=
Journal of

Marine Science and Technology

E
5
S

Volume 22 | Issue 5 Article 1

NONLINEAR WAVE EVOLUTION ABOVE RECTANGULAR SUBMERGED
STRUCTURES

Jaw-Fang Lee
Department of Hydraulic and Ocean Engineering, National Cheng Kung University, Tainan 701, Taiwan, R.0.C

Lih-Fu Tu
Department of Hydraulic and Ocean Engineering, National Cheng Kung University, Tainan 701, Taiwan, R.O.C.,
lungueceo@gmail.com

Cheng-Chi Liu
Tainan Hydraulics Laboratory, Tainan, Taiwan, R.O.C.

Follow this and additional works at: https://jmstt.ntou.edu.tw/journal

b Part of the Hydraulic Engineering Commons

Recommended Citation

Lee, Jaw-Fang; Tu, Lih-Fu; and Liu, Cheng-Chi (2014) "NONLINEAR WAVE EVOLUTION ABOVE RECTANGULAR
SUBMERGED STRUCTURES," Journal of Marine Science and Technology. Vol. 22: Iss. 5, Article 1.

DOI: 10.6119/JMST-013-0503-3

Available at: https://jmstt.ntou.edu.tw/journal/vol22/iss5/1

This Research Article is brought to you for free and open access by Journal of Marine Science and Technology. It has been
accepted for inclusion in Journal of Marine Science and Technology by an authorized editor of Journal of Marine Science and
Technology.


https://jmstt.ntou.edu.tw/journal/
https://jmstt.ntou.edu.tw/journal/
https://jmstt.ntou.edu.tw/journal/vol22
https://jmstt.ntou.edu.tw/journal/vol22/iss5
https://jmstt.ntou.edu.tw/journal/vol22/iss5/1
https://jmstt.ntou.edu.tw/journal?utm_source=jmstt.ntou.edu.tw%2Fjournal%2Fvol22%2Fiss5%2F1&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/1087?utm_source=jmstt.ntou.edu.tw%2Fjournal%2Fvol22%2Fiss5%2F1&utm_medium=PDF&utm_campaign=PDFCoverPages
https://jmstt.ntou.edu.tw/journal/vol22/iss5/1?utm_source=jmstt.ntou.edu.tw%2Fjournal%2Fvol22%2Fiss5%2F1&utm_medium=PDF&utm_campaign=PDFCoverPages

NONLINEAR WAVE EVOLUTION ABOVE RECTANGULAR SUBMERGED
STRUCTURES

Acknowledgements
The authors gratefully acknowledge the financial support provided by the National Science Council of
Taiwan under the Grant Number 96-2221-E-006-332-MY3.

This research article is available in Journal of Marine Science and Technology: https://jmstt.ntou.edu.tw/journal/
vol22/iss5/1


https://jmstt.ntou.edu.tw/journal/vol22/iss5/1
https://jmstt.ntou.edu.tw/journal/vol22/iss5/1

Journal of Marine Science and Technology, Vol. 22, No. 5, pp. 531-541 (2014) 531

DOI: 10.6119/JMST-013-0503-3

NONLINEAR WAVE EVOLUTION ABOVE
RECTANGULAR SUBMERGED STRUCTURES

Jaw-Fang Lee', Lih-Fu Tu', and Cheng-Chi Liu?

Key words: nonlinear wave, submerged structure, free wave.

ABSTRACT

In this study, an analytic approach for the complete sec-
ond-order solution proposed by Sulisz and Hudspeth [13] was
applied to solve a problem of waves propagating over a rec-
tangular submerged structure. In addition, nonlinear wave
evolutions above the submerged structure were studied. The
nonlinear problem was expressed up to the second-order bound-
ary value problems by using a Taylor series expansion and the
perturbation method. In solving the problem, the nonho-
mogeneous problem was divided into Stokes wave and free
wave counterparts. The solutions of neighboring regions were
combined and solved by applying kinematic and dynamic
matching conditions. Convergence of the presented theory is
examined. The experimental results with and without eva-
nescent modes were compared with previous solutions and
effects of evanescent modes can be identified. Further com-
parisons of the presented theory with previous experimental
results also indicated favorable consistency. Using the pre-
sented theory, the second-order effects of structural submer-
gence, relative water depth, and wave steepness on wave
evolutions were investigated. Parametric studies have indi-
cated that shallow water depths above the structure and shal-
low relative water depth induce high-shoaling second-order
waves. |In addition, the second-order wave evolution above
the structure increased with the wave steepness.

