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ABSTRACT 

The delay-dependent and delay-independent conditions are 
proposed to guarantee the global exponential stability for 
uncertain switched neutral system with interval time-varying 
state delay.  New additional nonnegative inequalities are intro- 
duced to improve the conservativeness of system.  Razumikhin- 
like approach is used to prove the exponential stability for 
system.  Structured and unstructured uncertainties are inves-
tigated in this paper.  The solving schemes based on Linear 
Matrix Inequality (LMI) approach along with the selective 
examples are presented to demonstrate the improvements 
achieved. 

I. INTRODUCTION 

A switched system is a class of hybrid systems which con-
sists of several subsystems and exhibits the switching feature 
between multi-models, which is usually used to approximate 
many practical nonlinear systems [10].  It is well known that 
the existence of time delay in a system may cause instability or 
bad system performance in feedback control systems.  Since 
time-delay phenomenon may encounter in many practical 
systems, such as aircraft stabilization, chemical engineering 
systems, inferred grinding model, neural network, nuclear 
reactor, population dynamic model, rolling mill, ship stabili-
zation, and systems with lossless transmission lines [2, 3, 5].  
Hence stability analysis for switched time-delay systems has 
been investigated in recent years [4-9, 11, 13]. 

It is interesting to note that for each stable subsystem can-
not imply that the overall system is also stable [7].  Hence 
we will consider the global exponential stability problem for 

switched neutral systems with interval time-varying state 
delay and two classes of perturbations under arbitrary switched 
signal.  Based on Razumikhin-like [12] and LMI approaches 
[1], delay-dependent and delay-independent results are pro-
vided.  The LMI approach [1] is an efficient and powerful tool 
in solving some control problems; such as H

∞ control, stability 
analysis, guaranteed cost control, state feedback control, static 
output feedback control, and observer-based control.  Hence 
LMI approach will be used to guarantee the stability problem 
of systems.  Some numerical examples are provided to dem-
onstrate the main proposed results. 

The notation used throughout this paper is as follows.  For a 
matrix A, we denote the transpose by AT, spectral norm by A , 
minimal (maximal) eigenvalue by min ( )Aλ  max( ( ))Aλ , 
symmetric positive (negative) definite by A > 0 (A > 0).  A ≤ B 
means that matrix B – A is symmetric positive semi-definite.  
For a vector x, we denote the Euclidean norm by x .  For the 
state xt of system, we define ( ) : ( ), [ ,0]tx x t Hθ θ θ= + ∀ ∈ −   

and denote its norm by 
2 2

0
sup ( ) ( )t s
H

x x t x t
θ

θ θ
− ≤ ≤

= + + +� .   

I denotes the identity matrix. 

II. PROBLEM FORMULATION AND MAIN 
RESULTS 

Consider the following uncertain switched neutral system 
with interval time-varying state delay: 

0 0( ) ( ) [ ( )] ( )x t Dx t A A t x tσ στ− − = + ∆� �  

1 1[ ( )] ( ( )), 0A A t x t h t tσ σ+ + ∆ − ≥ , (1a) 

 ( ) ( ), [ ,0]x t t t Hφ= ∈ − , (1b) 

where x ∈ ℜn.  Switching signal σ may depend on t or x and 
takes its values in the finite set { 1, 2, , }i N= � .  Interval 
time-varying delay h(t) satisfies 0 ≤ hm < h(t) ≤ hM, ( ) Dh t h≤� .  
Constant delay τ > 0 and max{ , }MH h τ= .  Matrices D, A0i, 
and 1

n n
iA ×∈ℜ , 1, 2, , ,i N= �  are constant, and the initial 

vector 1Cφ ∈ , where 1C  is the set of differentiable functions 
from [ ,0]H−  to nℜ . 

Paper submitted 04/07/09; revised 06/28/09; accepted 07/03/09.  Author for 
correspondence: Ker-Wei, Yu (e-mail: kwyu@mail.nkmu.edu.tw). 
*Department of Marine Engineering, National Kaohsiung Marine University,
Kaohsiung, Taiwan, R.O.C. 
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In this paper, we will consider the following two types of 
perturbations on system: 

 
(A1)  Structured perturbations: 0 ( )iA t∆  and 1 ( )iA t∆  satisfy the 
following conditions 

 [ ] ( )[ ]0 1 0 1( ) ( )i i i i i iA t A t M F t N N∆ ∆ = , 

 {1, 2, , }, 0,i N t∀ ∈ ≥�  (2a) 

where iM , 0iN , and 1iN , 1, 2, , ,i N= �  are some given 
constant matrices with appropriate dimensions, and ( ),iF t  

1, 2, , ,i N= �  are unknown matrices representing the pa- 
rameter perturbation which satisfy  

 ( ) ( ) , {1, 2, , }, 0T
i iF t F t I i N t≤ ∀ ∈ ≥� . (2b) 

 
(A2)  Unstructured perturbations: 0 ( )iA t∆  and 1 ( )iA t∆  satisfy 
the following conditions 

 0 0 1 1( ) and ( ) ,i i i iA t A tσ σ∆ ≤ ∆ ≤  (3) 

where 0iσ  and 1iσ , 1, 2, , ,i N= �  are some given nonnega- 
tive constants. 

Define the functions ( )i tλ , 1, 2, , ,i N= �  as follows: 

 ( ) 1, ,
1, 2, , .

0, otherwise,i

i
t i N

σ
λ

=
= =


�  (4) 

We can rewrite the switched system (1) to the following 
form: 

0 0
1

( ) ( ) ( ){[ ( )] ( )
N

i i i
i

x t Dx t t A A t x tτ λ
=

− − = + ∆∑� �  

1 1[ ( )] ( ( ))}, 0,i iA A t x t h t t+ + ∆ − ≥  (5a) 

 ( ) ( ), [ ,0]x t t t Hφ= ∈ − , (5b) 

where ( )i tλ  is defined in (4) and 
1

( ) 1,
N

i
i

tλ
=

=∑  2 ( ) ( )i it tλ λ= , 

and ( ) ( ) 0, ,i jt t i jλ λ⋅ = ≠  0t∀ ≥ . 

