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ABSTRACT 
Deep draft multi-spar (DDMS), a novel deepwater platform, 

possesses the similar hydrodynamic and motion performances 
with the Spar platform.  Therefore the DDMS may have in-
stability of Mathieu’s type because the heave natural period is 
close to the half pitch natural period.  The objective of this 
paper is to numerically study the damping effects on the 
Mathieu instability and the mechanism of this singular phe-
nomena.  In this simulation, the damping is determined through 
the free-decay tests based on a rigorous coupled hull and 
mooring model.  The nonlinear motion equations of coupled 
heave and pitch considering the time-varying restoring forces 
are established and solved with six damping cases by using the 
4th order Runge-Kutta method.  Five regular wave cases of 
different wave heights and periods including heave natural 
period and half pitch natural period are conducted.  The results 
indicate that the heave damping significantly influences the 
occurrence of pitch instability, meanwhile the damping con-
tribution of heave plates and mooring lines also play an im-
portant role.  Three types of pitch instability are concluded.  
Finally, four random wave conditions including two swell 
wave cases and two 100-y return period conditions for South 
China sea and Gulf of Mexico are applied.  The calculated 
results show that the DDMS platform does not suffer from the 
Mathieu instability under these real ocean environments. 

I. INTRODUCTION 
Since the first Spar platform employed in Gulf of Mexico 

(GOM) in 1996, these facilities of cylinder-type have been 
widely used for deepwater drilling, oil and natural gas pro-
duction and storage.  Up to now, there are 18 platforms in 
service around the world involving Classic Spar, truss Spar 
and cell Spar, and the newest project is the Perdido in GOM 
which has broken the water depth record with 2400 m.  In 
common and even extreme weather conditions, the heave and 
pitch responses of Spar platform are considered small, so we 
usually suppose some parameters constant e.g. the area of steel 
water and displaced volume.  This treatment ordinarily gives 
satisfied results, but seriously underestimates the pitch re-
sponse when large heave motion is induced by the wave whose 
exciting period is near to the heave natural period e.g. swell 
wave condition.  This issue is described as a Mathieu insta-
bility, which is probably triggered when pitch natural period is 
twice the heave natural period.  Based on the statistical data, 
the Spar platforms have 50~65 s pitch natural period and 
25~30 s heave natural period, hereby the period ratio is nearly 
2 which has fallen into the range of principle unstable zone of 
Mathieu instability.  Earliest, Halsum and Faltinsen [1] studied 
the Mathieu instability in pitch response with large heave 
resonance through simplified calculation and model tests, and 
illustrated a stability diagram for Mathieu’s equation without 
pitch damping.  Rho et al. [10] recorded this phenomena 
through tests of a Classic Spar model with a scale of 1/400, 
and thought that the damping in heave and pitch resisted the 
occurrence of Mathieu instability.  Rho et al. [9] extended their 
experiment study to a Truss Spar in 2004, and concluded that 
the stability of Truss Spar is better than Classic Spar due to 
heave damping contributed by heave plates and truss members.  
Koo et al. [3] solved the Classic Spar’s responses by using 
simple coupled heave and pitch equation under regular and 
irregular waves, and specially analyzed the damping and ad-
ditional stiffness effects on Mathieu instability.  Meanwhile, 
they concluded that the damping significantly controls the 
occurrence of Mathieu instability, and consequently which 
needed to be accurately estimated.  Hong et al. [2] executed 
some experiments by using a series of Spar models especially 
involving models of which natural period of pitch is twice 
compared to the heave resonant period as well as the model 
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attached heave plates or strakes.  They observed that the 
damping of heave plates and strakes have positive effects to 
resist the pitch instability.  Liu et al. [7] proposed a relative 
rigorous coupled equation of heave and pitch based on the 
derivation of theoretical change of stability and displacement 
volume.  They appropriately simplified the coupled equation 
and numerically calculated the occurrence of Mathieu unstable 
motion by using a hypothetic damping ratio for a Classic Spar. 

