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ABSTRACT

According to the Stokes micro-continuum theory, the effects of
couple stresses upon the steady-state performance of wide parabolic-
shaped slider bearings are presented in this paper.  To account for the
couple stress effects arising from a Newtonian lubricant blended with
various additives, the modified non-Newtonian Reynolds-type equa-
tion is derived using the Stokes motion equations together with the
continuity equation.  Comparing with the traditional Newtonian-
lubricant case, the effects of couple stresses characterized by the
couple stress parameter signify an improvement in the steady-state
performance.  Increasing values of the couple stress parameter in-
creases the bearing load-carrying capacity and reduces the required
volume flow rate and the friction parameter.  Compared to the inclined
plane bearing, the parabolic-shaped slider lubricated with couple
stress fluids results in a higher load-carrying capacity and a smaller
required volume flow rate especially for the bearing designed at a
larger value of the profile parameter.

INTRODUCTION

Slider bearings are often designed for supporting
the transverse load in engineering applications.  Bear-
ing characteristics for different film shapes have been
analyzed by Cameron [5], Pinkus and Sternlicht [18],
and Hamrock [8].  However, these studies focus upon
the use of a Newtonian fluid.  In order to improve the
lubricating performance, the increasing use of a
Newtonian lubricant blended with various additives
such as suspensions or long-chained polymers has been
emphasized.  Since the conventional continuum theory
cannot accurately describe the flow behavior of these
kinds of fluids, various micro-continuum theories are
proposed by Ariman and Sylvester [1, 2] and Stokes
[21].  Among these micro-continuum theories the Stokes

theory [21] is the simplest one, which allows for polar
effects such as the presence of couple stresses, body
couples, and non-symmetric tensors.  It is intended to
take into account of particle-size effects, and is of
importance for industrial and scientific applications of
pumping fluids such as synthetic fluids, polymer-thick-
ened oils, liquid crystals, and animal bloods.

Applying the couple stress fluid model, many ar-
ticles concerning the fluid film lubricated bearings have
been investigated.  From the studies of squeeze film
characteristics in finite plates by Ramanaiah [20], in
partial journal bearings by Lin [12] and in sphere-plate
bearings by Lin [14], the use of couple stress fluids as
lubricants is found to increase the squeeze-film load-
carrying capacity and lengthen the response time of the
squeeze film action.  From the researches of the squeeze
film behavior with reference to synovial joints in cylin-
ders by Bujurke and Jayaraman [3] and in hemispherical
bearings by Lin [9], the effects of couple stresses pro-
vide a reduction in the velocity and the displacement of
the rotor center and therefore increase the minimum
permissible height.  From the analysis of rolling contact
bearings by Bujurke and Naduvinami [4] and Das [6],
the presence of couple stresses is shown to increase the
load-carrying capacity and, hence, the maximum Hert-
zian pressure.  From the prediction of externally pres-
surized bearing performances by Gupta and Sharma [7]
and Lin [13], the couple stress effects signify an im-
provement in the dynamic stiffness and damping
characteristics.  According to the studies of journal
bearings by Mokhiamer et al. [17] and Lin [10, 11, 15]
and slider bearings by Ramanaiah [19] and Lin et al.
[16], the effects of couple stresses are observed to
reduce the friction parameter and result in longer bear-
ing life.

Although the lubrication performance of the in-
clined-plane slider bearings with couple stress fluids
has been analyzed by Ramanaiah [19] and Lin et al.
[16], we have not yet understood how the couple stress
effects affect the slider bearings with parabolic-film
shapes.  To provide more information in bearing
designing, a further study is therefore motivated.
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ANALYSIS

On the basis of the Stokes micro-continuum theory,
the effects of couple stresses on the steady-state perfor-
mance of wide parabolic-shaped slider bearings are
investigated.  The slider bearing of length L with sliding
velocity U is considered in Figure 1, in which the
lubricant is taken to be a Stokes couple stress fluid, and
the parabolic film profile is described by:

  h(x) = h m + h p(x) = h m + d
L

(L – 2x + x 2

L
) (1)

where hm is the minimum film thickness at the outlet and
d denotes the shoulder height of the bearing.  In order to
obtain the hydrodynamic lubrication equation, it is con-
venient to normalize the related quantities.  Under the
assumptions that the lubricant film is thin [8], the fluid
inertia is small, and the body forces and body couples
are absent, the continuity equation and the motion equa-
tions in the x and y directions can be expressed in a non-
dimensional form.