The following lemma will be used in the proof of our main 
results. 

 
Lemma 1: [12] Let U, V, W and M be real matrices of 
appropriate dimensions with M satisfying M = MT, then 

 0, for all ,T T T TM UVW W V U V V I+ + < ≤  

if and only if there exists a scalar 0ε >  such that 

1 T TM UU W Wε ε−+ ⋅ + ⋅  

1 1 ( ) ( ) 0.T TM UU W Wε ε ε ε− −= + ⋅ + ⋅ <  

 
Definition 1. The system (1) with (A1) or (A2) is said to be 
the globally exponentially stable with convergence rate α > 0, 
if there are two positive constants α and Ψ such that  

 ( ) , 0tx t e tα−≤ Ψ ⋅ ≥ . 

Now we present a delay-dependent condition for stability of 
system (1) with (A1). 

 
Theorem 1.  System (1) with (A1) and 1Dh <  (resp., 1Dh ≥  

or unknown) is globally exponentially stable with con- 
vergence rate 0 (ln )Dα τ< < − , if 1D <  and there exist 

some n × n matrices P, Q1, Q2, R1, R2, R3, R4, S, R22, S22, T22 > 0, 
7 7

11 11 11, , 0 n nR S T ×> ∈ℜ  (resp., Q2 = 0), some matrices 1iU , 

2iU , 3iU , 4iU , 5iU , 6iU , 7
n n

iU ×∈ℜ , 7
12 12 12, , n nR S T ×∈ℜ , 

and some positive constants iε , 1, 2, , ,i N= �  such that the 

following LMI conditions hold for all 1, 2, ,i N= �  

 2 2
1 22 2 220, 0,m Mh he R R e R Sα α− −⋅ − > ⋅ − >  

2
2 22 0,Mhe R Tα− ⋅ − >  (6a) 

 11 12 11 12 11 12

22 22 22

0, 0, 0,
* * *

R R S S T T

R S T

     
> > >     

     
 (6b) 

11 12 13 14 15 16 17 18 19

22 23 28

33 34 35 36 37 38 39

44 45 46 48

55 56 57 58

66 67 68

77 78

88

99

* 0 0 0 0 0

* *

* * * 0 0
ˆ * * * * 0

* * * * * 0

* * * * * * 0

* * * * * * * 0

* * * * * * * *

i i i i i i i i i

i i i

i i i i i i i

i i i i

i i i i i

i i i

i i

i

i

Σ Σ Σ Σ Σ Σ Σ Σ Σ
 Σ Σ Σ
 Σ Σ Σ Σ Σ Σ Σ
 Σ Σ Σ Σ
Σ = Σ Σ Σ Σ


Σ Σ Σ
 Σ Σ


Σ

Σ














 


 

11 0 0

0 0 0 0,

0 0 0

Φ 
 + < 
  

  (6c) 

where * represents the symmetric form in the matrix and 

11 0 0 1 2 2 0 0 2 42 ,T T T
i i i i i i iP PA A P Q Q U A A U S RαΣ = ⋅ + + + + + + + +  
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 12 02 ,T
i iPD A PDαΣ = − ⋅ −  

 13 1 2 1 0 3 14 0 6, ,T T T
i i i i i i i i iPA U A A U A UΣ = + + Σ =  

 15 0 1 2 0 4 ,T T T T
i i i i i iA U U A UΣ = − +  

 16 0 1 2 0 5 17 0 7,T T T T T
i i i i i i i i iA U D U D A U A UΣ = − + + Σ = , 

 18 2 19 0, ,T T
i i i i i i iPM U M NεΣ = + Σ = ⋅  

 2
22 23 12 , ,T T

i i iD PD e S D PAατα −Σ = ⋅ − ⋅ Σ = −  

 28 ,T
i iD PMΣ = −  

 2
33 2 3 1 1 3 34 1 6(1 ) , ,Mh T T T

i D i i i i i i ie h Q U A A U A Uα−Σ = − ⋅ − ⋅ + + Σ =  

 35 1 1 3 1 4 ,T T T T
i i i i i iA U U A UΣ = − +  

 36 1 1 3 1 5 37 1 7 38 3, , ,T T T T T T
i i i i i i i i i i i iA U D U D A U A U U MΣ = − + + Σ = Σ =  

 2 2
39 1 44 1 3, ,m mh hT

i i i iN e Q e Rα αε − −Σ = ⋅ Σ = − ⋅ +  

 45 6 46 6 48 6, , ,T T T
i i i i i i iU U D U MΣ = − Σ = Σ =  

 55 1 2 1 1 4 4( ) ,T T
i m M m i i i ih R h h R U U U UΣ = ⋅ + − ⋅ − − − −  

 56 1 1 4 5 57 7( ) , ,T T
i i i i i i iU U D U D U UΣ = + + − Σ = −  

 58 1 4 ,T
i i i i iU M U MΣ = +  

 66 1 1 5 5 67 7( ) , ,T T T T T
i i i i i i iD U U D U D D U D UΣ = − + + + Σ =  

 2
68 1 5 77 3 4, ( ),MhT T

i i i i i iD U M U M e R Rα−Σ = − + Σ = − +  

 78 7 88 99, ,T
i i i i i iU M IεΣ = Σ = Σ = − ⋅  

 11 11 12 1 1 12 11 11( ) ( )T T
m M mh R R R h h T SΦ = ⋅ + Λ + Λ + − ⋅ +  

 12 2 2 12 12 3 3 12 ,T T T TS S T T+ Λ + Λ + Λ + Λ  

 1 7[ 0 0 0 0 0] ,n nI I ×Λ = −  

 2 7[0 0 0 0 0 ] ,n nI I ×Λ = −  

 3 7[]0 0 0 0 0 .n nI I ×Λ = −  

Proof.  Define the Lyapunov functional 

2( ) ( ( ) ( )) ( ( ) ( ))t T
tV x e x t Dx t P x t Dx tα τ τ= ⋅ − − − −  

2
1( ) ( )

