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ABSTRACT

In this paper, the modeling and control of nonlinear Autonomous
Underwater Vehicle (AUV) system is considered by using a Takagi-
Sugeno (T − S) type fuzzy model.  Applying the AUV T − S fuzzy
model, one can develop a model-based fuzzy controller design utiliz-
ing the concept of Parallel Distributed Compensation (PDC).  The
main idea of the controller design approach is to derive each control
rule so as to compensate each rule of a fuzzy system.  The design
procedure is conceptually simple and natural.  Finally, the responses
of states of AUV dynamic real system and AUV dynamic T − S fuzzy
model will be shown in the simulation.

INTRODUCTION

The control of AUV is a field of increasing interest
due to its many interesting applications [8].  The AUV
may perform environmental surveying; inspect under-
sea cables and offshore oil installations, and find sunken
ships, aircraft and other lost artifacts.  As they are
undeterred, they may operate under ice, opening up
vast, largely unexplored arctic areas that are inacces-
sible to any other kind of research vessel, and operate at
depths too deep for tethered vehicles.  One interesting
class of AUV available control force in surge and con-
trol torques in roll, pitch and yaw, but no actuators in
sway and heave.  Another interesting thruster configu-
ration is that the AUV has no actuator in roll.  In this
paper, one considers the kinematics and dynamic equa-
tions of motion of the AUV [1, 11] in the horizontal
plane.  It interests as a study case in nonlinear controller
design because the model exhibits nonlinear interaction

in three degrees of freedom (surge, sway and yaw).  The
control inputs are the thruster surge force and the thruster
yaw torque.  This AUV has no side thruster.

In this paper, T − S type fuzzy model is used to
describe the nonlinear AUV system.  The fuzzy model
proposed by Takagi and Sugeno [12] is described by
fuzzy IF-THEN rules which represent local linear input-
output relations of a nonlinear system. Its main feature
is used to express the local dynamics of each fuzzy
implication by a linear system model.  Applying the
AUV T-S fuzzy model, one can develop a model-based
fuzzy controller design approach utilizing the concept
of PDC [2-7, 13-18].  The PDC concept is useful for the
fuzzy controller design of T − S type fuzzy models and
its main idea of the proposed controller design approach
is to derive each control law so as to compensate each
rule of a fuzzy system.  The design procedure is concep-
tually simple and natural.  Finally, applying Linear
Matrix Inequality (LMI) [6, 13, 16] design technology,
one can design a nonlinear fuzzy controller for the AUV
system.  Hence, the purpose of this paper is to develop
a methodology to design a stable fuzzy controller for the
nonlinear AUV system via the PDC concept and the
LMI method.

The organization of this paper is presented as
follows.  Section 2 describes the T − S type fuzzy model
and the modeling of nonlinear AUV systems.  Section 3
will provide the stability conditions for the existence of
the T − S fuzzy controllers.  The simulated results are
described in Section 4.  Finally, a conclusion is given in
Section 5.

MODELING  THE  NONLINEAR  AUV  SYSTEM
BY  USING  T − S  FUZZY  METHOD

In this section, we first begin with representing a
given nonlinear plant by the so-called T − S fuzzy model
[2-7, 13-18].  The fuzzy model proposed by Takagi and
Sugeno is described by fuzzy IF-THEN rules which
represent local linear input-output relations of a nonlin-
ear system.  Next, one will find the kinematics and
dynamic equations of motions of the AUV, and use T −
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S type fuzzy model to describe the nonlinear AUV
system.

