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A STABILITY CRITERION OF TIME-DELAY
FUZZY SYSTEMS

Cheng-Wu Chen*, Wei-Ling Chiang**, Ken Yeh***,
Zhen-Yuan Chen**** and Li-Teh Lu*****
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ABSTRACT

To guarantee the asymptotic stability, a stability criterion in
terms of Lyapunov’s direct method for multiple time-delay fuzzy
interconnected systems is proposed in this paper. Each of these
systems consists of a number of subsystems represented by Takagi-
Sugeno fuzzy models with multiple time delays.

INTRODUCTION

The mathematical models of many physical and
engineering systems are frequently of high dimension,
or possessing interactive dynamic phenomena. The
information processing and requirements to experiment
with these models for control purposes are usually
excessive. Moreover, the existence of time delaysis
frequently a source of instability in some way. Hence,
the problem of stability analysis of time-delay systems
has been one of the main concerns of researchers (see
[1-3], for example) wishing to inspect the properties of
such systems.

In this paper, we consider a multiple time-delay
fuzzy interconnected system composed of J subsystems
with interconnections and each subsystem is repre-
sented by the so-called Takagi-Sugeno (T-S) fuzzy
model with multiple time delays. One critical property
of control systems is stability and considerable reports
have been issued in the literature on the stability prob-
lem of fuzzy dynamic systems (see [4-5] and the refer-
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ences therein). However, a literature survey indicates
that the stability problem of fuzzy interconnected sys-
tems with multiple time delays has not yet been resolved.
Thus, for the purpose of general application, a stability
criterion in terms of Lyapunov’s direct method is de-
rived to guarantee the asymptotic stability of multiple
time-delay fuzzy interconnected systems.

SYSTEM DESCRIPTION AND STABILITY
ANALYSIS

Consider an interconnected system F composed of
J multiple time-delay subsystems F;, j = ., J. The
jth subsystem F is described as follows

X;(t) = f; (¢, ) + Z 9yt -+ Z byXal), (1)
n¢J

where f; and g; are the nonlinear vector-valued functions;
x(t) denotesthe state vector and X[ (t) = [xy;(t), Xy(1), .-
Xgi(D]; T4, the kth time delay of thejth subsystem, is a
positive real number for k = 1, 2, ..., N;; by is the
nonlinear interconnection matrix between the nth and
jth subsystems.

In alittle more than a decade ago, a fuzzy dynami-
cal model had been developed primarily from the pio-
neering work of Takagi and Sugeno [6] to represent
local linear input/output relations of nonlinear systems.
Accordingly, the jth isolated subsystem (without
interconnection) of N is approximated by afuzzy model
described by fuzzy IF-THEN rules. Theith rule of this
fuzzy model for the nonlinear interconnected subsystem
N; is proposed as the following form:

|FX1j(t) is My and ... and ng(t) is Migj
N

THEN X(t) AI] ](t)+ Z Alijj(t ) (2)

where X] (t) = [xy(t), Xg(), .-, Xg(®], i =1, 2, ..., rj and
rj isthe number of IF-THEN rules of the jth subsystem;
Aj; and A are constant matrices with appropriate
dimensions, x(t) is the state vector, 1y; denotes the time
delay, Mi,(p =1, 2, ..., g) are the fuzzy sets, and xy(t)
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~ Xgi(t) are the premise variables. The final state of this
fuzzy dynamu: system is mferred as follows

Xj(t) Z Wu(t)[Au J(t)+ Z Aij (t z-kj)]/ Z Wu(t)
= Z hu(t)[Au J(t)+ Z AIkJXJ(t TkJ)] (3)

'
=p|:|1 Mip (g ®)) hij(t):Wij(t)/igl wi(t),

Mipi(Xpi (1)) is the grade of membership of xy(t) in Mjy;.
In this paper, it is assumed that w(t) 2 0,i=1,2, ..., rj;
i

j=1,2,..,Jand izl wii(t) for all t. Therefore, hj(t) =
] =
0and ,Z h;;®) for al t. Therefore, from Eq. (1) and Eq.

where wj;(t)

(3), we have
N

X(t)_ Z h”(t)[A” J(t)+ Z Alijj(t z-kJ)

J
+ 2 byxolt) ©)
n#j
In the following, a stability criterion is proposed to
guarantee the asymptotic stability of the multiple time-
delay fuzzy interconnected system F which consists of
J fuzzy models F; (j = 1, 2, ..., J) described in Eq. (3).
Prior to examination of asymptotic stability of F, a
useful concept is given below.
Lemma 1[7]: For any matrices X and Y with appropri-
ate dimensions, we have

XY + Y'X £ kXX + kKYTY
where k is a positive constant.