I[.INTRODUCTION

Because of the increasing use of submerged structures in
coastal areas, the study of the behavior of waves passing the
structure has become considerably crucial in coastal engi-
neering. Aside from the structure’s wave reflection and trans-
mission, nonlinear characteristics of wave evolution affected
by the structure are also vital subjects. The goal isto under-
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stand the mechanisms of wave transformations passing over
the submerged structures.

A linear analytic solution for the problem of waves passing
over rectangular structures was provided by Me and Black
[10], who used the variables separation method. Regarding
nonlinear analytic solutions, Massel [9] presented an analytic
solution up to the second-order for problems of waves passing
over an impermeable long step, and studied high-order wave-
forms induced by stepwise structures. Rey et al. [12] con-
ducted experiments of linear and weak-nonlinear gravity
waves interacting with submerged rectangular structures.
Losada et al. [8] performed experiments on high-order waves
passing stepped porous structures. Ting et al. [14] conducted
experiments in a wave flume to examine the generation of
harmonics by nonbreaking surface waves traveling over a
submerged obstacle. The experimental results indicated that
super harmonics were generated and amplitudes grew as
waves traveled above the structure. Zaman et al. [16] used a
nonlinear numerical model based on depth-averaged equations
and conducted experiments to investigate deformations of the
water wave propagating over a submerged parabolic obstacle
in the presence of uniform current. We used empirical equa-
tions to modify the numerical results and obtained improved
results for the problem.

Furthermore, analytic solutions up to the second-order have
been presented for other types of wave problems. Sulisz and
Hudspeth [13] presented a complete analytic solution up to the
second-order for the wave generation problem. In applying
their approach, complex variables were used to express the
first-order solution, and multiplications of the first-order so-
lutions that appeared in the second-order problem produced
time-dependent and time-independent parts that al so appeared
in the corresponding second-order solutions. Following the
approach presented by Sulisz and Hudspeth, Lee and Lan [5]
proposed a second-order solution of waves passing porous
structures. Leeet al. [6] presented a second-order solution for
flap wavemaker problems. Leeand Tzeng [7] investigated the
interactions between a nonlinear wave and movable structure
up to the second order. The following studies have also pre-
sented numerical results. Wu et al. [15] solved second-order
problems of interactions between waves and porous structures
by using a boundary element method. Mizutani et al. [11]
combined a boundary element method with finite element
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methods to solve problems of nonlinear waves interacting
with submerged structures and the seabed. Christou et al. [1]
used a boundary element method combined with multiple
fluxes to simulate both the spatial water surface profiles at
various times and the spatial evolution of the harmonics gen-
erated by the breakwaters. Hur et al. [4] used direct nu-
merical simulation to simulate the fully nonlinear interaction
among the water waves, submerged breakwater, and seabed
under various wave conditions. They investigated fluid re-
sistance acting on the porous media and pore water pressure
beneath the submerged breakwater.

In the current study, the analytic approach for the second-
order solution proposed by Sulisz and Hudspeth [13] was
applied for the problem of waves propagating over an im-
permeable submerged structure. Detailed analytic solutions
up to the second-order are presented in this paper. Com-
parisons of the presented solution with the analytic solution
proposed by Massel [9] and experimental results by Driscoll
et al. [3] are also presented. This study used the presented
theory to investigate second-order effects of waves and geo-
metric parameters of the submerged structure on wave evolu-
tion.

1. PROBLEM FORMULATION

Fig. 1illustrates a sketch of the problem considered in this
study. A submerged rectangular structureis placed in water of
constant depth h. The width of structure is 2b, and the depth
above the structure is d. A Cartesian coordinate system is
adopted withitsorigin fixed at centerline of the structure. The
x-axisis placed at still water level with the positive direction
pointing to the right, and positive z-axis pointing upward. The
incident wave is defined as propagating from the right-hand
side. To facilitate solving the problem, the problem domain is
divided into three regions: Region 1, in front of the structure;
Region 2, above the structure; and Region 3, behind the struc-
ture. Throughout the remainder of this paper, the superscripts
on the right indicate the region to which the variables belong.
By adopting the potential wave theory, the velocity potential ®©
can be defined, and the governing equation satisfying the
L aplace equation for each region can be written as

Vol =0, 1=1,23 (1)

The boundary conditions at the water bottom, the imper-
meabl e boundaries of the structure surface, and the free-surface
can be written, respectively, as

d)g):O, |:l,3,Z:—h (2)
(I)(ZZ)ZO, z=—d (3)
@0 =0, 1=13 [¥=b, -h=z=-d (4)

transmitted wave A reflected wave  incident wave
< , I 5 —> <
N X =— X = N\ N\ "
V4 ; RV, (VA
d| region (2) i
h region (3) region (1)

Fig. 1. Definition sketch of waves passing a submerged impermeable
structure.

