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ABSTRACT

A more effective numerical model using the dual reciprocity
boundary element method (DRBEM) is presented to study the com-
bined effects of wave refraction- diffraction and currents.  The mild-
slope equation with current effects is reformulated to an inhomoge-
neous Helmholtz equation.  Applying the conventional boundary
element method to this inhomogeneous equation, the inhomogeneous
part will result in a domain integral which makes the computation
complicated and messy.  To improve this drawback, the DRBEM is
adopted to transform the domain integral to boundary integral.  In
order to verify the validity of this model, the relative amplitudes
around a circular island without current effects were performed, and
compared with analytical solutions of Homma (1950).  The agreement
is fairly satisfactory.  The combined effects of wave refraction-
diffraction and currents around a circular island over a variable water
depth were calculated by this model.  The results show that the model
has a great potential to be used for solving the problem of combined
wave refraction-diffraction and currents.

INTRODUCTION

The study of the combined effects of wave refrac-
tion-diffraction and currents becomes an important topic
on ocean engineering nowadays.  It has drawn attention
of researchers to do the related investigation.  Homma
(1950) used the shallow water equation to investigate
wave refraction and diffraction around a circular island.
Berkhoff (1972), and later Vanstano and Reid (1975)
derived the well-known mild-slope equation to describe
wave refraction and diffraction.  Booij (1981), Liu
(1983) and Kirby (1984) extended the mild slope equa-
tion to include the effects of current.  Based on the
equation derived by Kirby (1984), a model using finite/
boundary element method was proposed by Lin et al.

(1994) to study the effects of wave refraction-diffrac-
tion together with a current.  The model needs to place
with a large number of finite elements in a variable
seabed domain.  Thus, the computer storage and time
are formidable.

Zhu (1993a), Zhu and Zhang (1995) developed a
numerical procedure using the DRBEM, which was first
proposed by Nardini and Brebbia (1982), to study the
combined refraction and diffraction of water waves
propagating around islands or solid offshore structures
over a variable seabed.  More recently, Hsiao et al.
(1997) adopted the DRBEM to improve the numerical
model, which combined perturbation and boundary el-
ement method proposed by Rangogni (1988) for wave
refraction and diffraction problems.  The results of them
show that a considerable improvement in terms of nu-
merical efficiency has been achieved with the adoption
of the DRBEM.  Therefore, the DRBEM is used in this
study in order to provide a more effective numerical
model dealing with the combined effects of wave re-
fraction-diffraction and currents.

MATHEMATICAL  FORMULATION

As shown in Fig. 1, the domain of interest is
divided into two regions: a bounded region D1 with a
variable water depth, and a semi-unbounded region D0

having a constant water depth.  While in the first region,
current together with a large obstacle are present.  α  is
the circular angle measured clockwise from positive x-
axis with radius R.  In the latter, it is assumed that effects
of currents are negligible.  The mild-slope equation
derived by Booij (1981), Liu (1983) and Kirby (1984),
describes the effects of wave refraction-diffraction in
the presence of uniform currents:

   D 2Φ
Dt2

– ∇ ⋅ (CC g∇Φ ) + (σ 2 – k 2CC g) Φ = 0 (1)

where    D 2

Dt2
= ( ∂

∂t
+ U ⋅ ∇ ) ( ∂

∂t
+ U ⋅ ∇ )

Here,  U  is the current velocity, ∇  represents a
horizontal gradient operator, Φ is the surface velocity
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potential of the linearized wave motion, h is water
depth, σ is the relative frequency, and k is the wave
number.  C and Cg are respectively the local phase and
group velocities calculated from the frequency σ and
the wave number k.  For monochromatic wave with
absolute frequency ω one has

Φ = φe−iωt (2)

Substituting Eq. (2) into Eq. (1) and neglected the
convective term, one can obtain

   ∇ 2φ + k 0
2φ = (k 0

2 – k 2) + 1
CC g

(σ 2 – ω2) φ

   – 1
CC g

(∇ CC g + 2iωU) ⋅ ∇ φ (3)

Where k0 is the wave number in domain D0, ω is the
absolute frequency,   i = – 1  is the imaginary constant,
ω and σ are related by Doppler’s relation:

   ω = σ + k ⋅ U (4)

For waves propagating in the region D0, without
current interfering, Eq. (3) is then reduced to the
Helmholtz equation

   ∇ 2φ0 + k 0
2φ0 = 0 (5)

Assuming that the velocity potential φ0, in the
region D0, can be expressed as a linear combination of
the incident and scattered wave potential, i.e. φ0 = φi +
φs.  Substituting the expression of φ0 into Eq. (5), the
governing equation for the scattered wave potential in
region D0 can be obtained.