m

t s T

t h
e x s Q x s dsα

−
+ ⋅∫  

( )
2

2( ) ( )
t s T

t h t
e x s Q x s dsα

−
+ ⋅∫  

2 ( ) ( )
t s T

t
e x s Sx s dsα

τ−
+ ⋅∫  

2
1( ( )) ( ) ( )

m

t s T
mt h

e s t h x s R x s dsα
−

+ ⋅ − −∫ � �  

2
2( ( )) ( ) ( )

m

M

t h s T
Mt h

e s t h x s R x s dsα−

−
+ ⋅ − −∫ � �  

2
2( ) ( ) ( )

m

t s T
M m t h

h h e x s R x s dsα
−

+ − ⋅ ⋅∫ � �  

2
3( ) ( )

m

M

t h s T

t h
e x s R x s dsα−

−
+ ⋅∫  

2
4( ) ( ) ,

M

t s T

t h
e x s R x s dsα

−
+ ⋅∫  (7) 

where 1 2 1 2 3 4, , , , , , , 0P Q Q R R R R S > .  The time derivatives 
of ( )tV x , along the trajectories of system (5) satisfy 

2( ) [2 ( ( ) ( )) ( ( ) ( ))]t T
tV x e x t Dx t P x t Dx tα α τ τ= ⋅ ⋅ − − − −�  

2
0 0

1

2 ( )[{[ ( )] ( )} ( ( ) ( ))]
N

t T
i i i

i

e t A A t x t P x t Dx tα λ τ
=

+ ⋅ + ∆ − −∑  

2
1 1

1

2 ( )[{[ ( )] ( ( ))} ( ( ) ( ))]
N

t T
i i i

i

e t A A t x t h t P x t Dx tα λ τ
=

+ ⋅ + ∆ − − −∑  

22
1 1[ ( ) ( ) ( ) ( )]mht T T

m me x t Q x t e x t h Q x t hαα −+ ⋅ − ⋅ − −  

( )22
2 2[ ( ) ( ) (1 ( )) ( ( )) ( ( ))]h tt T Te x t Q x t h t e x t h t Q x t h tαα −+ ⋅ − − ⋅ ⋅ − −�  

2 2[ ( ) ( ) ( ) ( )]t T Te x t Sx t e x t Sx tα ατ τ τ−+ ⋅ − ⋅ − −  

2 2 ( )
1 1[ ( ) ( ) ( ) ( ) ]

m

tt T s t T
m t h

e h x t R x t e x s R x s dsα α −

−
+ ⋅ ⋅ − ⋅∫� � � �  

2 2 ( )
2 2[( ) ( ) ( ) ( ) ( ) ]

m

M

t ht T s t T
M m t h

e h h x t R x t e x s R x s dsα α− −

−
+ ⋅ − ⋅ − ⋅∫� � � �  

22
3[ ( ) ( )mht T

m me e x t h R x t hαα −+ ⋅ − −  

2
3( ) ( )]Mh T

M Me x t h R x t hα−− − −  

22
4 4[ ( ) ( ) ( ) ( )].Mht T T

M Me x t R x t e x t h R x t hαα −+ ⋅ − − −  (8a) 
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By some simple derivatives, we have 

22 ( )
1 1( ) ( ) ( ) ( ) ,m

m m

t ths t T T

t h t h
e x s R x s ds e x s R x s dsαα −−

− −
− ⋅ ≤ − ⋅∫ ∫� � � �  

  (8b) 

and 

2 ( )
2( ) ( )

m

M

t h s t T

t h
e x s R x s dsα− −

−
− ⋅∫ � �  

( )( )2
2 2( )

( ) ( ) ( ) ( ) .
m

M

M

t h t t hh T T

t h t h t
e x s R x s ds x s R x s dsα − −−

− −
= − ⋅ +∫ ∫� � � �  (8c) 

Define 

ˆ [ ( ) ( ) ( ( )) ( )T T T T T
mX x t x t x t h t x t hτ= − − −  

( ) ( ) ( )].T T T
Mx t x t x t hτ− −� �  

By Leibniz-Newton formula and LMIs (6b), we have  

11 12

22

ˆ ˆ

*( ) ( )m

T
t

t h

R RX X
ds

Rx s x s−

    
    

    
∫

� �

 

[ ]11 12
ˆ ˆ ˆ2 ( ) ( )T T

m mh X R X X R x t x t h= + − −  

22( ) ( ) 0,
m

t T

t h
x s R x s ds

−
+ ≥∫ � �   (8d) 

( ) 11 12

22

ˆ ˆ

*( ) ( )M

T
t h t

t h

S SX X
ds

Sx s x s

−

−

    
    

    
∫

� �

 

11 12
ˆ ˆ ˆ( ( )) 2 [ ( ( )) ( )]T T

M Mh h t X S X X S x t h t x t h= − ⋅ + − − −  

( )

22( ) ( ) 0
M

t h t T

t h
x s S x s ds

−

−
+ ≥∫ � � , (8e) 

11 12

( )
22

ˆ ˆ

*( ) ( )

m

T
t h

t h t

T TX X
ds

Tx s x s

−

−

    
    

    
∫

� �

 

[ ]11 12
ˆ ˆ ˆ( ( ) ) 2 ( ) ( ( ))T T

m mh t h X T X X T x t h x t h t= − ⋅ + − − −  

22( )
( ) ( ) 0,

mt h T

t h t
x s T x s ds

−

−
+ ≥∫ � �   (8f) 

By system (5), and 2 ( ) ( )i it tλ λ= , and ( ) ( ) 0,i jt t i jλ λ = ≠ , 

we have 

1 1
1

( )( ( ) ( )) ( )( ( ) ( ))
N

T T
i i i

i

t x t Dx t U U x t Dx tλ τ τ
=

− − − + − −∑ � � � �  

1 0 0
1

( )[( ( ) ( )) {[ ( )] ( )
N

T
i i i i

i

t x t Dx t U A A t x tλ τ
=

+ − − + ∆∑ � �  

1 1[ ( )] ( ( ))}]i iA A t x t h t+ + ∆ −  

0 0 1
1

( )[{[ ( )] ( )} ( ( ) ( ))]
N

T T
i i i i

i

t A A t x t U x t Dx tλ τ
=

+ + ∆ − −∑ � �  

1 1 1
1

( )[{[ ( )] ( ( ))} ( ( ) ( ))]
N

T T
i i i i

i

t A A t x t h t U x t Dx tλ τ
=

+ + ∆ − − −∑ � �  

= 0,  (8g) 