0 + g0l + B =000 + 000 + gl
1=1,2,3,z=17 5)

where g, B, and 77 denote the gravity constant, Bernoulli con-
stant, and free-surface elevation, respectively. The subscripts
on theright are used to distinguish the variable. For Regions 1
and 3, waves propagating from the region require radiation
conditions that specify wave direction and finite magnitude.
On the interface boundary between two neighboring regions,
matching conditions of continuous velocity and pressure are
also required to solve the problem.

The boundary conditions on the free-surface are nonlinear
and can be expressed using the Taylor series expansion, and
can be expressed generaly in terms of the wave steepness
g(=KA<< 1) as

62551,"'825;"'”‘:51"'52+O(53)1 (6)

where the subscripts on the right indicate the order of the
variables, and & represents the potential function, surface
elevation, pressure, and Bernoulli constant. The incident wave
number, K, is defined by the dispersion relationship, »® = gK
tanh(Kh), with @ and A representing the base frequency and
amplitude, respectively, of the incident waves.

The presented perturbation expression is substituted into the
problem equeations, and the nonlinear boundary-value problems
defined for each region illustrated in Fig. 1 can be rewritten for
each order. The first-order and second-order boundary value
problems are written as follows:

1. First-order Boundary Value Problem
The governing equation is expressed as

vl =0, 1=1,23, (7
The free-surface boundary conditionis

o0

O +g@!)+BY =0, 1=1,23,2=0, (8)
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Impermeable boundary conditions can be expressed as

@) =0, 1=1,3 z=-h, )

o2 =0, z=-d, (10)

@) =0, 1=13 |{=b, -h=z=-d (11

Matching conditions between two neighboring regions can
be expressed as

CDS))( — @

D, 1=12 |Y=b, -d=z=0, (12

o) +B" =P +B?, 1=1,2, |x=b, -d=z=0,

(13
2. Second-order Boundary Value Problem
The governing equation is
Vol =0, 1=123, (14)
The free-surface boundary condition is
), + g, + BY) = 20000, + 200
0, ~gnlel), 1=1232=0, (15
Impermeable boundary conditions are
), =0, 1=1,3z=-h, (16)
@Y, =0, 1=1,3 |Y=b, -h=z=-, (18)

Matching conditions between two neighboring regions are
Y =P, 1=12 |[{=b, -d=z=0, (19

PO =P, 1=12 |Y=b, -d=z=0, (20
where in Eqg. (20), the second-order pressure is expressed as

1
R = oo+ 80 -2+ @7) 121,23 @)

and the second-order free-surface €l evation can be written as

1 1
1) =2 o+ B - (@) @)+t |

1=1,2,3,2=0, (22)
The presented first-order problem is well known, and its

analytic solution is presented in Mei and Black [10]. The

second-order solution is presented in the following section.

[11. THE SECOND-ORDER SOLUTION

In the second-order problem, the known incident wave is
expressed by the second-order Stokes wave and the potential
function iswritten as[2]

D' (x,21) =4 (X, 26" +¢,(x,2)e"*", (23)
where
@ = Ay’ cos(ky(z+h))/cos(kgh), (24)
9) = A0 cos( 2k (z+ ), (25)
Ao =-0N o, (26)
Ay, =-i3wA’ I(8sinh*(Kh)), (27)

and kyo = —iK, i* = -1.

The second-order problem is solved by multiplying the first-
order solution. The expressions generated by the multiplica-
tion of complex variables include unwanted results caused
by multiplying two imaginary expressions that should be ex-
cluded. The correct expression can be written as

Refae ™} Re{ '} = (Refwpe "} + Re(a 3} (29

where « and 3 represent complex variables, A is a conju-
gate of . In Eq. (28), the right-hand side includes a time-
dependent term (e?*") and a time-independent term.
According to Eq. (28), the second-order problem can be
expressed as a superposition of a time-dependent and time-
independent part. Therefore, the free-surface boundary con-
dition, surface elevation, and dynamic pressure of the problem

can be expressed as
©f) +9®f), + B =9 ()€ +40(x),
1=1,2,3,2=0, (29)

1 —i 201 r
) =a(<1>‘2',1+8§")+|">(x)e 210,

1=1,2,3,z=0, (30)
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RV =p(@f) +BY)+ p(x,2e"* + p (x,2),

1=1,2,3, (31)
where the expressions of functions, 9" (x), §"(x), 19(x),

[M(x), p”(x,2), and p"(x,2) are provided in Appendix
A. Accordingly, the second-order wave potential function and
Bernoulli constant can also be expressed as

oY (x,z,t) = (x, 206" + 9" (x,2), 1=1,2,3, (32)

BY(t) =b{e"* +b{", 1=1,2,3, (33)

By substituting Egs. (A1) and (A2) shown in Appendix A
into the second-order problem, Eq. (29), the corresponding
time-dependent and time-independent boundary value prob-
lems can be obtained.