One important advantage of Spar platform is the out-
standing motion performance to withstand the 1st wave action 
because its natural periods are out of wave control range as 
well as its special geometrical configuration.  Due to the bene- 
fits brought by the favorable motion behavior, the dry tree 
drilling system and the steel vertical risers can be employed.  
However, some issues including great fabrication difficulty, 
relative narrow space of topside and strong VIV effect due to 
Spar’s single column are still big challenges, therefore new 
types of deepwater platforms are expected to appear in order to 
solve the problems previously.  After summarizing the general 
requirements and comparing the features between Spar plat-
form and the other types e.g. TLP and Semi, Li and Ou [4] pro- 
posed an innovative concept platform, Deep Draft Multi-spar 
(DDMS) in 2008.  Similar with the hard tank configuration of 
the Cell Spar which is the 3rd generation of the Spar’s family, 
the DDMS’s hull consists of five deep draft columns; in addi-
tion, the mooring lines and top tension risers are used to keep 
platform position, oil production and well drilling.  DDMS is a 
new conceptual platform for deepwater, whose motion be-
havior resembles the Spar [5] because of the hard tank of deep 
draft, and the pitch/heave period ratio is close to 2.  Therefore, 
DDMS platform still has the possibility to subjected to the 
Mathieu instability which should be significantly studied con- 
sequently.  It is well known that the platform damping gener-
ally comes from some resources including hull radiation 
damping, hull viscous damping, hydrodynamic damping of 
mooring line and contact damping between mooring line and 
seabed etc.  The damping and nonlinear tension of mooring 
line are very important with the increase of water depth, how- 
ever the conventional experiential estimation is not accurate 
unless the rigorous interaction between the mooring line and 
platform in time domain is considered [8, 11].  Therefore In 
this paper, a coupled hull and mooring strategy is employed 
[6], which means the fairlead position of platform captured 
from the previous step is regarded as the upper boundary 
condition for dynamic analysis of mooring line whose results 
also affect the platform motion at next step.  Because of the 
application of semi-tight mooring system, the contact damping 
from mooring line and seabed is ignored.  In addition, hull 
viscous damping which is proportional to the square of plat-
form velocity significantly influences the low frequency (L-F) 
motion of platform because the radiation damping is nearly 
zero in this frequency region.  Meanwhile, the nonlinear 
damping from heave plates needs to be estimated correctly and 
accounted in the hydrodynamic analysis.  In this paper, the 
total damping effect is represented by using linear damping  

Table 1.  Characteristic parameters. 
Item Value 

Diameter of single spar (m) 12.50 
Distance between spars (m) 35.50 
Outer diameter of moonpool (m) 18.00 
Height of spar (m) 99.60 
Total displacement (t) 68756 
Pitch/roll gyration radius (m) 68.47 
CG above keel (m) 83.57 
CB above keel (m) 89.82 
GM0 (m) 8.66 
Average draft (m) 151.6 
Water depth (m) 1500 

 
 

coefficient, and the damping ratio is identified through the 
free-decay simulation based on the coupled model. 

The main object of this paper is to indicate how the damp- 
ing affects the Mathieu instability of DDMS platform.  Firstly, 
the hydrodynamic theories adopted in this paper are reviewed 
briefly.  Secondly, the complex coupled heave and pitch equa- 
tions are presented.  Thirdly, the damping ratios are identified 
from the free-decay tests and six damping cases are generated.  
Then, the coupled heave and pitch equations are solved by 
using the 4th order Runge-Kutta method with damping cases 
under five regular waves of different wave heights and periods.  
Finally, the stability of DDMS under four random conditions 
is investigated and the simulation results distinctly reveal that 
the DDMS platform does not suffer from the Mathieu insta-
bility even in theses extreme environments. 