2 3 4 5
1

( ) { ( ) ( ( )) ( ) ( )
N

T T T T T T T T
i i i i i

i

t x t U x t h t U x t U x t Uλ τ
=

⋅ + − + + −∑ � �  

6 7( ) ( ) }T T T T
m i M ix t h U x t h U+ − + −  

1

( ) { ( ) ( )
N

i
i

t x t Dx tλ τ
=

⋅ ⋅ − + −∑ � �  

0 0 1 1[ ( )] ( ) [ ( )] ( ( ))}i i i iA A t x t A A t x t h t+ + ∆ + + ∆ −  

0 0
1

( ) { ( ) ( ) [ ( )] ( )
N

i i i
i

t x t Dx t A A t x tλ τ
=

+ ⋅ − + − + + ∆∑ � �  

1 1[ ( )] ( ( ))}T
i iA A t x t h t+ + ∆ −  

2 3 4
1

( ) { ( ) ( ( )) ( )
N

T T T T T T
i i i i

i

t x t U x t h t U x t Uλ
=

⋅ ⋅ + − +∑ �  

5 6 7( ) ( ) ( ) }T T T T T T T
i m i M ix t U x t h U x t h Uτ+ − + − + −�  

2 3 4
1

( ) [{ ( ) ( ( )) ( )
N

T T T T T T
i i i i

i

t x t U x t h t U x t Uλ
=

= ⋅ + − +∑ �  

5 6 7( ) ( ) ( ) }T T T T T T
i m i M ix t U x t h U x t h Uτ+ − + − + −�  

0 0{ ( ) ( ) [ ( )] ( )i ix t Dx t A A t x tτ⋅ − + − + + ∆� �  

1 1[ ( )] ( ( ))}]i iA A t x t h t+ + ∆ −  

0 0
1

( ) [{ ( ) ( ) [ ( )] ( )
N

i i i
i

t x t Dx t A A t x tλ τ
=

+ ⋅ − + − + + ∆∑ � �  

1 1[ ( )] ( ( ))}T
i iA A t x t h t+ + ∆ −  
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2 3 4 5{ ( ) ( ( )) ( ) ( )T T T T T T T T
i i i ix t U x t h t U x t U x t Uτ⋅ + − + + −� �  

6 7( ) ( ) } ] 0.T T T T T
m i M ix t h U x t h U+ − + − =    (8h) 

By (8a)-(8h), we obtain the following result 

2

1

ˆ ˆ( ) ( )
N

t T
t i i

i

V x e t X Xα λ
=

≤ ⋅ ⋅Σ ⋅

∑�  

2
1 22( )[ ] ( )m

m

t hT

t h
x s e R R x s dsα−

−
− ⋅ −∫ � �  

( ) 2
2 22( )[ ] ( )M

M

t h t hT

t h
x s e R S x s dsα− −

−
− ⋅ −∫ � �  

}2
2 22( )

( )[ ] ( ) ,
m

M
t h hT

t h t
x s e R T x s dsα− −

−
− ⋅ −∫ � �  (9) 

where 

11 12 13 14 15 16 17

22 23

33 34 35 36 37

44 45 46

55 56 57

66 67

77

* 0 0 0 0

* *

* * * 0

* * * *

* * * * *

* * * * * *

i i i i i i i

i i

i i i i i

i i i i

i i i

i i

i

Σ Σ Σ Σ Σ Σ Σ 
 Σ Σ 
 Σ Σ Σ Σ Σ
 Σ = Σ Σ Σ 
 Σ Σ Σ
 

Σ Σ 
 Σ 

 

2 0

3 1

11 6

1 4

1 5

7

0

( ) 0

0

0

0

TT T
i i i i

T
i

T T
i i i

T
ii i

T
i i i i

T T
i i i i

T
i i

PM U M N

D PM

U M N

F tU M

U M U M

D U M U M

U M

   +
   −   
   
   

+ Φ +    
   +
   
− +   
   

  

 

20

31

6

1 4

1 5

7

0

( ) .0

0

0

0

TTT
i i ii

T
i

TT
i ii

T T
i i i

T
i i i i

T T
i i i i

T
i i

PM U MN

D PM

U MN

F t U M

U M U M

D U M U M

U M

   +
   −  
  
  

+   
   +
  
− +  
  

   

 

By the Lemma 1 and schur complement of [1], conditions 
ˆ 0iΣ < , 1, 2, , ,i N= �  in (6) will imply 0iΣ <  in (9).  From 

0iΣ <  and LMIs (6a), we have 

 0( ) ( ), 0tV x V x t≤ ≥�  (10) 

where 

 0( ) ( (0) ( )) ( (0) ( ))TV x x Dx P x Dxτ τ= − − − −  

0 2
1( ) ( )

m

s T

h
e x s Q x s dsα

−
+ ⋅∫  

( )

0 2
20

( ) ( )s T

h
e x s Q x s dsα

−
+ ⋅∫  

0 2 ( ) ( )s Te x s Sx s dsα
τ−

+ ⋅∫  

0 2
1( ) ( ) ( )

m

s T
mh

e s h x s R x s dsα
−

+ ⋅ +∫ � �  

2
2( ) ( ) ( )

m

M

h s T
Mh

e s h x s R x s dsα−

−
+ ⋅ +∫ � �  

0 2
2( ) ( ) ( )

m

s T
M m h

h h e x s R x s dsα
−

+ − ⋅ ⋅∫ � �  

2
3( ) ( )

m

M

h s T

h
e x s R x s dsα−

−
+ ∫  

0 2
4( ) ( )