1. Time-dependent Boundary Value Problems
The governing eguation can be expressed as

Vi) =0, 1=12,3, (34)
The free-surface boundary condition is
40’ + g¢f) - 2iwb{’ =gV (x), 1=1,2,3,2=0, (35)
Impermesble boundary conditions are
{)=0, 1=13z=-h, (36)
2 =0, z=-d, (37
{)=0, 1=13 |{=b, -h=z=-d (39

Matching conditions between two neighboring regions can
be expressed as

=g, 1=12, |{=b, -d=z=0, (39)
p(=i2068" +b0) + pV (x,2) = p(-i 206! +b{™)
+p(|+l)()(, 2), 1=12, |X|=b, -d=z=0, (40)

The solution to the presented boundary-value problem can
be further decomposed into a particular solution and a general
solution, which satisfy the nonhomogeneous and homogene-
ous conditions, respectively, on the free-surface boundary:

O(x2) =g (%) +4{"(x2), 1=1,23 (41

in which the superscript on the right s indicates a particular
Stokes wave solution, and f indicates a free wave general
solution.

The particular solution for each region can be expressed,
according to functiona forms presented in the nonhomoge-
neous condition on the free surface:

09 (X,2) = Ko (D0 + 3" By G (2)
n=1

kol )O-b) ii C 0, (Z)e bnthmlcd) (42)
Aom-0
B (02) = 23 [ A (D
Aom-0
+ B 5m(2)€ Y 1 (1-6,)C5,
X P 3p(2) € en " ntlanl ], (43)
B (42 = 3 Chom(@)- &0, (@)
rmom-0
where
Pan(2) = CO8] (Kyy + ki )(2+ ) |, (45)
Pon(2) = €08 (K — K )(2+ 1) |, (46)
Pom(2) = €0 (K, + Ky )(z+0) |, (47)
Ponn(2) = 00 (K — k) (2+ ) ], (48)

The eigenvalues Ky, Kim, kon, and ko, satisfy the following
dispersion equations:

®*=—gk, tank, h, n(orm)=0,1,..., s, (49)

%= —gk,, tank, d, n(orm)=0,1,..., 0, (50)

The coefficients shown in Egs. (42)-(44) can then be ob-
tained by substituting those potential functions into the free-
surface boundary condition in each region and comparing the
corresponding functional forms. Appendix B provides the
coefficients of the particular solution.

Furthermore, the general solution for each region can be
obtai ned—using the variabl es separation method similar to the
first-order solution—as follows:

cos[ k! (z+ h)] e

cosk, h 1)

9" (x2)=3 Cy,
n=0
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- f f cos| kj,(z+d)]
(2f) — f_Kon(X-b) f akon(xth) ) ¢
$," (% 2) ;(Azne +B! e ) cosk' d
(52)
. f
¢(3f)(x, Z) — Cf Cos[km(Z"Fh):I . ekl'n(x+b), 53
2 3n

= coskyh
where the eigenvalues k' and k] satisfy the second-order
dispersion equations:

4o*=—gk! tank/h,n=0,1,..., o, (54)

4w’=—gk) tank} d,n=0,1..., s, (55)

The unknown coefficientsin Egs. (51)-(53) can be obtained
by substituting the general solution and particular solution into
the matching conditions of two neighboring regions, and then
solving the simultaneous equations created by applying the
orthogonality of the eigenfunctions.

