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ABSTRACT 
Numerical modeling of coastal morphological evolution is a 

powerful tool for the planning and design of coastal engineer- 
ing.  The coastal morphological modeling system is based on 
the sediment conservation law, which couples modules for 
waves, wave-driven currents, and sediment transport rates.  
The numerical scheme for the sediment conservation law and 
nonlinear coupling between these modules can lead to dis-
persions, diffusions, spurious oscillations and instability prob- 
lems that are still not well established.  Filtering or artificial 
diffusion are often added to achieve stability.  In this paper, 
several controlling oscillations schemes without filters are 
described.  A stable morphological model is introduced with a 
combination of methods and is performed well with complex 
coastal area. 

I. INTRODUCTION 
The central concern of nearshore dynamics is the determi-

nation of bathymetric changes due to the action of waves and 
currents in the coastal zone, such as tidal inlets, river mouths, 
estuaries, bays and coastal ports.  It is important to determine 
the evolution of bed levels for hydrodynamic systems in near- 
shore regions where waves and flows interact with, and induce 
significant changes to, coastal topography.  Coastal morpho-
logical models are indispensable and powerful tools that allow 
harbor and hydraulic engineers to predict nearshore topogra-
phy, to analyze the impact of coastal structures, and to verify 
the planning and design of harbors and coastal defenses.  
Morphological models are based on various sub-models for 

waves, tidal currents, nearshore currents, and sediment trans- 
port, coupled with the sediment transport model.  The sedi-
ment transport model solves the sediment conservation equa-
tion to calculate bed-level evolution.  The local sediment 
transport is first calculated by wave and current sub-models, 
and the bed form evolution is then computed based on the 
conservation of sediment and its continual redistribution in 
time.  In the last twenty years, two dimensional depth- 
averaged coastal morphological models have been developed, 
and these models have been applied in the short-term (hours to 
days) and medium-term (months to years). 

In morphodynamic models, the governing equations are a 
nonlinear function of bed level.  The sediment transports, 
which are caused by waves and currents, are also calculated 
from complicated nonlinear hydrodynamic systems.  The 
nonlinear couplings and numerical scheme errors generate 
unstable and inaccurate numerical results.  Even though the 
results of all sub-models are accurate and robust, their com-
bination in the sediment conservation equation also leads to 
numerical oscillations and instabilities [11].  In recently, 
these problems are addressed with low-pass filters to dissi-
pate spurious high frequency oscillations [2, 11, 15], the 
bed-slope updating scheme [1, 4, 6-8, 22, 28], high-order 
time marching schemes [4, 24, 27], predictor-corrector time 
marching method [8], applying NOC (non-oscillations) 
scheme to remove spatial oscillations [2, 23] and apply- 
ing WENO scheme to controlling spatial oscillations [4, 19, 
24]. 

The aim of this paper is to describe these techniques of 
above schemes and a robust algorithm for computing bed level 
change which is flexible enough to handle the nonlinearity 
present in the sediment conservation equations describing bed 
evolution in a complex coastal area. 

II. TECHNIQUES OF CONTROLLING 
OSCILLATIONS 

1. Governing Equation: Sediment Conservation Law 

The change of bed form in local bottom elevation zb can be 
computed by solving the conservation equation for sediment 
mass.  In two dimensions, this can be written as:  
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where zb is the bed level elevation, defined as positive up from 
a fixed datum, x and y are horizontal space coordinates, t is 
time, n is the bed porosity, η is the free surface elevation, c is 
the suspended sediment concentration in the water column per 
unit area, and qx and qy are the total volumetric sediment 
transport rates (unit: m3/sec) in the x- and y- directions, re-
spectively. 

In general, the suspended load contribution of sediment can 
be consisted in sediment flux, and the sediment transport 
conservation equation can be reduced to: 

 1 0
1

yb x qz q
t n x y

∂⎛ ⎞∂ ∂
+ + =⎜ ⎟∂ − ∂ ∂⎝ ⎠

 (2) 

2. Feedback by Bed-slope Updating Scheme 
As mentioned before, the morphodynamic system to be 

calculated when coupling the hydrodynamic (waves and wave- 
driven currents) and sediment transport into the morphological 
models (governed by conservation equation of sediment) is 
inherently unstable.  This highly non-linear system will lead to 
diffusion if the effect of bed-slope variations in time is not 
taken into account [6, 7, 28].  In the morphological model, the 
linear stability analysis of bed-level and quasi-steady condi-
tions for waves and currents are assumed.  The waves and 
currents are assumed to remain unchanged during the entire 
calculation period, while the bathymetry does vary.  Under this 
assumption, the sediment transport rates obtained from waves 
and currents remains unchanged over the same time duration.  
Even though the wave orbital velocity and current velocity 
remain unchanged, the bed level changes at every time step.  
This inconsistency implies that some quantities related to bed 
level, such as the friction factor and the sediment transport 
direction factor will also change. 