   ∇ 2φs + k 0
2φs = 0 (6)

In the bounded region D1 with variable water

depth, the wave-current field around the obstacle is
governed by Eq. (3), which is expressed as follows:

   ∇ 2φ1 + k 0
2φ1 = (k 0

2 – k 2) + 1
CC g

(σ 2 – ω2) φ1

   – 1
CC g

(∇ CC g + 2iωU) ⋅ ∇ φ1      (7)

where, φ1 denotes the velocity potential in region D1.
The boundary conditions for the computational

domain are now specified as follows:
1. The boundary condition on the surface of the obstacle

S1 is given by

   ∂φ1
∂n = 0 (8)

2. In the semi-unbounded region, the velocity potential
of the scattered wave φs must satisfy the Sommerfeld
radiation condition

   lim
r → ∞

r ( ∂
∂r – ik 0) φs = 0 (9)

where   r = x 2 + y 2 .

3. For the boundary between bounded and semi-un-
bounded region, conservations of mass and energy
flux of the fluid lead to the requirements that

   φ1 = φ0 = φs + φi

∂φ1
∂n = –

∂φ0

∂n'
= – (

∂φs

∂n'
+

∂φi

∂n'
)

 on S0 (10)

Here n and n' are the outer normal derivatives for
the bounded and semi-unbounded regions, respectively.

DESCRIPTION  OF  THE  MODEL

In the semi-unbounded region D0, the governing
equation for the scattered wave potential is the Helmholtz
equation as shown in Eq. (6).  If the weighting function
φ* is chosen as    φ* = – i

4
H 0

(1)(kr) , where   H 0
(1)

 is the Hankel
function of the first kind with zero order, and r is the
distance between a source point and a field point.  By
applying the Green’s second identity, and substituting
the boundary condition on S∞ (Eq. (9)) into Eq. (6) lead
to the following boundary integral equation :

   
C 0iφi

s = (
S 1

φs
∂φ*

∂n'
– φ* ∂φs

∂n'
) ds , C 0i =

1 in D 0

1
2

on S 0

(11)

In the bounded region, the governing equation for

Fig. 1.  Definition sketch of computational domain.
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the wave-current coexisting field, Eq. (7) is an inhomo-
geneous Helmholtz equation.  Multiplying both side of
Eq. (7) by the same weighting function as that in Eq.
(11) and applying Green’s theorem again, one can ob-
tain

   C 1iφ1i – φ1
S

∂φ*

∂n ds + φ*

S

∂φ1
∂n ds = φ*

D 1

bdA ,

  
C 1i =

1 in D 1

1
2

on S 1

(12)

where S = S1 + S0 is the boundary of region D1, and b
denotes the inhomogeneous part, i.e., the right hand side
of Eq. (7).

Once the boundary conditions, Eq. (10), on the
boundary S0 are imposed, the system of integral equa-
tions of Eq. (11) and Eq. (12) can be simplified com-
bined as:

   (C 1i + C 0i) φ1i – (
S 1

φ1
∂φ*

∂n – φ* ∂φ1
∂n ) ds

   – (
S 0

φi ∂φ*

∂n – φ* ∂φi

∂n ) ds = C 0iφi + φ*

D 1

bdA

(13)

  The domain integral on the right hand side of Eq.
(13) is now dealt with by DRBEM.  Based on the theory
of DRBEM (Partridge et al, 1992), the function b can be
approximated as:

   b = Σ
k = 1

N + L

αkf k (14)

where N is the number of nodes on the boundary, L is the
number of internal points, αk are unknown coefficients
to be determined by the collocation method, and fk are
expansion functions, which can be expressed by the
distance function rk from the source point to a specified
point and can be chosen as fk = 1 + rk.  If there exists a
function  φk  that satisfies:

   ∇ 2φk + k 0
2φk = f k (15)

where the particular solutions  φk  for Eq. (15) can be
found in Zhu(1993b), then substituting Eqs. (14) and
(15) into Eq. (13), we have