A. Description of T − S Type Fuzzy Model

The main feature of T − S fuzzy model is to express
the local dynamics of each fuzzy implication by a linear
system model.  To design a fuzzy controller, one needs
a T − S fuzzy model for a nonlinear system.  Therefore,
the construction of a fuzzy model represents an impor-
tant and basic procedure in this approach.  In our ap-
proaches for constructing fuzzy model is derived from
given nonlinear system equations.  Fig. 1 illustrates the
model-based fuzzy modeling and controller design
procedure.  The approach utilizes the idea of “sector
nonlinearity”, “local approximation”, or a combination
of them to construct fuzzy models.  Sector nonlinearity
is based on the following idea.  Consider a simple
nonlinear system   x(t)  = f(x(t)), where f(0) = 0 .  The aim
is to find a simple nonlinear system   x(t)  =  f(x(t)) ∈  [a1

a2]x(t), where a1 and a2 are constant scalars.
This approach guarantees an exact fuzzy model

construction.  However, it is sometimes difficult to find
global sectors for general nonlinear systems.  In this
case, one can consider local sector nonlinearity.  This is
reasonable as variables of physical systems are always
bounded.  Fig. 2 and Fig. 3 show the local sector
nonlinearity and how to find the T − S fuzzy method
(membership functions) through it.  From the local
sector nonlinearity (Fig. 2) one can define the member-
ship functions through its geometrical structures (Fig.
3).

Consider the following nonlinear system:

f(x) = z(t) ∈  [a1 a2]x(t) = M1(t)a1x(t) + M2(t)a2x(t)
(1)

where, z(t) is known premise variable that may be
function of the state variable, external disturbance, and/
or time.  M1(t) and M2(t) are fuzzy sets.  Fig. 3 describes
the geometrical structures of local sector nonlinearity,
where two linear equations a1x(t) and a2x(t) help to the
linearity to the nonlinear function  .  It is obvious that M1

(t) and M2(t) can be described as follows:

  M1(t) =
z(t) – a 2x(t)

a 1x(t) – a 2x(t)
, M2(t) =

a 1x(t) – z(t)
a 1x(t) – a 2x(t)

M1(t), M2(t) ≥ 0, M1(t) + M2(t) = 1 (2)

One can define the membership functions (Fig. 4)
from (2).  Then, a nonlinear system can be represented
by the T − S type fuzzy model dependent on the member-
ship functions.  The ith rule of the T − S fuzzy model is
of the following form:

IF z1(t) is Mi1 and ... and zp(t) is Mip,

THEN   x(t)  = Aix(t) + Biu(t),  i = 1, 2, ..., q.     (3)

were Mip is the fuzzy set and x(t) ∈  Rn is the number of
model rules; u(t) ∈  Rm is the state vector, is the input
vector and Ai ∈  Rn × n, Bi ∈  Rn × m; z1(t), ..., zp(t) are known
premise variables that may be functions of the state
variables, external disturbances, or time.  The z(t) is
denoted as the vector containing all the individual ele-
ments z1(t), ..., zp(t), where p is the premise variable
numbers.  Given a pair of (x(t), u(t)), the final outputs of
the fuzzy systems are inferred as follows:

Fig. 1.  Model-based fuzzy modeling and controller design.

Fig. 2.  Local sector nonlinearity.
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x(t) =

Σ
i = 1

q

ωi(z(t)){A ix(t) + B iu(t)}

Σ
i = 1

q

ωi(z(t))

    = Σ
i = 1

q

h i(z(t)){A ix(t) + B iu(t)} (4)

where

z(t) =  z1(t), z2(t), ..., zp(t) (5)

   ωi(z(t)) = Π
j = 1

p

Mij(z j(t)) (6)

   h i(z(t)) =
ωi(z(t))

Σ
i = 1

q

ωi(z(t))
(7)

for all t.  The term Mij(zj(t)) is the grade of membership
of zj(t) in Mij.  Since

   
Σ

i = 1

q

ωi(z(t)) > 0

ωi(z(t)) ≥ 0 , i = 1, 2, ..., q (8)

on can obtain

   Σ
i = 1

q

h i(z(t)) = 1

h i(z(t)) ≥ 0 , i = 1, 2, ..., q
(9)

for all t.  Note that ωi(z(t)) is the weight of the i-th rule
and it is appropriate for membership values.

