream
to the centre of the cylinder. The amplification factor attained
its maximum of more than 2 for s = 1/2, k;h, = 0.25, 0.30 and
more than 1.4 for s= 2 and k;h, = 0.3.

IV.CONCLUSION

An analytical solution to the long-wave equation was de-
rived for waves propagating over a submerged circular cyl-
inder mounted on an axi-symmetrical pit, which may represent
a submerged sill being scoured at the toes. The derived ana-
Iytical solution was validated against Longuet-Higgins' clas-
sical analytical solution [13] for wave scattering and wave
energy trapping by a submerged circular sill or circular pit.

On the basis of the proposed analytical solution, influences
of both pit depth and width on wave amplification were in-
tensively investigated by analysing computational results. At
a fixed pit width, a deep pit causes large reflection and re-
fraction effects. A large reflection effect leads to significant
standing waves in the upstream, and a large refraction effect
causes energy to scatter laterally. Thus, both the maximal
wave amplification over and behind the cylinder becomes
smaller. For the same reason, compared with the proposed
general solution, Longuet-Higgins classical analytical solu-
tion[13] for acircular sill with no scour pit yields the smallest
amplitude of standing waves in the upstream and the largest
maximal wave amplification over and behind the cylinder.
Theseresults may be useful in stability and security analysis of
coastal structures because the evaluation of the scour pit size
can be performed by analysing the variation in wave pattern
over the cylinder-pit structure.
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