   (C 1i + C 0i) φ1i – (
S 1

φ1
∂φ*

∂n – φ* ∂φ1
∂n ) ds

   – (
S 0

φi ∂φ*

∂n – φ* ∂φi

∂n ) ds

   = C 0iφi + Σ
k = 1

N + L

αk [C 2iφik – φk
S

∂φ*

∂n ds

   + φ*

S

∂φk
∂n ds] (16)

where the coefficient C2i equals 1 if the point lies inside
the bounded region D1, 1/2 if it lies on the smooth
boundary S, and equals to 0 if it lies outside the bounded
region D1.  After discretizing the boundaries S0 and S1

with constant element and applying the standard DRBEM
procedures, a linear system of algebraic equations is
obtained as

(H − λ 'S + λ"R)φ = Gq − H'φi + G'qi (17)

where

   λ ' = (k 0
2 – k 2) + 1

CC g
(σ 2 – ω2)

   λ" = – 1
CC g

(∇ CC g + 2iωU)

    S = (Hφ – Gq) f – 1

    R = S ∂f
∂x f – 1

φ is an (N + L) × 1 vector, the first N entries of
which are the nodal values of φ1 defined on S, and the
last L entries of which are the nodal values of φ1 defined
on the internal points; q is an (N + L) × 1 vector, the N
entries of which are the normal derivatives of φ1, de-
fined on S.  φi, qi and φ , q  are the vectors of the same
dimension as φ and q respectively.  H, G, H' and G' are
of the usual meaning, which can be worked out with
standard BEM procedure.  While the boundary condi-
tions on S1, Eq. (8), are imposed, Eq. (17) can be solved
with the inversion of an (N + L) by (N + L) complex
matrix.

MODEL  VERIFICATIONS

In this study, Homma’s (1950) analytical examples
for wave refraction-diffraction around a circular island
over a paraboloidal shoal (as shown in Fig. 1) was
performed to verify the validity of the present model.
Three difference geometries (A, B and C) are consid-
ered as listed in Table 1.

The wave period T = 240, 480, 720 and 1440
seconds are chosen as the conditions of the incident
waves.  The relative amplitude around a circular island
on a paraboloidal shoal without current effects (i.e. U =
0) was firstly calculated.  Fig. 2 shows the numerical
results of three different geometries together with the
analytical solutions of Homma (1950) for the incident
wave period T = 480 sec.  Furthermore, a comparison
between the present numerical results and the analytical
results of Homma (1950) with the incident wave period
T = 240, 480, 720, 1440 seconds (see Fig. 3) was made.
The agreement is fairly satisfactory.
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NUMERICAL  EXAMPLES

Variations of the relative amplitude around a cir-
cular island under the effects of current were calculated
for geometries A and B.  The current velocities U are 10
m/sec and 20 m/sec, the intersection angle (θ) between
wave and current varies from 0°, 90° to 180°.  To
facilitate data analyzing, the whole domain is divided
into four regions, A, B, C, and D, as shown in Fig. 4.  The
regions are separated by two lines: one is drawn along
the incident (CI) and outgoing (CD) current rays, and
the other is perpendicular to it, both passing through the
center of the circular island.  Regions A and B are called

the inflow side, where angles between the diffracted
wave ray and current ray are smaller than 90°.  Regions
C and D are called outflow side.  Four quadrants can be
similarly defined based on the direction of the incident
waves (WI and WD).  Quadrants I and IV will be called
the downwave regions, while the other quadrants are the
upwave regions.

Figures. 5 and 6 show the results of the relative
amplitude distribution around the circular island of
geometries A and B.  The waves-current intersection
angle is zero which means that waves are traveling
along with the current (i.e., parallel to the positive x-
axis ).  Three curves of different current (U = 0, 10, and

Table 1.  Conditions used for the numerical calculation

R1(m) R0(m) h1(m) h0(m) h0/h1

Geometry A 11,547.00 3,000.00 1.33
Geometry B 10,000.00 17,329.18 1,333.33 4,000.00 3.00
Geometry C 20,000.00 1,000.00 4.00

Fig. 2. Comparison between the numerical solutions and the analytical
solutions for relative amplitudes around the island with wave period
T = 480 sec (geometry A, B and C).

Fig. 3. Comparison between the numerical solutions and the analytical
solutions for relative amplitudes around the island (geometry A)
with different wave periods.

Fig. 4.  Definition sketch of regions used for data analysis.