   ∂u *

∂x *
+ ∂w *

∂z *
= 0 (2)

   ∂p *

∂x = ∂2u *

∂z *2
– l *2∂4u *

∂z *4 (3)

   ∂p *

∂z *
= 0 (4)

where the non-dimensional quantities are defined by:

  x * = x
L

, z * = z
h 0

, u * = u
U

, w * = L
Uh 0

w (5a)

   
p * =

ph 0
2

µUL
, l * = l

h 0
=

(η / µ)1 / 2

h 0
(5b)

In these equations u* and w* represent the non-

dimensional velocity components in the x and the z
directions respectively, p* is the non-dimensional
pressure, is the reference film thickness, µ is the shear
viscosity, and η is a new material constant with the
dimension of momentum and is responsible for the
couple stress property.  Its value could be determined by
some experiments as discussed by Stokes [21].  The
dimension of l = (η/µ)1/2 is of length.  This length could
be identified as the characteristic material length or the
molecular length of the polar suspensions in a non-polar
fluid.  The effects of couple stresses are therefore domi-
nated through the dimensionless couple stress parameter,
l* = l/h0.  If η = 0, thereafter l* = 0, the classical form of
a Newtonian lubricant is recovered from equation (3).
The boundary conditions of u* and w* are the no-slip
conditions and the non-couple stress conditions.

  u *
z * = 0

= 1, u *
z * = h * = 0,

   ∂2u *

∂z *2
z * = 0

= ∂2u *

∂z *2
z * = h *

= 0, (6)

  w *
z * = 0

, w *
z * = h * = 0

where the non-dimensional film profile is written from
equation (1) as:

   h * = h m
* + h p

* = h m
* + δ (1 – 2x * + x *2

) (7)

In this equation h* = h/h0,  h m
*

 = hm/h0,  h p
*

 = hp/h0

and δ represents the profile parameter of the bearing.

   δ = d
h 0

(8)

Integrating equation (3) and (4) with the boundary
conditions of u* one can obtain the expression of the
non-dimensional velocity component u*

  u * = 1 – z *

h *

  

+ 1
2

dp *

dx *
z *(z * – h *) + 2l *2

1 –
cosh [(2z * – h *) / (2l *)]

cosh [h * / (2l *)]

(9)

Integrating the continuity equation (2) with re-
spect to z* with the boundary conditions of w given in
equation (6), one can obtain the non-dimensional modi-
fied non-Newtonian Reynolds-type equation governing
the hydrodynamic film pressure for the slider bearing
with a parabolic-shaped film.Fig. 1.  Bearing geometry of a parabolic-shaped slider.
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  d
dx *

f *(h *, l *)
dp *

dx *
= 6

dh p
*

dx * (10)

where the function f* is defined by:

  
f *(h *, l *) = h *3

– 12l *2
h * – 2l *tanh

h *

2l * (11)

As the value of l* approaches zero, the function f*

yields the results of h*3
, the lubrication equation (10)

reduces to the classical form for a Newtonian-lubricant
case.

BEARING  CHARACTERISTICS

  Integrating the non-dimensional Reynolds-type
equation (10) once with respect to x* gives

  dp *

dx *
= 6

h p
*(x *)

f *(h *, l *)
+ c 1

1
f *(h *, l *)

(12)

where c1 is the integration constant.  Integrating again
with the zero-pressure condition at the inlet results in
the film pressure distribution.

  p *(x *) = 6f A(x *, h m
* ) + c 1f C(x *, h m

* ) (13)

where

  
f A(x *, h m

* ) =
x * = 0

x * h p
*(x *)

f *(h *, x *)
dx * (14)

  
f C(x *, h m

* ) =
x * = 0

x *
1

f *(h *, x *)
dx * (15)