B. Modeling the Nonlinear AUV System

In order to simplify the motions of AUV, it is
assumed that the AUV active in horizontal plane.  From
[1], it is known that the model must have the applicable
homogeneity properties.  So one can obtain the follow-
ing coordinate transform:

s1 = cos(ψ)x − sin(ψ)y (10)

s2 = −sin(ψ)x + cos(ψ)y (11)

s3 = ψ (12)

and the AUV state equations are given as follows:

  s 1 = u + s 2r (13)

  s 2 = v + s 1r (14)

  s 3 = r (15)

   u =
m 22
m 11

vr –
d 11
m 11

u + 1
m 11

τ 1 (16)

  u =
m 11

– m 22
ur –

d 22
m 22

v (17)

   r =
m 11 – m 22

m 33
uv –

d 33
m 33

r + 1
m 33

τ 3 (18)

where the notation s1, s2 and s3 are the transitional
coordinate, u (surge speed) and v (sway speed) are the
body fixed frame component of the vehicle’s velocity, x
and y are the Cartesian coordinate of its center of mass,
ψ defines its orientation, and r is the vehicle’s angular
speed.  Furthermore, the thruster force in surge and the
thruster yaw torque are defined by τ1 and τ3, respectively.
Here, the side thruster is not considered, i.e., τ2 = 0.  In
addition, m11, m22, m33 are the effect of mass and hydro-
dynamic added mass terms d11, d22, d33 are the hydrody-
namic damping terms.  In order to notation, the states
and control inputs are redefined as follows.

Fig. 3.  Geometrical structures. Fig. 4.  Membership functions.
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x(t) = [x1  x2  x3  x4  x5  x6]T = [s1  s2  s3  u  v  r]T

(19)

u(t) = [u1  u2]T = [τ1  τ3]T (20)

For simplicity, it is assumed that the sway speed
x5(t) ∈  [− 0.2, 0.2] and the vehicle’s angular speed x6(t)
∈  [− 0.2, 0.2].  Of course, one can assume any applicable
range for x5(t) and x6(t) to construct fuzzy model.  Equa-
tions (13-18) can be rewritten as

   

x(t) =

0 x 6 0 1 0 0
– x 6 0 0 0 1 0

0 0 0 0 0 1

0 0 0 –
d 11
m 11

m 22
m 11

x 6 0

0 0 0 –
m 11
m 22

x 6 –
d 22
m 22

0

0 0 0
m 11 – m 22

m 33
x 5 0 –

d 33
m 33

x(t)

   

+

0 0
0 0
0 0
1

m 11
0

0 0
0 1

m 33

u(t) (21)

where x(t) = [x1(t)  x2(t)  x3(t)  x4(t)  x5(t)  x6(t)]T, u(t) =
[u1(t)  u2(t)]T.  Note that x5(t) and x6(t) are nonlinear
terms.  Next, calculate the minimum and maximum
values of x5(t) and x6(t) under x5(t) ∈  [− 0.2, 0.2] and x6

(t) ∈  [− 0.2, 0.2].  They are obtained as follows:

max x5(t) = 0.2,  min x5(t) = − 0.2, (22)

max x6(t) = 0.2,  min x6(t) = − 0.2. (23)

From the maximum and minimum values, x5(t) and x6(t)
can be represented by

x5(t) = Na(x5(t)) × 0.2 + Nb(x5(t)) × (− 0.2)     (24)

x6(t) = Nc(x6(t)) × 0.2 + Nd(x6(t)) × (− 0.2)     (25)

where

Na(x5(t)) + Nb(x5(t)) = 1 (26)

Nc(x6(t)) + Nd(x6(t)) = 1 (27)

Therefore, the membership functions can be calculated
as

  N a(x 5(t)) =
0.2 + x 5(t)

0.4
, N b(x 5(t)) =

0.2 – x5(t)
0.4

,    (28)

  N c(x 6(t)) =
0.2 + x 6(t)