2. Time-independent Boundary Value Problems
The governing equation can be expressed as

Vi =0, 1=1,23, (56)
The free-surface boundary condition is
968} =G (x), 1=123,2=0, (57)
Impermeable boundary conditions are
) =0, 1=13z=-h, (59)
52 =0, z=-d, (59)
A0 =0, 1=13 |{=b, -h=z=-d  (60)

Matching conditions between two neighboring regions are
expressed as

=g, 1=12, |=b, -d=z=0, (61)
P30+ |+ B (x,2) = p[ 45+ |+ B..(x2),
=12 |{=b, -d=z=0 (62)

Similar to the time-dependent problem, the solution can be
decomposed into a particular and general solution as

B (x)=d"(x2+4"(x2),1=123 (63

The particular solution for each region can be expressed as

5 ~ 2o (x-D) | OB (koo )(xb
3 (%,2) = A,y (2)E b0 4 Z B.¢.0n(2)€ (oan)b)

n=0

Sl kio—Kin )(X=b
+ZBn ZOH(Z)e( G0—Kin )(X-b)

(64)

3 (%2) = [ B (A1 8y) Ay oD
n=0

+ ésne(kzo_an)(x‘*'b)) + ¢250n(z) . (éme(kzo+k2n)x +6sne_(kzo+k2n)x):|

oo oo It Kon+Kom)(X-b; = —(Kon+kom b
3 [ DAt 4 B k)

n=0 m=1

+ Prrn(D(L= ) Crp "+ D ey | (65)
¢Z2(38) (Xv Z) = z étngEZOn(Z) ei(kwikmxxm)
n=1
+ ZZ c'~:3nm¢ 2nm( Z) e(k1n+k1m)(x+b) ’ (66)
n=0m=1

The coefficients of the particular solution are obtained,
similar to those in the time-dependent boundary value problem,
and are presented in Appendix B.

The general solution counterpart for each region can be
expressed as

- cos[lzlfn(z+ h)]

¢ (x2)=>.C x[&no(x—1)+e"zf"(x‘b)],
n=0

cosk'h

(67)

520 (x,2) = Z[Azfn(é'no(x—l) + e'zz'"(x'b))

n=0
o cos| k) (z+d)

N Bgne-kznw)}—[ G ], (68)

cosk,.d

cos| kj,(z+h)]

#(x2)=3 ¢, X[ B0(x-D+ew |,
n=0

cosk'h
(69)

Theeigenvalues k' and k! satisfy the following relation-
ships:
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kf=nz/h, n=0,12,...,0, (70)

ki=nz/d, n=0,12,...,0, (71)

Similarly, the unknown coefficientsin Egs. (67)-(69) can be
obtained by substituting the general solution—along with the
particular solution—into the matching conditions, and then
solving the four sets of simultaneous equations. Regarding the
free-surface elevation, the first-order expression can be writ-
ten as

=Rl 00| el 123 0
g -

The second-order surface elevation for the Stokes wave
takes the form:

_i ) (0]
néls) _ Re{ ISO) (¢2(Is)) |Z:O_e-|2wt +%

+1,(x) e’ +I~,(x)}, =123, (73)

The second-order surface elevation for the free wave can
be expressed as

—-i2w %0

i = Re{T(%(”)) | & ‘}, 1=1,2,3 (74

The free-surface elevation for the problem is the superpo-

sition of the first-order and the second-order solution, and can
be expressed as

n = +ny? +ny”, 1=1,2,3, (75)

The ratios of the free-wave amplitude to incident-wave

amplitude in front of and behind the structure are defined as
K, and Ky, respectively, and can be expressed as

] [acgerisen

Ko == , (76)
A gA

Ko = = : (77
A g A

IV.RESULTSAND DISCUSSION

The previous section provides detailed expressions of the
analytic solution up to the second-order for incident waves
passing a submerged rectangular structure. Because the

d/h=0.9
present theory (n=1)
o Ki

Massel (1983)

0.00 L~
0.0

Fig. 2. Reflection (Kx) and transmission (Kx) amplitude ratios of the
second-order free wave to incident wave versus relative water
depth (d/h = 0.9, N; = 1).

d/h=0.9
Massel (1983) present theory (7 = 16)

0.08 - o K

Fig. 3. Ratios of the second-order free wave amplitude to incident wave
amplitude versusrelative water depth (d/h = 0.9, N; = 16).

first-order is well known, this study focused on the second-
order characteristics. The presented second-order solution
was first compared with the analytic solution by Massel [9].
The applied conditions are water depth h = 0.3 m, inci-
dent-wave amplitude A = 0.02 m, and a structure width of 1.2
m. Fig. 2 shows the second-order amplitude ratios of the
reflection- and transmission-free wave to incident wave for
d/h =0.9. The comparison shows an optima match. However,
as the results indicated, only the propagating modes shown in
the first- and second-order solutions were used (number of
terms used in the first-order N; = 1, number of terms used in
the second-order N, = 1) and the required evanescent modes
shown in the solution were not included. Complete results
must contain evanescent modes. By including evanescent
modes up to N; = 16 and N, = 31, the conditions depicted in
Fig. 2 were recalculated, and Fig. 3 illustrates the plotted
results. The differences between results with and without the
inclusion of evanescent modes are shown. Including eva-
nescent modes substantially decreased the transmission for
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1.0
i dh=0.5
s Massel (1983)  present theory (n= 1)
08 -_ < KZr
AAAAA A Kzt —————

Fig. 4. Ratios of the second-order free wave amplitude to incident wave
amplitude versusrelative water depth (d/h = 0.5, N, = 1).