The integration constant can be evaluated by using
the zero-pressure condition at the outlet.

  
c 1(h m

* ) =
– 6f A(x * = 1, h m

* )

f C(x * = 1, h m
* )

(16)

Evaluating the lubricant film thickness at the loca-
tion where the pressure gradient is equal to zero gives
from equation (12) the following position.

   
xM

* = 1 –
– c
6δ

1 / 2

(17)

When the location of the maximum pressure is
obtained, the maximum pressure can be found from the
expression of   p M

* = p *(x * = xM
* ) .

The non-dimensional load-carrying capacity is
computed by integrating the film pressure over the film

region.

   
W* =

Wh 0
2

µUL 2B
= p *

x * = 0

1
dx *

(18)

where B denotes the width of the bearing. Performing
the integration results in

  W* = 6FA(h m
* ) + c 1(h m

* )FC(h m
* ) (19)

In the equation, FA and FC are determined by the
following double integrals.

  
FA(h m

* ) = f A
x * = 0

1
(x *, h m

* ) dx *

  
=

x * = 0

1

x * = 0

x * h p
*(x *)

f *(h *, x *)
dx *dx * (20)

  
FC(h m

* ) = f C
x * = 0

1
(x *, h m

* ) dx *

  
=

x * = 0

1

x * = 0

x *
1

f *(h *, x *)
dx *dx * (21)

The non-dimensional shearing stress is calculated
by using the expression of u*.

   τ zx
* =

τ zxh 0

µU
= ∂u *

∂z *
– l *2∂3u *

∂z *3 (22)

The non-dimensional shear force components act-
ing upon the lower and upper surfaces are

   
FL

* =
FLh 0

µULB
=

x * = 0

1
τ zx

*
z * = 0

dx * (23)

   
FU

* =
FUh 0

µULB
=

x * = 0

1
– τ zx

*
z * = h *dx * (24)

Using equations (22) and (9) yields

   
FL

* =
FLh 0

µULB
=

x * = 0

1
– 1

h *
– h *

2
∂p *

dx *
dx * (25)

   
FU

* =
FUh 0

µULB
=

x * = 0

1
+ 1

h *
– h *

2
∂p *

dx *
dx * (26)

The friction coefficient can be evaluated by (−FL)/
W.  Making use of the non-dimensional expressions of

  FL
*

 and W*, one can obtain the friction parameter.

   
µp = –

FL

W
⋅ L

h 0
= –

FL
*

W* (27)

The non-dimensional volume flow rate in the x
direction is defined as

  
Q 0

* =
q x

Uh 0B
=

z * = 0

h *

u *dz *
(28)
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Using the expression of u* and evaluating the flow
rate where ∂p*/∂x* = 0 gives

  Q 0
* = 1

h *
x * = x M

*
(26)

The temperature rise due to the work done against
the shearing stresses may be transferred by radiation,
conduction or convection.  The bulk heat flow is carried
by the convection of the lubricant.  Following the pro-
cedure by Hamrock [8], one can obtain the temperature
rise tm expressed in a dimensionless form.

   
t m

* =
ρgJC ph 0

2

µUL
t m = –

FL
*

Q 0
* (27)

where ρ is the density of the lubricant, g is the gravita-
tional acceleration, J is the Joule’s mechanical equiva-
lent of heat, and CP is the specific heat of the lubricant
at constant pressure.

RESULTS  AND  DISCUSSION

  The effects of couple stresses upon the steady-
state performance of wide parabolic-shaped slider bear-
ings are observed through the dimensionless couple
stress parameter defined by l* = l/h0 = (η/µ)1/2/h0.  Since
the dimension of the ratio (η/µ) is of length squared, it
characterizes the microstructure size.  Therefore the
couple stress parameter l* gives the mechanism of inter-
action of the couple stress fluid with the slider bearing

geometry.  As the value of l* approaches zero, the effects
of couple stresses vanish, and the dimensionless non-
Newtonian modified Reynolds-type equation reduces to
the Newtonian-lubricant case [8].  In order to obtain the
bearing characteristics, the numerical computations are
performed by choosing the reference film thickness h0 =
hm, the profile parameter δ = 0.2-2.8  and the couple
stress parameter l* = 0-0.5.