In order to modify sediment transport with bed form slope, 
the down slope gravitational transport rate is the most com-
monly utilized while the bed-level changes are greater than a 
threshold value [1, 3, 6, 7, 20, 28].  Consequently, the con-
servation equation of sediment mass coupled with the bed- 
slope updated terms in two-dimensions can be rewritten as: 
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b b
y yy y yx y
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 (3) 

The brackets of Eq. (3) contains the diffusion modified 
terms.  These terms show that the effect of bed slope and the 
value of transport rates play an important role as diffusion 
parameters.  The stability of the morphological scheme is 

based on these diffusion terms under control.  Consequently, 
these diffusivity constants εxx, εxy, εyx and εyy should be chosen 
carefully and sediment transport rates in Eq. (3) should be 
updated in every time step after the new bed elevation is 
computed. 

We recommend that the modified bed-slope feedback 
should be processed at every time step.  It is very effective for 
the removal oscillations for long term simulations. 

3. Controlling Oscillations in Spatial Discretization 
In order to control the oscillations in space for the mor-

phological model, there are several numerical schemes as 
reviewed by Callaghan et al. [2] and Long et al. [19].  Among 
these oscillation removal schemes, the NOC and WENO 
scheme are more stable finite-difference schemes than the 
others. 

1) WENO Scheme 
The WENO schemes are based on the essentially non- 

oscillatory (ENO) schemes, which were first developed by 
Harten et al. [10] in the form of finite volume schemes and 
were later improved by Shu and Osher [25].  The ENO 
schemes are generalizations of the total variation diminishing 
(TVD) schemes of Harten [9].  The TVD schemes are de-
signed so that the total variation of specific quantity in space 
remains constant or only decrease in time.  During the solution 
process, there will be no new extrema generated.  In other 
words, the TVD schemes typically degenerate to first-order 
accuracy at locations with smooth extrema, while the ENO 
schemes maintain high-order accuracy.  The key idea of the 
ENO schemes is to use the smoothest stencil among several 
candidates to approximate the fluxes at the cell boundaries to 
high order and at the same time to avoid spurious oscillations 
near shocks and discontinuities.  The WENO schemes process 
one step further by taking a weighted average of all candidates, 
and the weights are adjusted by the local smoothness. 

The first version of WENO schemes was developed by Liu 
et al. [18] for one-dimensional conservation laws of fluid 
mechanics.  Jiang and Shu [13] applied the scheme to multi- 
dimensional cases with a new weighting procedure to obtain 
optimized accuracy.  Later, Jiang and Wu [14] extended a 
high-order (5th) accurate WENO finite difference scheme, 
which has successfully attained comparable accuracy with 
fewer time-steps in computations.  Shao et al. [24] first applies 
the WENO scheme to solve the one-dimensional conservation 
equation of sediment mass and study the evolution of periodic 
sand bars in the presence of waves at the resonant Bragg  
frequency.  Long et al. [19] use the Euler-WENO schemes, 
based on first order explicit time discretization with the 
WENO scheme, to study the evolution of periodic alternating 
sand bars in a rectangular open channel with gravity flow.  
Chiang et al. [4] applied the bed-slope feedback, 3 levels 2 
time-steps, WENO morphological scheme to calculate to-
pography changes of complex coastal area under waves and 
currents, and found that the stability was performed very well.  
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The full detail of the WENO scheme applied with coastal 
morphological modeling can be found in [4]. 

The key of inaccuracy of numerical morphological mod-
eling is to obtain the characteristic phase velocity of bedform 
variation to modified sediment fluxes.  Fortunately, another 
advantage of WENO scheme is that split sediment fluxes only 
involve the sign of characteristic bedform velocity instead of 
accurate calculations. 