1.0
N dlh=0.5
ZE Massel (1983) present theory (n = 16)
08 A o Kx
: AAA AAAAAA A KZt _____
L 06F
B L
< 04l
B
02F ¢
0.0 L~ i
0.0 0.5 1.0 1.5 2.0
Kd

Fig. 5. Ratios of the second-order free wave amplitude to incident wave
amplitude versusrelative water depth (d/h = 0.5, N; = 16).

Kd by more than 1.08, and the overall reflection decreased.
In Figs. 2 and 3, d/h = 0.9 indicates that the height of the
submerged structure was only one-tenth of the water depth,
and the evanescent effects should be small.

Consider a higher structure in which d/h = 0.5, where the
height of the submerged structure is one-half the water depth,
h=0.3m, A=0.02m, and the structurewidthis1.2m. Figs. 4
and 5 show the results of the presented theory calculated
using only the propagating mode (N; = 1, N, = 1) and complete
modes (N; = 16, N, = 31), respectively. The results obtained
by Massel [9] are aso plotted in the figures for comparison.
Fig. 4 indicates that this study’s results were comparable with
those of Massel [9], having higher Kds (lower structure
heights) with fewer evanescent effects. The differences are
obvious for lower Kds (higher structure heights), athough
the figures exhibit similar forms. Regarding the evanescent
modes shown in Fig. 5, the second-order reflection and trans-
mission of this study’s theory generally provide lower values
than those obtained by Massel [9].

To ensure the correctness of computational results, the

537
0.8
L - — o — —o Ky
B A — A& — —a Ky
0.6 -

04 Y

0.2

A,
bo 2 AANANAAAANANAA A A

®
%o
PR S N T T T S T N N N C}O‘L 0000808000 00008080

0 10 20 30 40 50
N

0.0

Fig. 6. The second-order reflection and transmission versus number of
termsused in the second-order solution. (b/h =2,d/h =05, h/L =
0.2, H/h = 0.134, N, = 16).

2.5

present study S
——— Ist harmonic a A
2nd harmonic

experiment by Driscoll (1992)
A Ist harmonic
o 2nd harmonic

g
=}
e

—
W

—
(=]

amplitude (cm)

o
n

0-0 n 1 n 1 n 1
-4 -3 -2 -1 0 1 2 3

Fig. 7. Spatial variation of wave amplitude for the first and second
harmonic.

convergence of the presented analytic solution was examined.
According to Sulisz and Hudspeth [13], convergence re-
quirements for the number of terms used in a second-order
solution must satisfy N, > (2N; — 1). Fig. 6 shows variations
of the second-order reflection and transmission versus the
number of terms used in the second-order solution. The ap-
plied conditions are b/lh = 2, d/h = 0.5, h/L = 0.2, H/h = 0.134,
and the number of terms used for the first-order convergence
N; = 16. InFig. 6, the reflection and transmission coefficients
converge to constant values for N, > 31. These results agreed
with those of Sulisz and Hudspeth [13], whose conditions
were applied in this study for all calculations.

The presented theory was further compared to the experi-
mental results obtained by Driscoll et al. [3]. The applied
experimental conditions were a water depth of 0.5 m, awave
period of 1.7 s, and a wave height of 0.025 m. The height
and width of the structure were 0.38 m and 0.78 m, respec-
tively. Fig. 7 shows comparisons of the spatial variation of the
first-order and second-order amplitudes. In general, the ten-
dency was favorable and the results were comparable. For the
first harmonic above the structure, the experimental results
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Fig. 8. Spatial variation of the second-order wave amplitude and resul-
tant wave form for 2b/Lr = 0.5 and 1.0 (d/h = 0.5, h/L = 0.169).

were higher than those derived by applying the presented
theory, and a dight reflection behind the structure is apparent.
Similarly, for the second harmonic, the experimental results
showed obvious reflections from the wave channel behind the
structure.

The presented second-order analytic solution was applied
to study the nonlinear effects of the submerged structure on
incident waves. The effects of the structure width and wave
steepness on wave evolution and the resultant wave form
were parametrically analyzed, and the effects of the structure
height, relative water depth, and wave stegpness on the second-
order wave amplitudes were investigated.