Steady-state performance.  Figure 2 shows the
dimensionless film pressure x* as a function of l* for
different values of l*.  It is observed that the effects of
couple stresses (l* = 0.1) are to increase p* as compared
to the Newtonian-lubricant case.  Increasing values of
the couple stress parameter (l* = 0.2, 0.3) increase the
effects of couple stresses upon the film pressure.  Figure
3 presents the dimensionless load-carrying capacity W*

as a function of profile parameter δ for different values
of l*.  Since the effects of couple stresses provide an
increase in the film pressure, the integrated load-carry-
ing capacity is similarly affected.  Compared to the
Newtonian-lubricant case, the effects of couple stresses
are observed to increase the load-carrying capacity.
The increase in W* is more accentuated at a higher value
of the couple stress parameter (l* = 0.3) for the parabolic
slider bearing with medium profile parameter (about δ
= 1.1).  Figure 4 describes the dimensionless shear force
components   FU

*
 and   FL

*
 as a function of profile param-

eter δ for different values of l*.  It is shown that the shear
force component   FU

*
 decreases with increasing values

of δ, but the shear force component   FL
*

 increases with
profile parameter.  Comparing with the Newtonian-

0 0.2 0.4 0.6 0.8 1

x*

0.5

0.4

0.3

0.2

0.1

0

p*

Newt.
l*= 0.1
l*= 0.2
l*= 0.3

Fig. 2.  Dimensionless film pressure as a function of x* for different l*.

0 0 .2 0 .4 0 .6 0 .8 1 1 .2 1 .4 1 .6 1 .8 2 2 .2 2 .4 2 .6 2 .8 3

0 .3

0 .25

0 .2

0 .15

0 .1

0 .05

0

W*

Newt.
l*= 0.1
l*= 0.2
l*= 0.3

Fig. 3.  Dimensionless load capacity as a function of profile parameter
for different l*.
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lubricant case, the effects of couple stresses signify a
decrease in the shear force components under large
values of the profile parameter.  Figure 5 presents the
friction parameter µp as a function of profile parameter
δ for different values of l*.  The value of µp is observed
to decrease with δ to attain a minimum, and thereafter
increases with δ.  Comparing with the Newtonian-
lubricant case, the effects of couple stresses provide a
decrease in the value of µp.  Moreover, the smaller the
profile parameter, the more the couple stresses decrease
the friction parameter of the bearing.  Figure 6 shows
the dimensionless volume flow rate   Q 0

*
 as a function of

profile parameter δ for different values of l*.  It is found
that the value of   Q 0

*
 increases with the value of δ.

Compared to the Newtonian-lubricant case, the required
volume flow rate is reduced by the presence of couple
stresses especially at a higher profile parameter. The
dimensionless adiabatic temperature rise  t m

*
 as a func-

tion of profile parameter δ for different values of l* is
depicted in Figure 7.  Higher values of δ yield lower
values of t m

*
, since it requires lager amount of   Q 0

*
.  It is

also found that the effects of couple stresses increase
the temperature rise, because of the reduced volume
flow rate due to the presence of couple stresses.

As discussed by Stokes [21], the couple stress
fluid model is intended to describe the flow behavior of
a Newtonian lubricant blended with various additives.
Comparing with a Newtonian fluid, the couple stress
fluids possesses a higher specific weight.  For the same
parabolic-shaped surface, the couple stress fluid in the
bearing is expected to have a lower flowing velocity and

a smaller volume flow rate.  As a consequence, the
bearing load-carrying capacity is enhanced.

Optimal shoulder height.  The shoulder height that
produces a maximum pressure can be obtained calculat-
ing the film pressure (13) at the location   xM

*  given in
equation (17).  Figure 8 shows the dimensionless maxi-

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

F
U
*,

 F
L*

-0.

.

.

.