2) NOC Scheme 
NOC scheme is a general non-oscillating scheme originally 

developed by Nessyahu and Tadmor [21] and extended to 2D 
by Jiang et al. [12].  It solves multidimensional hyperbolic 
fluid conservation equations using a staggered grid method, 
again directly utilizing fluxes.  It is similar to be applied  
with sediment conservation equation, and directly using 
sediment fluxes is good for avoiding the estimation of char-
acteristic bedform velocity.  The examples of NOCS applica-
tions for coastal area include linear oblique advection, the 
two-dimensional Burger and Euler equations and the one- 
dimensional shallow water wave equations [29].  Their ap-
proach uses two staggered grids, which are moving the cal-
culated results from one grid to another half grid with every 
time step.  However, the staggered grid system, while mini-
mizing scheme diffusion is impractical for morphological 
models consisting of a looped arrangement of individual 
components for sediment transport caused by waves and cur-
rents.  According to Saint-Cast [23], there is an extension of 
the original scheme where the new solution was initially de-
termined on the staggered grid and then reconstructed on the 
original grid [12].  This extension is easily integrated into 
looped morphological models for the NOC scheme. 

The NOC scheme was first applied for coastal morpho-
logical modeling by Saint-Cast [23] with the purpose of ex-
plaining ridge and runnel formation on sand beaches exposed 
to consistent north Atlantic swells.  The work by Saint-Cast 
[23] included initial testing against analytical solutions and 
simulations of an idealized crescent shape barred beach evo-
lutions.  Callaghan et al. [2] utilize the NOC scheme with an 
idealized river entrance, perpendicular to a straight beach with 
constant slope, under waves and currents and show its stability 
by comparison with other schemes. 

4. Controlling Oscillations in Temporal Discretization 
As mentioned before, the inaccuracy of bed-level simula-

tion in every time-step is caused by discretization errors and 
oscillation factors from the sub-models of waves, currents, or 
sediment transport rates.  They will lead to diffusions and 
dispersions in the long term.  There are three typical tech-
niques for controlling oscillations in temporal discretization as 
following. 

1) Explicit Two-Step, Three-Time-Level Finite Difference Scheme 
In this subsection, the explicit two-step, three-time-level 

finite difference scheme with stagger grid is introduced [4].  

This technique can be easily implemented in time discretiza-
tion and does not lead to a significant CPU time increases.  
The gradient of sediment fluxes is expanded at half grid posi-
tion and the bed-level is calculated at original grid position.  It 
is convenient to apply the operator of WENO scheme with 
approximated sediment fluxes.  For one-dimensional sediment 
conservation problem, Eq. (3) becomes: 

 
Step 1: 

 
1/ 2

0 1/ 2 0 1/ 2ˆ ˆ( , ) ( , )1 0
/ 2 1

n n n n
bi bi bi i bi iz z q q z q q z

t n x

+
+ −− −

+ =
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Step 2: 

1 1/ 2 1/ 2
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1
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bi bi bi i bi iz z q q z q q z

t n x

+ + +
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where the ˆ( )q  is the operator of WENO scheme.  This 
scheme gives 2nd order accuracy O(Δt2) in time. 

2) TVD-Runge-Kutta Scheme 
TVD (Total Variation Diminishing) schemes are designed 

such that the total variance of the solution TV = Z-
/b xdx

+∞

∞
∂ ∂∫  

will remain constant or only decrease in time.  During the 
solution process, there will be no new extrema generated.  
TVD scheme were often proposed based on existing schemes.  
Shao et al. [24] and Shu and Osher [25] applied a TVD- 
Runge-Kutta (TVD-RK) scheme for 3rd order time integration 
of Eq. (2).  The TVD-RK scheme can be summarized as an 
algorithm of 5 steps: 

The 1st step consists of an Euler forward step to get time 
level n + 1: 

 11 1( ) ( ) 0
1

n n n
b b bz z q z

t x n
+ ∂ ⎛ ⎞− + =⎜ ⎟Δ ∂ −⎝ ⎠

 (6) 

The 2nd step uses a second forward step to time level n + 2: 

 2 1 11 1( ) ( ) 0
1

n n n
b b bz z q z

t x n
+ + +∂ ⎛ ⎞− + =⎜ ⎟Δ ∂ −⎝ ⎠

 (7) 