Fig. 8 shows the spatial variation of the second-order wave
amplitudes and resultant wave forms for 2b/Lr = 0.5 and 1.0.
The beat length Lr (or recurrence distance) of the second-
order wave can be expressed as[9]

2
Lr :—Kf) —ZKS) , (78)

where K,? and 2K, respectively represent the wave num-
bers of the free and Stokes waves in the second harmonic
above the structure. Fig. 8 indicates that for 2b/Lr = 1.0, the
second-order waves develop gradually up to the end of the
structure, and then transmit on the lee side of the structure.
Because of the evolution of the second-order wave, the re-
sultant wave forms exhibit an irregular wave form behind the
structure. Inaddition, for 2b/Lr = 0.5, waves develop up to the
middle of the structure and then gradually decrease up to the
end of the structure. Therefore, the resultant wave forms
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Fig. 9. Spatial variation of the second-order wave amplitude and resul-
tant wave form for H/L = 0.011, 0.017, 0.023 (d/h = 0.5, b/h = 2).
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Fig. 10. Spatial variation of the second-order wave amplitude for d/h =
0.5and 0.7 (a) 2b/Lr = 1.0, (b) 2b/Lr = 0.5 (h/L = 0.169).

behind the structure remain regular with little nonlinear effects.
The wave steepness (H/L) also indicates the evolution of
nonlinear waves. Fig. 9illustrates the spatial variations of the
second-order wave and the resultant wave forms for H/L =
0.011, 0.017, and 0.023. The corresponding tendency indi-
cates that the second-order wave evolution developed more at
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Fig. 11. Spatial variation of the second-order wave amplitude for h/L =
0.219 and 0.169 (a) 2b/Lr = 1.0 (b) 2b/Lr = 0.5 (d/h = 0.5).

a higher wave steepness. Therefore, the resultant wave forms
were irregular and increased with the nonlinearity degree.

Figs. 10(a) and (b) show the effects of the structure height
(d/h) on the evolution of waves above the structure. Theresults
were reasonable for the shallower water depth above the struc-
ture that produce higher shoaling waves. In Fig. 10(a), for
2b/Lr = 1.0, the oscillatory pattern for the second-order wave
amplitude is not that obvious for higher structures (d/h = 0.5).
In addition, in Fig. 10(b), for 2b/Lr = 0.5, the oscillatory be-
havior is more obvious for a higher structure (d/h = 0.5) than
a lower structure (d/h = 0.7). Figs. 11(a) and (b) depict the
effects of the relative water depth (/L) on the wave evolution
above the structure. A shallower water depth (WL = 0.169)
induced higher shoaing waves above the structure than did a
deeper water depth (h/L = 0.219). For 2b/Lr = 1.0, the oscilla
tory wave pattern is less obvious for the shallower water depth
(h/L = 0.169), as shown in Fig. 11(a). By contrast, for 2b/Lr =
0.5, the oscillatory wave pattern is more obvious for the shal-
lower water depth (h/L = 0.219), asshownin Fig. 11(b). Fig. 12
shows the effects of wave stegpness (H/L) on the second-order
wave evolution above the structure. The results were quite
straightforward. For both 2b/Lr = 1.0 and 0.5, the second-order
wave evolution increased with the wave steepness.

V. CONCLUSION

Using an analytic approach proposed by Sulisz and Hud-
speth [13], a compl ete solution up to the second-order for the
problem of waves propagating over a rectangular submerged
structure is presented in this paper, and nonlinear wave evo-
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Fig. 12. Spatial variation of the second-order wave amplitude for H/L =
0.011, 0.017 and 0.023 (a) 2b/Lr = 1.0 (b) 2b/Lr = 0.5 (d’/h = 0.5,
h/L = 0.169).

Iutions above the structure are studied. Convergence exami-
nation ensures the number of terms used in the second-order
solution. In only the propagating mode, the presented results
matched optimally with those presented by Massel [9]. In
addition, compl ete solutions with evanescent modes including
effects from evanescent terms can be observed. Optimal
tendency and corresponding results were obtained by com-
paring the results of the presented theory with experimental
results obtained by Driscoll et al. [3].