M

s T

h
e x s R x s dsα

−
+ ∫  

2

1 0 ,
s

xδ≤ ⋅  

and 

 2
1 max max 1 max 2( ) (1 ) ( ) ( )m MP D h Q h Qδ λ λ λ= ⋅ + + ⋅ + ⋅  

2
max max 1( ) ( )mS h Rτ λ λ+ ⋅ + ⋅  

2
max 2 max 2( ) ( ) ( ) ( )M m m M mh h R h h h Rλ λ+ − ⋅ + ⋅ − ⋅  

max 3 max 4( ) ( ) ( ).M m Mh h R h Rλ λ+ − ⋅ + ⋅  

On the other hand, we have  

 
22 2

min ( ) ( ) ( ) ( )t t TP e t e t P tα αλ ⋅ ⋅ ℘ ≤ ⋅℘ ℘  

 
2

0 1 0( ) ( ) ,t s
V x V x xδ≤ ≤ ≤ ⋅  (11) 

where ( ) ( ) ( ).t x t Dx t τ℘ = − −   From (11), we can obtain the 
following result 
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 ( ) ( ) ( ) ( ) ( )ttxDtDxttx ℘+−⋅≤−+℘= ττ  

 ( ) 0,2 ≥⋅+−⋅≤ − tetxD tαδτ , 

where 2 1 min 0/ ( )
s

P xδ δ λ= ⋅ .  Since 1D <  and 0τ > , we 

can choose a sufficiently small positive constant ξ α= <  

(ln )D τ−  satisfying 1D eξτ⋅ < .  By the Razumikhin-like 

approach of [12], we obtain the following result 

 2

0
( ) sup ( )

1
t

h
h

x t x e
D e

ξ
ξ

θ

δθ −

− ≤ ≤

 
≤ + ⋅ −  

 

 2
0 , 0

1
t

hs
x e t

D e
ξ

ξ

δ − 
≤ + ⋅ ≥ −  

. 

This completes the proof.                        □ 

If D = 0, Theorem 1 can be rewritten in the following result 
with 5 0iS U= = . 

 
Corollary 1.  System (1) with D = 0 and (A1), hD < 1 (resp.,  
hD ≥ 1 or unknown) is globally exponentially stable with 
convergence rate α > 0, if there exist some n × n matrices  
P, Q1, Q2, R1, R2, R3, R4, R22, S22, T22 > 0, R11, S11, T11 > 0 ∈  
ℜ5n × 5n (resp., Q2 = 0), some matrices U1i, U2i, U3i, U4i, U6i,  
U7i ∈ ℜn × n, R12, S12, T12 ∈ ℜ5n ×n, and some positive constants 
εi, 1, 2, , ,i N= �  such that the following LMI conditions hold 
for all 1, 2, ,i N= �  

 2 2 2
1 22 2 22 2 220, 0, 0,m M Mh h he R R e R S e R Tα α α− − −⋅ − > ⋅ − > ⋅ − >  

 11 12 11 12 11 12

22 22 22

0, 0, 0,
* * *

R R S S T T

R S T

     
> > >     

     
 

11 12 13 14 15 16 17

22 23 24 25 26 27

33 34 36

44 45 46

55 56

66

77

*

* * 0 0

* * * 0

* * * * 0

* * * * * 0

* * * * * *

i i i i i i i

i i i i i i

i i i

i i i i

i i

i

i

Ξ Ξ Ξ Ξ Ξ Ξ Ξ 
 Ξ Ξ Ξ Ξ Ξ Ξ 
 Ξ Ξ Ξ
 Ξ = Ξ Ξ Ξ 
 Ξ Ξ
 

Ξ 
 Ξ 

 

11 0 0

0 0 0 0

0 0 0

 Φ
 + < 
 
 

�

,  (12) 

where 

11 0 0 1 2 2 0 0 2 42 ,T T T
i i i i i i iP PA A P Q Q U A A U RαΞ = ⋅ + + + + + + +  

12 1 2 1 0 3 13 0 6, ,T T T
i i i i i i i i iPA U A A U A UΞ = + + Ξ =  

14 0 1 2 0 4 15 0 7, ,T T T T T
i i i i i i i i iA U U A U A UΞ = − + Ξ =  

16 2 17 0, ,T T
i i i i i i iPM U M NεΞ = + Ξ = ⋅  

2
22 2 3 1 1 3 23 1 6(1 ) , ,Mh T T T

i D i i i i i i ie h Q U A A U A Uα−Ξ = − ⋅ − ⋅ + + Ξ =  

24 1 1 3 1 4 25 1 7, ,T T T T T
i i i i i i i i iA U U A U A UΞ = − + Ξ =  

2 2
26 3 27 1 33 1 3, , ,m mh hT T

i i i i i i iU M N e Q e Rα αε − −Ξ = Ξ = ⋅ Ξ = − ⋅ +  

34 6 36 6, ,T T
i i i i iU U MΞ = − Ξ =  

44 1 2 1 1 4 4( ) ,T T
i m M m i i i ih R h h R U U U UΞ = ⋅ + − ⋅ − − − −  

2
45 7 46 1 4 55 3 4, , ( ),MhT

i i i i i i i iU U M U M e R Rα−Ξ = − Ξ = + Ξ = − +  

56 7 66 77, ,T
i i i i i iU M IεΞ = Ξ = Ξ = − ⋅  

11 11 12 1 1 12 11 11( ) ( )T T
m M mh R R R h h T SΦ = ⋅ + Λ + Λ + − ⋅ +� ��  

12 2 2 12 12 3 3 12 ,T T T TS S T T+ Λ + Λ + Λ + Λ� � � �  

1 5[ 0 0 0] ,n nI I ×Λ = −�  2 5[0 0 0 ] ,n nI I ×Λ = −�  

3 5[0 0 0]n nI I ×Λ = −� . 

In the next, we will consider the delay-dependent condition 
for stability of system (1) with (A2). 