0.4
, N d(x 6(t)) =

0.2 – x 6(t)
0.4

.     (29)

Then, the T − S type fuzzy model forms of AUV systems
are as follows:

Rule1: IF x5(t) is “Na” and x6(t) is “Nc”
THEN   x(t)  = A1x(t) + B1u(t) (30)

Rule2: IF x5(t) is “Na” and x6(t) is “Nd”
THEN   x(t)  = A2x(t) + B2u(t) (31)

Rule3: IF x5(t) is “Nb” and x6(t) is “Nc”
THEN   x(t)  = A3x(t) + B3u(t) (32)

Rule4: IF x5(t) is “Nb” and x6(t) is “Nd”
THEN   x(t)  = A4x(t) + B4u(t) (33)

where

  

A 1 =

0 – 0.2000 0 1 0 0
– 0.2000 0 0 0 1 0

0 0 0 0 0 1
0 0 0 – 0.3256 0.2465 0
0 0 0 – 0.1623 – 0.3774 0
0 0 0 – 0.0377 0 – 0.3774

(34)

  

A 2 =

0 – 0.2000 0 1 0 0
0.2000 0 0 0 1 0

0 0 0 0 0 1
0 0 0 – 0.3256 – 0.2465 0
0 0 0 0.1623 – 0.3774 0
0 0 0 – 0.0377 0 – 0.3774

(35)

  

A 3 =

0 0.2000 0 1 0 0
– 0.2000 0 0 0 1 0

0 0 0 0 0 1
0 0 0 – 0.3256 0.2465 0
0 0 0 – 0.1623 – 0.3774 0
0 0 0 0.0377 0 – 0.3774

(36)

  

A 4 =

0 – 0.2000 0 1 0 0
0.2000 0 0 0 1 0

0 0 0 0 0 1
0 0 0 – 0.3256 – 0.2465 0
0 0 0 0.1623 – 0.3774 0
0 0 0 0.0377 0 – 0.3774

(37)
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B 1 = B 2 = B 3 = B 4 =

0 0
0 0
0 0

0.0047 0
0 0
0 0.0038

(38)

The membership functions of this T − S type fuzzy
AUV system are shown in Fig. 5 and Fig. 6.  The
defuzzification is carried out as

    x(t) = Σ
i = 1

4
h i(x(t)){A ix(t) + B iu(t)} (39)

where

h1(x(t)) = Na(x5(t)) × Nc(x6(t)) (40)

h2(x(t)) = Na(x5(t)) × Nd(x6(t)) (41)

h3(x(t)) = Nb(x5(t)) × Nc(x6(t)) (42)

h4(x(t)) = Nb(x5(t)) × Nd(x6(t)) (43)

This fuzzy model exactly represents the nonlinear sys-
tem in the region [− 0.2, 0.2] × [− 0.2, 0.2] on the x5 −
x6 space.

FUZZY  CONTROLLER  DESIGN  FOR
NONLINEAR  AUV  SYSTEMS

In the above section, the nonlinear AUV system
has been transformed into the T − S fuzzy model.  To
carry on, one can apply the fuzzy controller of the T − S
type fuzzy model for the AUV system.  From the con-
cept of PDC, we only need to design the linear controller
for each rule, and then the controller of nonlinear sys-
tem can be blended by the linear controllers of all rules.
Applying the PDC concept, the fuzzy controller formula
can be represented as follows:

Rule1: IF x5(t) is “Na” and x6(t) is “Nc”
THEN u(t) = F1x(t) (44)

Rule2: IF x5(t) is “Na” and x6(t) is “Nd”
THEN u(t) = F2x(t) (45)

Rule3: IF x5(t) is “Nb” and x6(t) is “Nc”
THEN u(t) = F3x(t) (46)

Rule4: IF x5(t) is “Nb” and x6(t) is “Nd”
THEN u(t) = F4x(t) (47)

where F1, F2, F3 and F4 are the feedback gains for the
AUV T − S fuzzy controller design.  Here, the output of
the fuzzy controller is

    
u(t) =

ωjΣ
j = 1

4
(t){F jx(t)}

ωjΣ
j = 1

4
(t)