Fig. 5. Relative amplitude around a circular island (geometry A) for the
intersection angle θ = 0°.
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20 m/sec, respectively) are presented for the comparison.
All curves show that the largest relative amplitude
occurs at the so-called stagnation point which is directly
attacked by the current (α  = 180° in the figures).  The
amplitude decreases symmetrically on both sides. The
smallest amplitude occurs around α  = 60° and   (i.e.,
±60° referred to the wave direction at the downwave
side).  Two figures also show that the relative ampli-
tudes will decrease as U increases.  Such phenomenon is
more pronounced for the case of geometry B in Fig. 6.
The phenomenon is because of the waves propagating
on a favorable current the wave height becomes smaller
than when no current is present, and also decreases even
when the current magnitude increases.

Figures 7 and 8 show the results of the wave-
current intersection angle θ is equal to 90° which mean
that current is coming from the positive to the negative
direction of the y-axis, while waves are traveling along
the x-axis from left to right.  Three curves of different
current celerity (U = 0, 10, and 20 m/sec, respectively)
are presented for the comparison.  The curves of non-
zero current celerity lose their characteristics of sym-
metry referred neither to the wave direction (WI-WD

line in Fig. 4) nor to the current direction (CI-CD line in
Fig. 4).  Due to the combined effect of waves and
current, the largest relative amplitude didn’t occur at
the stagnation point (α  = 90° in the figures).  However,
we can also observe that as the celerity of current is
increased the location of the largest amplitude ap-
proached to the current direction.  Such phenomenon
offers the information that wave conditions around a
circular island are affected by the interaction effect
between incident waves and current.  The dominant
effect can be affected by the celerity of the current.  In
the downwave region, the relative amplitude in the
outflow side (α  = 270°-360°) is larger than that of zero-
current case, and is increased with the increasing cur-
rent celerity.  While such phenomenon does not occur in
the inflow side.  More obvious evidence can be found in
the case of geometry B (Fig. 8).

 Figs. 9 and 10 show the results of the wave-
current intersection angle θ is equal to which means that
current is coming from the opposite direction to the
incident wave direction.  That is, the waves are coming
from left to right along the x-axis, while the current is
traveling from right to left.  Three curves of different

Fig. 6. Relative amplitude around a circular island (geometry B) for the
intersection angle θ = 0°.

Fig. 7. Relative amplitude around a circular island (geometry A) for the
intersection angle θ = 90°.

Fig. 8. Relative amplitude around a circular island (geometry B) for the
intersection angle θ = 90°.

Fig. 9. Relative amplitude around a circular island (geometry A) for the
intersection angle θ = 180°.
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celerity (U = 0, 10, and 20 m/sec, respectively) are also
shown in Figs. 9 and 10, as shown in Figs. 5 and 6 the
characteristics of symmetry are coming back again, and
the largest relative amplitude occurs at the so-called
stagnation point in all curves (α  = 180° in the figures).
The amplitude is still decreased symmetrically on both
sides, and the smallest amplitude occurs around α  = 60°
and 300° (i.e., ±60° referred to the wave direction at the
downwave side).  However, difference occurs between
Figs. 5 and 6 and Figs. 9 and 10 that the relative
amplitude is increased as U increases.  Such phenom-
enon is more obviously shown in Fig. 10 for the case of
geometry B.  The phenomenon is due to the waves
propagating on an adverse current the wave height
becomes larger than when no current is present, and also
increases even when the current magnitude decreases.

From the discussion above, it demonstrates that,
(a) with waves propagating on a favorable current, the
relative amplitude becomes smaller as compared with
the case of absence of current, and also decreases with
increasing current velocity, and (b) for the waves propa-
gating on an adverse current, an opposite trend is found.
(c) The trend of the relative amplitude decreases
(increases) with increasing current velocity is more
pronounced for geometry B, which has a larger depth
ratio (h0 / h) than geometry A.

CONCLUSION

A more effective numerical model for the com-
bined effects of wave refraction- diffraction and cur-
rents around a circular island over a seabed with vari-
able water depth has been developed by employing the
dual reciprocity boundary element method (DRBEM).
The cases with no current effects were firstly calculated,
and compared with the analytical solutions of Homma
(1950).  The agreement is fairly satisfactory.  Using the
proposed model, the combined effects of refraction-

diffraction and currents around a circular island were
further calculated.  The numerical results show qualita-
tive agreement.  Therefore, the DRBEM model pro-
posed here has its adaptability to deal with the interac-
tion between wave-current and large structures.
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