The 3rd step uses an averaging step to obtain an approxi-
mation solution at n + 1/2: 

 1/ 2 23 1
4 4

n n n
b b bz z z+ += +  (8) 

The 4th step uses a 3rd Euler step to get time level n + 3/2: 

 3/ 2 1/ 2 1/ 21 1( ) ( ) 0
1

n n n
b b bz z q z

t x n
+ + +∂ ⎛ ⎞− + =⎜ ⎟Δ ∂ −⎝ ⎠

 (9) 
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the 5th step uses another averaging step finally to get solution 
at time level n + 1: 

 1 2/31 2
3 3

n n n
b b bz z z+ += +  (10) 

3) Predictor-Corrector Method 
As mention before, instability problems appear to originate 

from the explicit discretization of the sediment conservation 
equation, Fortunato and Oliveira [8] recommend a predictor- 
correct scheme was implemented and performed well.  It is 
shown as below: 

 
Predictor step: an estimate of depth at time n + 1 is first cal-
culated as: 

 
2

( ) 1 ( ( ), ( ), )
1

n
p n n

n

h h q u t t h dt
n

η
+

= + ∇
− ∫  (11) 

Corrector step: a fully or semi-implicit scheme is applied with 
the correction step as: 

 
2

1 *1 ( ( ), ( ), )
1

n
n n

n

h h q u t t h dt
n

η
+

+ = + ∇
− ∫  (12) 

where h is depth, h* = αh(p) + (1-α)hn, α is the implicitness 
parameter in [0,1].  Eqs. (11) and (12) can be repeated itera-
tively for a user-specified number of correction cycles.  This 
scheme gives 2nd order accuracy O(Δt2) in time. 

III. THE MORPHOLOGICAL MODELING 
SYSTEM 

Consider the computing efficiency, stability and accuracy 
of numerical schemes, we recommend a bed-slope updating, 2 
steps with 3-time-levels (2nd order accuracy), WENO mor-
phodynamic scheme (5th order accuracy) to be applied with 
complex coastal estuary area.  The hydraulic modeling system 
for waves and currents is suggested by Lin et al. [17], and the 
sediment transport modeling is suggested by Chiang et al. [5].  
It is briefly describe as following.  The procedure of the mor-
phological modeling system is shown as Fig. 1. 

1. Hydraulic Modeling 
In this study, the hydraulic modeling include waves and 

wave-driven currents, are calculated by Eqs. (13)-(19).  The 
governing equations for the wave field used here are [17]: 

 

{ }

2 22

1 ( ) ( ) ( )

11 ( ) 0

w g

w g
w g

U a U U
aC C

a C C a k SC Ca

⎡ ⎤⋅∇ ⋅∇ + ∇ ⋅⎣ ⎦

⎡ ⎤∇ + ∇ ⋅∇− − + =∇⎢ ⎥
⎣ ⎦

 (13) 

Initial topography

Wave simulation 

Current simulation
 

Sedment transport calculation

Bed evolution calculation

Season change  or
New forcing checking

Final topography

No

Bed-slope
updating 

 
Fig. 1. The procedure of the coastal morphological modeling system. 
 

 2 ( ) 0ga U Cσ⎡ ⎤∇ ⋅ + =⎣ ⎦  (14) 

 ( sin ) ( cos ) 0S Sx y
θ θ∂ ∂

− =∇ ∇∂ ∂
 (15) 

where a is the wave amplitude, Cw is the wave celerity, Cg is 
the group wave velocity, U is the mean current, ∇ is the gra-
dient operator, k is the wave number, S is the wave phase 
function, and θ is the wave angle.  In the surf zone, Eq. (14) is 
modified with energy dissipation as: 

 

2

2
2

2 2

2( ) ( )

/ 2 '5 tan 1 ( )
8 '3 ' '1 1

2 '

g g

B B B
B

B

g Ea U C U C

g k H c h H
hc

σ
ρ σ

β
γσ γ

γ

⎡ ⎤⎡ ⎤∇ ⋅ + = ∇ ⋅ +⎢ ⎥⎣ ⎦ ⎣ ⎦

−
= −

+ −

 (16) 

where the subscript B indicates grid position in surf zone, E is 
the wave energy, H is the wave height, σ is angular frequency, 
ρ is the water density, h is the depth from mean water level, c’ 
is a/h in the recovery zone, and tan β is the slope of the beach. 