(48)

Substituting (48) into the AUV T − S fuzzy model,
one can obtain the closed-loop state equation as follows.
The stability analysis is mentioned in [13, 15-17] for the
closed-loop T − S type fuzzy model.  The closed-loop
system is driven by the PDC-type fuzzy controller.

    
x(t) =

Σ
i = 1

4
ωiΣ

j = 1

4
(t)ωj(t){(A i + B iF j)x(t)}

Σ
i = 1

4
ωiΣ

j = 1

4
(t)ωj(t)

(49)

Rewriting equation (49), one obtain

 
    

x(t) = 1
W

ωiΣ
i = 1

4
(t)ωi(t)(A i + B iF i)x(t)

    + 1
W

2 ωiΣ
i < j

(t)ωj(t)R ijx(t) (50)

where

   W = Σ
i = 1

4

Σ
j = 1

4
ωi(t)ωj(t) (51)

Fig. 5.  Membership functions of x5(t). Fig. 6.  Membership functions of x6(t).
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R ij =

(A i + B iF j) + (A j + B jF i)

2
, i < j (52)

and W is the total weight; Rij represents the influence
item between each other rules.

Theorem 1 [14]
If there exists a common matrix P satisfying the

following two conditions (53) and (54), then the AUV T
− S fuzzy model is asymptotically stable in the large.

(Ai + BiFi)
TP + P(Ai + BiFi) < 0, i = 1, 2, 3, 4

(53)

   R ij
TP + PR ij < 0 , i < j (54)

The stability analysis of T − S type fuzzy system
depends on the common positive definite matrix P and
linear feedback gains Fi.  Most of procedures are devel-
oped to find the suitable P and Fi to satisfy (53) and (54)
by iterative methods.  Here, one will use the LMI
methodology to deal with the present problem.  It is
assumed that there is an LMI of the following form:

    G(κ) = G 0 + Σ
i = 1

m
κ iG i > 0 (55)

where κ T = [κ1  κ2  ....  κm] is the variable and the
symmetric matrices Gi =   G i

T
 ∈  Rn × n, i = 0, ..., m are

given.  The inequality symbol > 0 means that G(κ) is
positive definite.  Considering (55), the purpose of LMI
methodology is to find k such that G(κ) > 0.

The LMI (55) is a convex constraint on κ , i.e., the
set {κ|G(κ) > 0} is convex.  In the control theory, many
stability conditions can be transformed into an LMI
form, such as Lyapunov inequality. The Lyapunov in-
equality for continuous-time system has the following
form:

ATP + PA < 0 (56)

In this paper, the stability conditions (53) and (54)
can be transformed into an LMI if one assign Fi = KiP

−

1.  Applying the interior point polynomial method [9,
10], one can find the solutions of LMI by the LMI-
toolbox of MATLAB software.  It can easily find the
common positive definite matrix P and linear feedback
controllers Fi for each rule for satisfying the sufficient
stability conditions (53) and (54).

Now, the numerical simulations will be given to
show the application of the present approach for the
AUV nonlinear systems.  Applying LMI-toolbox of
MATLAB, one can find a suitable common positive
definite matrix P and linear feedback controllers Fi, i =
1, 2, 3, 4, to satisfy (53) and (54).  The solutions can be
found as follows:

   

P = 10– 3 ×

10.3642 – 0.0000 – 0.0000 23.4319 1.3525 – 0.0000
– 0.0000 9.4862 – 0.0000 0.0000 25.1384 – 0.0000
– 0.0000 – 0.0000 12.4312 0.0000 0.0000 30.2953
23.4319 0.0000 0.0000 81.0392 36.0950 – 0.0000
1.3525 25.1384 0.0000 36.0950 155.8894 0.0000

– 0.0000 – 0.0000 30.2953 – 0.0000 0.0000 92.2957

(57)