.

.

.

.

.

.

.

.

.

.

Newt.
l*=0.1
l*=0.2
l*=0.3

FU*

FL*

Fig. 4. Shear force components as a function of profile parameter for
different l*.

0 0.2 0 .4 0 .6 0 .8 1 1 .2 1 .4 1 .6 1 .8 2 2 .2 2 .4 2 .6 2 .8 3

3

4

5

6

7

8

9

10

11

12

13

p

Fig. 5.  Friction parameter as a function of profile parameter for
different l*.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3
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0.6

0.7

Q0
* 0.6

0.7

Newt.
l*=0.1
l*=0.2
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Fig. 6. Volume flow rate as a function of profile parameter for differ-
ent l*.
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Figure, it is observed that: δopt = 1.8 for the Newtonian-
lubricant case; δopt = 1.7 for l* = 0.1; δopt = 1.6 for l* =
0.2; δopt = 1.4 for l* = 0.3.

Comparing with the inclined-plane bearing.  To
provide more information for engineers, comparisons
of bearing characteristics between the parabolic-shaped
surface and the plane-inclined surface for δ = 1 to δ = 2
are presented in Figures 9 and 10.  The results of the
plane-inclined bearing are evaluated from Lin et al. [16]
under the wide bearing approximation.  It is observed
from Figure 9 that the parabolic-shaped bearing under δ
= 1 results in a closed value of µp, a smaller value of   Q 0

*

and a higher value of t m
*

 and W*, as compared to the
plane-inclined bearing.  Furthermore, a larger differ-
ence of the steady-state performance between the two
types of bearings is more pronounced for the profile
parameter given by δ = 2 as observed in Figure 10.

The difference of the steady-state performance
between the two types of bearings can be realized from
the bearing geometry.  The non-dimensional plane in-
clined film profile from [16] is described by:

   h * = h m
* + h p

* = h m
* + δ (1 – x *) (28)

Under the same values of x* and x*(0 < x* < 1), the
parabolic-shaped bearing results in a smaller film height.
A smaller amount of   Q 0

*
 is required and, hence, a higher

value of W* is obtained and a higher value of t m
*

 is
achieved for the parabolic-shaped bearing.  Increasing

mum pressure   p M
*  as a function of profile parameter δ

for different values of l*.  This Figure is helpful in
practical designs, since if the description of the profile
surface (1) is known, one can predict what the minimum
film thickness should be from the value of δopt.  From the

Fig. 7. Adiabatic temperature rise as a function of profile parameter
for different l*.

Fig. 8. Maximum pressure as a function of profile parameter for
different l*.

0 0.1 0.2 0.3 0.4 0.5
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10

W
*,

 Q
0*

, t
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*,

 
p

=1, para.
=1, plane

W*

Q0*

tm*

p

Fig. 9.  Comparison of bearing characteristics for profile parameter δδ
= 1.
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the value of δ from δ = 1 to δ = 2 increases the film-
height difference between the two types of bearings.  As
a result, a larger difference of the steady-state perfor-
mance is observed in Figures 9 and 10.

CONCLUSIONS

The effects of couple stresses upon the steady-
state performance of a wide parabolic-shaped slider
bearing are studied according to the Stokes micro-
continuum theory.  Using the Stokes motion equations
together with the continuity equation, the non-Newtonian
modified Reynolds-type equation is derived to account
for the couple stress effects arising from a Newtonian
lubricant blended with various additives.  From the
results obtained and discussed, conclusions can be drawn
as follows.

The effects of couple stresses characterized by the
couple stress parameter signify an improvement in the
steady-state performance as compared to the traditional
Newtonian-lubricant case.  Increasing values of the
couple stress parameter increases the bearing load-
carrying capacity, and reduces the required volume
flow rate and the friction parameter.  Comparing with
the inclined plane bearing case, the parabolic-shaped
slider lubricated with couple stress fluids results in a
higher load-carrying capacity and a smaller required
volume flow rate especially for the bearing designed at
a larger value of the profile parameter.  The present
study provides engineers useful information in bearing

designs.
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