The governing equations for the wave driven currents flow 
field are [17]: 

 [ ] [ ]( ) ( ) 0U h V h
t x y
η η η∂ ∂ ∂
+ + + + =
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 (17) 
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where U and V are depth-integrated-averaged flow velocities, 
η is the elevation, f is the Coriolis force coefficient, τxx, τxy, τyx, 
τyy are the Reynolds stresses, τsx, τxy are the wind shear stresses 
on the surface, τbx, τby are the bottom friction stresses, and Sxx, 
Sxy, Syx, Syy are the radiation stresses (time- averaged residual 
wave momentum fluxes). 

2. Sediment Transport Modeling 
The experimental validations of alongshore and offshore 

transport rate suggested by Chiang et al. [5], which is appli-
cable for west Taiwan coastal areas are employed: 

 ( )x c rq q u U= +  (20) 

 ( )y c rq q v V= +  (21) 
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 sinh( )
2
HA kh=  (27) 

where u and v are the depth integrated average current velocity 
in the x- and y- directions, respectively; Ur and Vr are the 

average equivalent river flow velocity in the x- and y- direc-
tions; A1 and A2 are the coefficients of sediment transport due 
to currents and waves; fc and fw are the friction factors for mean 
current and wave orbital fluid motion; Uw and Uwmax are the 
shear velocity and its maximum velocity due to wave motion; 
Uwc is the critical shear velocity for the inception of particle 
motion; g is the gravitational acceleration; Cc is the non- 
dimensional Chezy coefficient; d50 is the median grain di-
ameter; A is the semi-orbital excursion; H is the wave height;  
T is the wave period; k is the wave number; and h is the water 
depth. 

3. Morphological Schemes 
The bed-slope feedback updating, 2 steps with 3-time- 

levels, WENO morphological scheme with accuracy O(Δt2, 
Δx5, Δy5) is shown as below: 
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  (29) 

4. Stability Condition Analysis 
The stability requirement of most morphological schemes 

is the Courant number C / 1i t xΔ Δ ≤ , and the large Courant 
numbers observed in the simulation of morphological evolu-
tions suggest that reducing the time steps could improve the 
stability of the numerical schemes.  However, this will in-
crease the computational demand.  Fortunately, if the diffusion 
terms of Eq. (3) could be properly eliminated, the limit of 
Courant number could be great than unity.  This can be done 
by carefully giving the values of the diffusivity constants (εxx, 
εxy, εyx and εyy).  Some diffusivity constants have been sug-
gested for real coastal environments.  Watanabe [28] sug-
gested that the values are determined empirically through 
experiments.  Struiksma et al. [26] and Cayocca [3] used εxx = 
εyy = 4, and Kuroiwa and Kamphuis [16] suggest εxx = εyy = 2.  
Chiang et al. [4] recommend εxx = εyy = 4 and εxy =εyx = 2 for 
complex coastal area.  The diffusivity constants were set to  
εxx = εyy = 4 and εxy = εyx = 2 in following simulation test. 
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Fig. 2. The simulation site between Taipei Port and Tamsui River. 
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Fig. 3. The topography changes between 2005 April and 2006 April 

survey data. 
 

IV. RESULT AND DISCUSSION 

1. Test: Topography Changes between the Taipei Port and 
Tamsui Estuary 

1) Site description 
The controlling oscillation morphological model is tested 

by the complex topography in the Taipei county coastal area of 
western Taiwan.  The simulation area (Fig. 2) is between 
Tamsui River and northern breakwater of Taipei Port, which is 
7.0 km long in the alongshore direction and 3.5 km wide in the 
on-off shore direction with a maximum depth of around 35.0 
m.  The median diameter of the beach sand is D50 = 0.25 mm.  
This area has not only complex depth contours but also large 
coastal structures.  The morphodynamic evolution of the site is 
driven by waves, waves driven current, tidal current and Ty-
phoon waves and flood.  The dominant wave is the winter 
east-northerly monsoon waves between September and March 
and the summer west-southerly monsoon waves between April 
and August.  The winter characteristic significant wave height 
H1/3 is 2.0 m and the significant wave period T1/3 7.5 sec, and  

Table 1. The table of numerical conditions in one year of 
simulation time. 