  F 1 =
– 6.4366 – 1.6113 0.8638 – 22.5729 – 16.9749 2.5591
0.5367 0.0000 – 6.3381 1.6883 0.5001 – 18.7734

(58)

  
F 2 =

– 7.4347 1.6113 1.3363 – 23.4170 – 1.7829 3.9590
0.7643 – 0.0000 – 6.4283 2.6511 1.2732 – 19.0404

(59)

  
F 3 =

– 6.4366 – 1.6113 – 0.8638 – 22.5729 – 16.9749 – 2.5591
– 0.5367 0.0000 – 6.3381 – 1.6883 – 0.5001 – 18.7734

(60)

  
F 4 =

– 7.5347 1.6113 – 1.3363 – 23.4170 – 1.7829 – 3.9590
– 0.7643 – 0.0000 – 6.4283 – 2.6511 – 1.2732 – 19.0404

(61)

The above fuzzy controller satisfies the stability
conditions (53) and (54).  Hence, the T − S type fuzzy
model of AUV system is stable with the linear feedback
gains given in (58) to (61).

SIMULATIONS

In this section, the simulation results will be pre-
sented for the AUV dynamic real model (10-18) and
AUV dynamic T − S fuzzy model (39), respectively.  It
is done by using the MATLAB fuzzy toolbox and
SIMULINK toolbox.  The system parameters of this
simulation are given as follows: m11 = 215(kg), m22 =
265(kg), m33 = 265(kg), d11 = 70(kg), d22 = 100(kg) and
d33 = 100(kg).  Moreover, the initial conditions of
system states of this simulation are stated by [x1(0),
x2(0), x3(0), x4(0), x5(0), x6(0)]T = [20(m), 1(m), 1(rad),
0(m/s), 0(m/s), 0(rad/s)]T.  Fig. 7 and Fig. 8 are the
simulation results of AUV dynamic real model and
AUV dynamic T − S fuzzy model without fuzzy control.
In fuzzy control case, the desired trajectory is [x1, x2] =
[0, 10].  Fig. 9 to Fig. 13 show the simulation results
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with fuzzy control input gains (58) to (61).  From this
simulation, one can find that the control errors are [x1,
x2] = [0.027, 0.049] for real system; and [0.026, 0.022]
for T − S type fuzzy system.

Through the above simulation results, it can be
found that AUV system can be transformed into T − S
type fuzzy model via the T − S type fuzzy modeling
method.  Moreover, the control problem of AUV nonlin-
ear dynamic system can be solved by the LMI-based
fuzzy type control method.  It is a practical approach for
the control problem for nonlinear AUV systems.

CONCLUSIONS

In this paper, the idea of sector nonlinearity in
fuzzy model has been used to implement a nonlinear
dynamic AUV system.  The sector nonlinearity is based
on the idea of finding a global sector such that   x(t)  = f(x

(t)) ∈  [a1, a1]x(t).  This approach guarantees an exact
fuzzy model construction.  Through the idea of sector
nonlinearity and T − S type fuzzy modeling method, one
can construct the T − S type fuzzy model of nonlinear
dynamic AUV system. Through the PDC concept, the
linear controller design method allows us to design the
feedback gain in each rule.  Then, the fuzzy controller of
nonlinear system can be blended by the linear control-
lers of all rules.  Applying the LMI design methodology,
one can solve linear feedback gain for each rule to
satisfy the stability conditions for the T − S type fuzzy
AUV systems.
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Fig. 7.  The x1(t) − x3(t) plot without fuzzy controller.

Fig. 8.  The x4(t) − x6(t) plot without fuzzy controller.

Fig. 9.  The x1(t) − x2(t) plot.

Fig. 10.  The transitional coordinate of x3(t).
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Fig. 11.  The surge speed x4(t).

Fig. 12.  The sway speed x5(t).

Fig. 13.  The vehicle’s angular speed x6(t).
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