 
Theorem 2.  System (1) with (A2) and hD < 1 (resp., hD ≥ 1 or 
unknown) is globally exponentially stable with convergence 
rate 0 (ln ) ,Dα τ< < −  if 1D <  and there exist some n × 
n matrices P, Q1, Q2, R1, R2, R3, R4, S R22, S22, T22 > 0, R11, S11, 
T11 > 0 ∈ ℜ7n × 7n (resp., Q2 = 0), some matrices U1i, U2i, U3i, 
U4i, U5i, U6i, U7i ∈ ℜn × n, R12, S12, T12 ∈ ℜ7n ×n, and some 
positive constants µ0i, µ1i, 1, 2, , ,i N= �  such that the 
following LMI conditions hold for all 1, 2, ,i N= �  

 2 2 2
1 22 2 22 2 220, 0, 0,m M Mh h he R R e R S e R Tα α α− − −⋅ − > ⋅ − > ⋅ − >  

 11 12 11 12 11 12

22 22 22

0, 0, 0,
* * *

R R S S T T

R S T

     
> > >     
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11 12 13 14 15 16 17 18 19

22 23 28 29
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55 56 57 58 59
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77 78 79

88

99

* 0 0 0 0

* *

* * * 0

* * * *

* * * * *

* * * * * *
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i i i i i

i i i i i i

i i i i

i i i

i

Ψ Ψ Ψ Ψ Ψ Ψ Ψ Ψ Ψ
Ψ Ψ Ψ Ψ

Ψ Ψ Ψ Ψ Ψ Ψ Ψ
Ψ Ψ Ψ Ψ Ψ

Ψ = Ψ Ψ Ψ Ψ Ψ
Ψ Ψ Ψ Ψ

Ψ Ψ Ψ
Ψ

Ψ i

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

11 0 0

0 0 0 0,

0 0 0

Φ 
 + < 
  

  (13) 

where 

11 0 0 1 22 T
i i iP PA A P Q QαΨ = ⋅ + + + +  

2
2 0 0 2 0 0 4 ,T T

i i i i i iU A A U S I Rµ σ+ + + + ⋅ ⋅ +  

12 02 ,T
i iPD A PDαΨ = − ⋅ −  

13 1 2 1 0 3 14 0 6, ,T T T
i i i i i i i i iPA U A A U A UΨ = + + Ψ =  

15 0 1 2 0 4 ,T T T T
i i i i i iA U U A UΨ = − +  

16 0 1 2 0 5 17 0 7, ,T T T T T
i i i i i i i i iA U D U D A U A UΨ = − + + Ψ =  

2
18 19 2 22, 2 ,T T

i i i iP U D PD e Sατα −Ψ = Ψ = + Ψ = ⋅ − ⋅  

23 1 28 29, ,T T
i i i iD PA D PΨ = − Ψ = Ψ = −  

2 2
33 2 3 1 1 3 1 1(1 ) ,Mh T T

i D i i i i i ie h Q U A A U Iα µ σ−Ψ = − ⋅ − ⋅ + + + ⋅ ⋅  

34 1 6 35 1 1 3 1 4, ,T T T T T
i i i i i i i i iA U A U U A UΨ = Ψ = − +  

36 1 1 3 1 5 37 1 7, ,T T T T T
i i i i i i i i iA U D U D A U A UΨ = − + + Ψ =  

2 2
38 39 3 44 1 3 45 6, , ,m mh hT T

i i i i i iU e Q e R Uα α− −Ψ = Ψ = Ψ = − ⋅ + Ψ = −  

46 6 48 49 6, ,T T
i i i i iU D UΨ = Ψ = Ψ =  

55 1 2 1 1 4 4( ) ,T T
i m M m i i i ih R h h R U U U UΨ = ⋅ + − ⋅ − − − −  

56 1 1 4 5 57 7( ) , ,T T
i i i i i i iU U D U D U UΨ = + + − Ψ = −  

58 59 1 4 ,T
i i i iU UΨ = Ψ = +  

66 1 1 5 5 67 7( ) , ,T T T T T
i i i i i i iD U U D U D D U D UΨ = − + + + Ψ =  

2
68 69 1 5 77 3 4, ( ),MhT T

i i i i iD U U e R Rα−Ψ = Ψ = − + Ψ = − +  

78 79 7 88 0 99 1, , ,T
i i i i i i iU I Iµ µΨ = Ψ = Ψ = − ⋅ Ψ = − ⋅  

11 11 12 1 1 12 11 11( ) ( )T T
m M mh R R R h h T SΦ = ⋅ + Λ + Λ + − ⋅ +  

12 2 2 12 12 3 3 12 ,T T T TS S T T+ Λ + Λ + Λ + Λ  

1 7[ 0 0 0 0 0] ,n nI I ×Λ = −  

2 7[0 0 0 0 0 ] ,n nI I ×Λ = −  

3 7[0 0 0 0 0] .n nI I ×Λ = −  

Proof.  From the assumption in (A2), we have 

 2
0 0 0( ) ( ) ( ) ( ) ( ) ( ) 0,T T T

i i ix t x t x t A t A t x tσ − ∆ ∆ ≥  (14a) 

2
1 ( ( )) ( ( ))T
i x t h t x t h tσ − − , 

1 1( ( )) ( ) ( ) ( ( )) 0, 1, 2, , .T T
i ix t h t A t A t x t h t i N− − ∆ ∆ − ≥ = �  

  (14b) 

By (8a)-(8h), we can obtain the following result 

2 2
0 0

1

( ) ( ) [ ( ) ( )
N

t T
t i i i

i

V x e t x t x tα λ µ σ
=

+ ⋅ ⋅ ⋅∑�  

0 0( ) ( ) ( ) ( )]T T
i ix t A t A t x t− ∆ ∆  

2 2
1 1

1

( ) [ ( ( )) ( ( ))
N

t T
i i i

i

e t x t h t x t h tα λ µ σ
=

+ ⋅ ⋅ ⋅ − −∑  

1 1( ( )) ( ) ( ) ( ( ))]T T
i ix t h t A t A t x t h t− − ∆ ∆ −  

2

1

n
t T

i i i
i

e Z Zα

=

≤ ⋅ ⋅ Ψ ⋅

∑  

2
1 22( )[ ] ( )m

m

t hT

t h
x s e R R x s dsα−

−
− ⋅ −∫ � �  

( ) 2
2 22( )[ ] ( )M

M

t h t hT

t h
x s e R S x s dsα− −

−
− ⋅ −∫ � �  

( ) }2
2 22( )[ ] ( ) ,

m
M

t h hT

t h t
x s e R T x s dsα− −

−
− ⋅ −∫ � �  (15) 
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where matrices iΨ , 1, 2, ,i N= � , are defined in (13), and 

[ ( ) ( ) ( ( )) ( ) ( )T T T T T T
i mZ x t x t x t h t x t h x tτ= − − − �  

0 1( ) ( ) ( ) ( ) ( ( )) ( )]T T T T T T
M i ix t x t h x t A t x t h t A tτ− − ∆ − ∆�  

From conditions in (13)-(15), we can achieve that the condi-
tion (10) is satisfied.  By the same derivation of Theorem 1, we 
can complete this proof.                                                         □ 

If D = 0, Theorem 2 can be rewritten in the following result 
with 5 0iS U= = . 