Theorem 1: The multiple time-delay fuzzy intercon-
nected system F is asymptotically stable, if there exist
positive definite matrices P; > 0, Ry; > 0 and positive
constants a; > 0, n > 0 such that the following inequali-
ties hold:

An@Qj) <0; /Yikj =2u@Qiy) <0 (5)
fori=1,2,..,r, =12 .,J, k=12, ..., N
where
Nj Nj
Q; ={AjP; +PA; + 2 Ryt 2 apP, AigALP;
+n@ -1l + 7 NP;bbyP)} (6)
Qi = a7 U —Ry . (7)
with PJ = PJT, Rkj = R-kr],

and Au(Qj;) as well as Ay(Qij) denote the maximum

eigenvalues of Q;; and Qj, respectively.
PROOF OF THEOREM 1

Let the Lyapunov function for the multiple time-
delay fuzzy interconnected system F be defined as

V(t)zél vj(t):él {X/ OP;x;(t)

e 3 [ X DR -
kzlJ;) X (t— )Py Xt —1)d7} (8)

where P; = PJ-T > 0 and the weighting matrix Ry = RI,— >
0. We then evaluate the time derivative of V on the
trajectories of Eq. (4) to get

\'/:él vj(t)zé1 % ©P;; ) + X[ ©)P;X; 0]
Nj
+ 33 ORXO-XE - TR - )

r.

N
= 3 L2, NOAXO* 2, A1)

© 3 bR OPLS, hy A0
nzj
Nj 3

* 2, At =T+ 2 byl

30N Tn |
"5 2, 2, 0RO
—x](t— Tk])RkJXJ t-1)l

= z Z h,,(t)xT(t)(A]Pl +PA; + z Rg)x; (t)

+ Z Z hi;(t)Z X[t — Ty )ALP;X; )

+XT(t)P iAikgXj € = 7] +,zl nzl [XT(t)b”l %)
n#j

+ X (OP;0 5%, (1)]
i Nj

J
+j§l i; kgl hiOF X € = T)Rg Xt — 7)] (9)

Based on Lemma 1 and Eg. (9) we have
o3 h
V2 2 h

j=11i=1
|

3 3 03, aO0P AR

O OAGP; +PiA; + Z Ryj)x; ()

+ a7 5 -1 - 1) *,Zl 3 KO0

n#j
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+ =] ()P by b Px; )]
N

+ i Z g hy OFX(t — 7ig)RgX; t — 7]

j=1i=1
g " Nj
Vs_z1 .Z FOXT AP, +PjA; + Z Ry
] = i=1
Nj
+2 a;PAALPX ()

N
+§1 i; k; hij(t)ij(t—rkj)[aj—ll —RyIxt — 1)

£33 5 nogenc
n‘lPan]bIJP]]x-(t)
N
= z z hy OX]EXAP; +PjA; + Z Ry
N
+ Zj aPA”qA,k]P +n@ -1

+1~1(P;b b 5P (1)

g TN
+ Z g gl hij(t)XjT(t_Tkj)[aj_ll —Rylx;t — 1)
=5 3 hOg0Qy

Nj
+j§ 3 3 n0KE-rQut-ryl. (10
VoS 3 (3 hi,-(m”u}ux-(t)uz

+]Zl kzl{lZ h”(t)Alk]}HX (t_Tk])H (11)
Based on Eq. (6) and Eq. (7), we have V<0 and
the proof is therefore completed.

CONCLUSIONS

This paper is concerned with the stability problem
of the multiple time-delay fuzzy interconnected system
which consists of a few interconnected subsystems.
Each subsystem is represented by a T-S fuzzy models
with multiple time delays. A stability criterion in terms
of Lyapunov’s direct method is proposed to guarantee
the asymptotic stability of multiple time-delay fuzzy
interconnected systems.
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BlafRKELRIEZA

M

#m =

AU A 2434 X B 4% % (Lyapunov’ s direct
method)4f & — 48 & 4 8] o 3bAS T B B T HEAR % B 2L
AR IR AR AR E B HAR R o UF RMAFEA
T-SHE A (Takagi-Sugeno fuzzy models) 89 4% 75 &
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