The effects of nonlinear wave evolution on the wave forms
were investigated using the presented analytic solution. The
results indicate that for 2b/Lr = 1.0, the second-order waves
develop gradually up to the end of the structure and then
transmit on its lee side. However, for 2b/Lr = 0.5, nonlinear
evolutions appear only above the structure and exhibit little
effects on wave forms afterward. The second-order wave
evolution devel oped more with higher wave steepness, and the
irregular resultant wave forms increase with the nonlinearity
degree. Further parametric study have indicated that shal-
lower water depths above the structure and shallower relative
water depth (h/L = 0.169) induce higher shoaling second-order
waves. Regarding the effects of wave steepness, the second-
order wave evolution above the structure increases with the
wave steepness.
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APPENDIX A

Multiplications of the first-order solution in the second-
order expression for the free-surface boundary condition,
surface elevation, and dynamic pressure in Egs. (29) to (31)
can be expressed as

(I)(X) ( (|)¢ +2¢(l)¢(|) ¢|)¢(l) ¢1|)¢(|)J ,

g z=0
1=1,23, (A1)
q(l)(x) =@{2¢(|)T+ 2¢(|) (l) wz ) 40) +¢(|) 0} J

2 1,x 71,x g 1 1,z 1,2z Zzo'
1=1,23, (A2)
19000 =- (¢“’¢"’ gl + 22 ¢f”¢f‘2j =123,

z=0
(A3)

— _ >
r(l)(x):_%[ﬁlx)@(,lx)"'@(,lz)ﬁ(,lz)_2% 1(l) 1(|Z)J 1=1.23,
z=0

(A4)
p"(x 2=~ (e} +ol0l?). 121,23 (A5)
PV (x,2) =— (¢1<'> 0 +6060), 1=1,2,3, (A6)

APPENDIX B

The coefficients of the particular solution in the time-
dependent boundary value problem are given as

A =-3nA /{8si n*(koh)} (B1)
By, =i0ACy okl Bon + Bl /{807 cof (kg — ki, )]
+ 29k — ki, ) sin[ (ko — k)M ], (B2)
Chin =10, CnkioKy G /{807 cO (I, + k)]
+29(Ky, + k) Sin[ (ky, +k)D]} (B3)
P =10, Ay kool /{8007 O (K + ki) ]
+ 20 (Kyp + Kyp) SIN[ (Kyy, + Ky )d ]}, (B4)

Banm = ia)BZn Bkaan2m asm {8[02 Coq:(an + k2m)d:|

+ Zg(an + k2m)Sin|:(k2n + k2m)d:|} ' (BS)

2nm - IwAZnB mk2nk2m (ﬁ:m +

rfm )/{Swz Co{(an - k2m)d:'

+ 2g(k2n - kZm)Sin[(an - k2m)d:|}' nzm (BG)
Casnm ia)CSnCSmklnl<1mC¥nm/{8a)2 CO{(kln + klm)h:|
+29(Ky + k) Sinf (ki + k)R], (B7)

in which the coefficients Cy,, Ao, Bon, and Cs, are obtained
from the first-order solution.

The coefficients of the particular solution in the time-
independent boundary value problem are

A =- iwﬁo@okizoﬁoo

4gk, sin[ 2k,gh | >
~ __ |a)AAo Clnkloklnléno , (Bg)
" 2g(kg +k,)Sin[ (Ko + k)]
én _ iwklnklo[ploélnéOn + 610C1n&n0] . nz0, (B10)
2g(ky — k1n)sm|:(k10 - kin)h:l
& - 1Cy, CorKiKinB o m#0, (B11)
29(k,, + klm)sm[(kln + klm)h:|
~ |60A20A2nk20k2m=n no #0, B12
An = 29(ky - k2n)sm[(k20 k2”)d] o
~ |wBZOBan20k2n0‘no
" 2g(kzo k2n)sm[(kzo kzn)d] o
L - (814)
" 2g(ky + kzn)sm[(kZO + an)d]
5. = iw'z‘zoBanzok_an :oe(kzrkzn)b , (B15)
! 2g(ky + kzn)sn[(kZO + k2n)dj|
X _ iwAZn&menKZm 3 ﬁm
Ahm - Zg(an + kZm)SinI:(an + kZm)d], " 0, (816)
5 inZn §2mk2nk2m im m=0, (Bl?)

Bnm - ; '
Zg(an + k2m)gn|:(k2n + kZm)d]
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H n ~ s o—(Kontkom)b
Ia)AZnBZmKanZmanme o

nm — - ’ m;to’m;tn’ (818)
29(Kyy = Kor) SN[ (Kz — k)0 ]
. .= 58 A (Kontkom)b
. Ia)Azmankznkz_mO’ m€ , mz0,m=zn, (B19)
29 (Kap — k) SN[ (g ~ o)l ]
s 10CCorknkioo 1L (B20)
29 (ko — ki) sin[ (ko — ki, )N ]
~3nm _ Ia)Csncsm-kmklmﬂ nm , m# 0. (821)
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