 
Corollary 2.  System (1) with D = 0 and (A2), hD < 1 (resp.,  
hD ≥ 1 or unknown) is globally exponentially stable with 
convergence rate α > 0, if there exist some n × n matrices  
P, Q1, Q2, R1, R2, R3, R4, R22, S22, T22 > 0, R11, S11, T11 > 0 ∈  
ℜ5n × 5n, (resp., Q2 = 0), some matrices U1i, U2i, U3i, U4i, U6i,  
U7i ∈ ℜn × n, R12, S12, T12 ∈ ℜ5n ×n, and some positive constants 
µ0i, µ1i,, 1, 2, , ,i N= �  such that the following LMI conditions 
hold for all 1, 2, ,i N= �  

2 2 2
1 22 2 22 2 220, 0, 0,m M Mh h he R R e R S e R Tα α α− − −⋅ − > ⋅ − > ⋅ − >  

 11 12 11 12 11 12

22 22 22

0, 0, 0,
* * *

R R S S T T

R S T

     
> > >     

     
 

11 12 13 14 15 16 17

22 23 24 25 26 27

33 34 36 37

44 45 46 47

55 56 57

66

77

ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ*

ˆ ˆ ˆ ˆ* * 0
ˆ ˆ ˆ ˆ ˆ* * *

ˆ ˆ ˆ* * * *

ˆ* * * * * 0

ˆ* * * * * *

i i i i i i i

i i i i i i

i i i i

i i i i i

i i i

i

i

 Ψ Ψ Ψ Ψ Ψ Ψ Ψ
 

Ψ Ψ Ψ Ψ Ψ Ψ 
 

Ψ Ψ Ψ Ψ 
 Ψ = Ψ Ψ Ψ Ψ 
 Ψ Ψ Ψ
 
 Ψ
 

Ψ  

 

11 0 0

0 0 0 0,

0 0 0

 Φ
 + < 
 
 

�

  (16) 

where 

11 0 0 1 2
ˆ 2 T

i i iP PA A P Q QαΨ = ⋅ + + + +  

2
2 0 0 2 0 0 4 ,T T

i i i i i iU A A U I Rµ σ+ + + ⋅ ⋅ +  

12 1 2 1 0 3
ˆ ,T T

i i i i i iPA U A A UΨ = + +  

13 0 6 14 0 1 2 0 4 15 0 7
ˆ ˆ ˆ, , ,T T T T T T

i i i i i i i i i i i iA U A U U A U A UΨ = Ψ = − + Ψ =  

16 17 2
ˆ ˆ ,T

i i iP UΨ = Ψ = +  

2 2
22 2 3 1 1 3 1 1

ˆ (1 ) ,Mh T T
i D i i i i i ie h Q U A A U Iα µ σ−Ψ = − ⋅ − ⋅ + + + ⋅ ⋅  

23 1 6 24 1 1 3 1 4
ˆ ˆ, ,T T T T T

i i i i i i i i iA U A U U A UΨ = Ψ = − +  

25 1 7 26 27 3
ˆ ˆ ˆ, ,T T

i i i i i iA U UΨ = Ψ = Ψ =  

2 2
33 1 3 34 6 36 37 6

ˆ ˆ ˆ ˆ, , ,m mh h T T
i i i i i ie Q e R U Uα α− −Ψ = − ⋅ + Ψ = − Ψ = Ψ =  

44 1 2 1 1 4 4
ˆ ( ) ,T T

i m M m i i i ih R h h R U U U UΨ = ⋅ + − ⋅ − − − −  

45 7 46 47 1 4
ˆ ˆ ˆ, ,T

i i i i i iU U UΨ = − Ψ = Ψ = +  

2
55 3 4 56 57 7

ˆ ˆ ˆ( ), ,Mh T
i i i ie R R Uα−Ψ = − + Ψ = Ψ =  

66 0 77 1
ˆ ˆ, ,i i i iI Iµ µΨ = − ⋅ Ψ = − ⋅  

11 11 12 1 1 12 11 11( ) ( )T T
m M mh R R R h h T SΦ = ⋅ + Λ + Λ + − ⋅ +� ��  

12 2 2 12 12 3 3 12 ,T T T TS S T T+ Λ + Λ + Λ + Λ� � � �  

1 5[ 0 0 0] ,n nI I ×Λ = −�  2 5[0 0 0 ] ,n nI I ×Λ = −�  

3 5[0 0 0] .n nI I ×Λ = −�  

If D = 0, ∆A0i(t) = 0, and ∆A1i(t) = 0, Corollaries 1 and 2 can 
be rewritten in the following result. 