Stage Duration Simulation wave condition 
1. Summer monsoon 150 days WSW direction, H = 1.2 m, T = 6.0 s
2. Typhoon 5 days WNW direction, H = 4.5 m, T = 8.9 s
3. Winter monsoon 210 days NNE direction, H = 2.0 m, T = 7.5 s 

 
 

the summer characteristic significant wave height H1/3 is 1.2 m 
and the significant wave period T1/3 6.0 sec. 

The changes between 2005 April and 2006 April survey 
data are shown as Fig. 3.  There are two characteristic changes 
in this site, one is siltation in coastal area between breakwater 
and estuary, and the other is also siltation in southern riverside 
inside the Tamsui River. 

2) Simulations set-up 
There are three durations of morphological simulation in 

one year.  They are the duration of summer monsoon, the dura- 
tion of typhoon, and the duration of winter monsoon.  During 
monsoon period, the flow field is added by waves driven 
currents and tidal period averaged currents.  In the duration of 
typhoon, the typhoon waves condition, storm surge water- 
level, and characteristic flood discharge are employed.  Nu-
merical conditions are shown as Table 1. 

The selected sediment coefficients are: A1 = 1.5 and A2 = 
2.5.  The spatial grid sizes of Δx = Δy = 20 m are used in all 
models (including the sub-models for waves and currents).  
The time step interval of Δt = 1 s is used for the nearshore 
current sub-model and Δt = 60 sec for the morphological 
model. 

3) Results and Analysis 
In order to demonstrate the accuracy and stability of mod-

eling performance, the results with and without controlling 
oscillation schemes have been compared.  The wave fields of 
summer monsoon, winter monsoon and typhoon are shown in 
Figs. 4-6.  The flow field of high/low water level during sum-
mer monsoon and winter monsoon are shown in Figs. 7-10.  
The flow fields of wave-driven currents during different 
monsoon are shown in Figs. 11 and 12.  The morphodynamic 
results simulated after one year without and with controlling 
oscillation schemes are shown in Figs. 13 and 14.  We can 
easily find the accuracy and stability by comparison with Figs. 
13 and 14.  The common instability of the morpholodynamic 
long-term simulations is that strong spurious oscillations can 
be generated near shocks or steep fronts in the surf zone.  It is 
unreasonable for the bed-slope exceeding the rest angle of 
sand under water [2, 4, 19].  Fig. 13 shows the general features 
of the morphological response without controlling oscillation 
schemes after one year.  Some Salient and serration of con-
tours have formed in the lee of the Taipei Port breakwater.  
These oscillations are smoothed out by these schemes as 
shown in Fig. 14, there is no any shock or steep changes in the  
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Fig. 4.  Wave field during summer monsoon. 
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Fig. 5.  Wave field during winter monsoon. 
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Fig. 6.  Wave field during typhoon. 
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Fig. 7.  Flow field of high tidal currents during summer monsoon. 
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Fig. 8.  Flow field of ebb tidal currents during summer monsoon. 
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Fig. 9.  Flow field of high tidal currents during winter monsoon. 
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Fig. 10.  Flow field of ebb tidal currents during winter monsoon. 
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Fig. 11.  Flow field of nearshore current during summer monsoon. 
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Fig. 12.  Flow field of nearshore current during winter monsoon. 

 
 

results of morphodynamic evolution after one year.  This 
shows that the two-step, three-time-level method can improve 
the accuracy and stability for the real complex coastal area. 

V. CONCLUSIONS 
Several techniques to control oscillations in morphody-

namic models over the past decades were summarized.  The 
bed-slope updated, 2-step 3-time-level, and WENO scheme 
were presented and illustrated with the complex coastal estu-
ary area.  It performed well subject to waves, wave-driven 
currents, period averaged tidal currents, and storm waves and 
currents.  Comparison with survey data and simulation with-
out controlling oscillation schemes, it is sufficiently demon-
strated that our recommended modeling provides a significant 
improvement for accuracy and stability in real complex 
coastal area.  With the diffusivity constants εxx = εyy = 4 and  
εxy = εyx = 2, the Courant number can generally increase with 
reduced time steps efficiently for long-term simulations. 
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Fig. 13. The simulation of morphodynamic evolution without controlling 

oscillation schemes after one year. 
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Fig. 14. The simulation of morphodynamic evolution with controlling 

oscillation schemes after one year. 
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