 
Corollary 3.  System (1) with D = 0, ∆A0i(t) = 0, ∆A1i(t) = 0, 
and hD < 1 (resp., hD ≥ 1 or unknown) is globally exponentially 
stable with convergence rate α > 0, if there exist some n × n 
matrices P, Q1, Q2, R1, R2, R3, R4, R22, S22, T22 > 0, R11, S11, T11 
> 0 ∈ ℜ5n × 5n, (resp., Q2 = 0), some matrices U1i, U2i, U3i, U4i, 
U6i, U7i ∈ ℜn × n, R12, S12, T12 ∈ ℜ5n ×n, such that the following 
LMI conditions hold for all 1, 2, ,i N= �  

 2 2 2
1 22 2 22 2 220, 0, 0,m M Mh h he R R e R S e R Tα α α− − −⋅ − > ⋅ − > ⋅ − >  

 11 12 11 12 11 12

22 22 22

0, 0, 0,
* * *

R R S S T T

R S T

     
> > >     

     
 

 

11 12 13 14 15

22 23 24 25

33 34 11

44 45

55

*
ˆ * * 0 0,

* * *

* * * *

i i i i i

i i i i

i i i

i i

i

Ξ Ξ Ξ Ξ Ξ 
 Ξ Ξ Ξ Ξ 
 Ξ = Ξ Ξ + Φ <
 Ξ Ξ 
 Ξ 

�  (17) 
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11 11 12 1 1 12 11 11( ) ( )T T
m M mh R R R h h T SΦ = ⋅ + Λ + Λ + − ⋅ +� ��  

12 2 2 12 12 3 3 12 ,T T T TS S T T+ Λ + Λ + Λ + Λ� � � �  

1 5[ 0 0 0] ,n nI I ×Λ = −�  2 5[0 0 0 ] ,n nI I ×Λ = −�  

3 5[0 0 0] ,n nI I ×Λ = −�  

where kliΞ , k, l = 1, 2,…, 5, i = 1, 2,…, N, are defined in (12). 
 

Remark 1.  In [7] and [11], the slow variation condition 
( ) 1Dh t h≤ <�  is constrained in their considered systems.  The 

hard constraint 1Dh <  is not imposed on our results. 
 

Remark 2.  By setting α = 0 in Theorems 1-2 and Corollaries 
1-3, the global asymptotic stability for system (1) can be guar- 
anteed.  By setting α = 0, R1 = 0, and R2 = 0, R11 = T11 = S11 = 0 
in Theorems 1-2 and Corollaries 1-3, we can obtain the 
delay-independent stability result for system (1). 

III. NUMERICAL EXAMPLES 

Example 1.  Consider the system (1) with D = 0, ∆A0i(t) = 0, 
and ∆A1i(t) = 0 and the following parameters: (Example 1 of 
[9]) 

01 11 02

2 0 1 1 1.5 1
3, , , ,

0 1 0 0.5 0 1
N A A A

− − − −     
= = = =     − − −     

 

12 03 13

0.6 1 0.5 0 1 1
, , .

0 0.4 0 3 0 1
A A A

− − −     
= = =     − −     

 (18) 

By Corollary 3, LMI (17) with (18) for α = 0.1, hD < 0.2,  
hm < 0.1, hM < 1.1 has a feasible solution.  This implies that the 
system (1) with D = 1, ∆A0i(t) = 0, ∆A1i(t) = 0, 0.1 ≤ h(t) ≤ 1.1, 

( )h t� ≤ 0.2, and (18) is globally exponentially stable with 
convergence rate α = 0.1.  Some comparisons of the obtained 
results for switched system (1) with (18) are made in Table 1.  
The results of this paper provide a larger allowable upper 
bound for time delay to guarantee the global asymptotic sta-
bility of system (1) with (18). 

 
Example 2.  Consider the system (1) with D = 0, ∆A0i(t) = 0, 
and ∆A1i(t) = 0 and the following parameters: (Example 1 of 
[8]) 

 01 02 11

1 0 0 0.5
2, , ,

0 1 1 0
N A A A

−   
= = = =   − −   

 

 12

0 1
.

0.5 0
A

 
=  − 

 (19) 

Table 1.  Comparing some previous results with this paper. 

Some results of delay that guarantee global asymptotic stability 
(α = 0) of the system (1) with (18) 

Results [9] Our result 

hD = 0 (Constant delay) 0 ≤ h ≤ 1.5004 

hD = 0.4 0 ≤ h(t) ≤ 1.277 

hD = 0.8 0 ≤ h(t) ≤ 1.1235 

hD = 0.9 

No results 

0 ≤ h(t) ≤ 1.1209 

hD ≥ 1 or unknown 0 ≤ h(t) ≤ 1.12 

hD ≥ 1 or unknown 0.3 ≤ h(t) ≤ 1.17 

hD ≥ 1 or unknown 0.6 ≤ h(t) ≤ 1.21 

hD ≥ 1 or unknown 

0 ≤ h(t) ≤ 0.9339 

0.9 ≤ h(t) ≤ 1.28 

 

 
Table 2.  Comparing some previous results with this paper. 

Some upper bounds of delay that guarantee the global exponential 
stability of the system (1) with (19) 

Results convergence rate α 
and hD 

Bounds of delay mh  and Mh  

[8] α = 0.3, hD = 0.1 hm = 0, hM = 0.4 
α = 0.3, hD = 0.1 hm = 0, hM = 0.497 

hm = 0, hM = 0.475 
hm = 0.3, hM = 0.511 
hm = 0.4, hM = 0.519 

Our results α = 0.3, 
(hD ≥ 1 or unknown) 

hm = 0.5, hM = 0.525 

Some upper bounds of delay that guarantee the global asymptotic 
stability of the system (1) with (19) 

[8] α = 0, hD = 0.1 hm = 0, hM = 1 
α = 0, hD = 0.1 hm = 0, hM = 3.585 

hm = 0, hM = 0.895 
hm = 0.4, hM = 1.08 
hm = 0.8, hM = 1.35 

Our results α = 0 
(hD ≥ 1 or unknown) 

hm = 1, hM = 1.501 

 

 
Some comparisons of the obtained results for switched system 
(1) with (19) are made in Table 2.  The results of this paper 
provide a larger allowable upper bound for time delay to 
guarantee the global asymptotic and exponential stability of 
system (1) with (19). 

IV. CONCLUSIONS 

In this paper, global exponential stability for uncertain 
switched neutral systems with interval time-varying state 
delay and arbitrary switching signal has been considered.  
Structured and unstructured perturbations of systems have 
been investigated.  LMI and Razumikhin-like approaches have 
been used to improve our results.  The obtained results are less 
conservative than previous ones via the numerical simula-
tion. 
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