II. INTRODUCTION OF DDMS PLATFORM 
The design advantages of DDMS platform are less con-

struction difficult, larger topside space, dry tree availability, 
and favorable motion performance.  The  platform in this 
paper can support 10000t’s payloads and 7730t’s steel weight 
of topside structure, and is designed under condition of 100- 
year return period of GOM by using an interactive design 
method.  The structural components and characteristic dimen- 
sions as well as mass information for DDMS are shown in Fig. 
1(a) and Table 1.  The hard tank is composed of four columns 
at corners and a novel moonpool protecting the top tension 
risers at the center.  It is noted that the top tension and self- 
weight of rigid risers are provided by air-cans.  At the foot of 
hard tank, the pontoons and horizontal bracing are used to 
connect the separated columns and moonpool.  In order to de- 
crease the heave motion, two heave plates directly integrated 
with the hard tank are expected to excite viscous damping 
vertically and to attract more heave added mass to keep the 
heave natural period away from the wave frequency (W-F) 
controlled area.  The middle section of the platform consists of 
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Fig. 1.  (a) Main Components of DDMS concept, (b) DDMS dimensions and overall layout. 
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Fig. 2.  Mooring system configuration. 

 
 

4 columns of smaller diameter which connect the hard tank 
and ballast tank.  The DDMS concept ensures the centre of 
gravity (CG) below the centre of buoyancy (CB) to acquire 
perfect stability, so the ballast tank at the bottom is full of high 
density fluid or metals.  The compartments and general layout 
is shown in Fig. 1(b).  The DDMS platform applies 12 moor- 
ing lines to keep the position, and all the lines are separated 
into 4 groups and symmetrically arranged on the four columns.  
Each group is 90° from another and the lines of each group are 
5° azimuth spread.  Each line makes up of an upper chain sec- 
tion, a middle cable section and a ground chain section.  The 

general configuration of mooring system is illustrated in Fig. 2. 

III. CALCULATIONAL THEORY 

1. Hull Hydrodynamics 

The wave action on the floating structure is generally cal-
culated by using the potential flow theory.  Meanwhile, we 
make assumptions that the fluid is irrotational, inviscid and 
incompressible.  The fluid needs to satisfy the Laplace’s 
equation: 
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where Φ(1) is 1st order total velocity potential function in-
volving incident potential (1)Φ I , diffraction potential (1)ΦD  and 

radiation potential (1)ΦR .  In order to solve the potential func-
tion Φ(1), some boundary conditions below are applied 
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where n, r and d denote the outward unit normal vector at the 
body surface, position vector on the body surface and water 
depth.  ξ(1) and α(1) are translational and rotational first order of 
floater.  Once the potential function Φ(1) is solved, the exciting 
wave forces and moments can be obtained by direct integra-
tion over the wetted body surface 
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where Sb and A express the wetted body surface and wave am- 
plitude.  i = 1, …, 6 denote the models i.e. surge, sway, heave, 
roll, pitch and yaw.  The frequency-dependent added mass and 
radiation damping coefficient matrixes are acquired below 

 { } { }( )(1) (1)Re [ ] [ ]= +(1)
RF M ς C ςa  (4) 

where Ma and C are added mass and damping matrixes.  (1)
RF  

is radiation force vector and calculated by using radiation po- 
tential (1)ΦR . 

For the hard tank, pontoons and ballast tank of large di-
mensions, the hydrodynamic information are calculated by 
using above potential theory through the high order boundary 
element method (HOBEM).  

The middle section composed of columns, is simulated as 
elements of Morison type considering the drag and inertial 
force due to its small diameter compared with the wave length.  
The Morison force on each element is expressed below 

2 2 1 ( ) ( )
4 4 2

= − + − −sc sc
Mr I a d sc

D l D lF C u C x C Dl u x u xπ πρ ρ ρ  

  (5) 

where CI = Ca + 1 is inertia force coefficient, Ca, Cd, D and lsc 
denote added mass coefficient, drag coefficient, diameter and 
length.  u and x  express the fluid and platform velocities.  For 
the heave plates, due to its extraordinary thin thickness, some 
special disc elements with no thickness and mass are used to 
represent the added mass and drag forces 

 3 28 1
3 2

= +mr a HP d HPF C r y C r y yρ ρ π  (6) 

where rHP and y  are disc radius and vertical velocity.  In ad- 
dition, the viscous damping induced by hard tank, signifi-
cantly limiting the low-frequency responses near the natural 
periods for degrees of freedom of horizontal plane, is repre-
sented by drag force and estimated by integrating the Morison 
drag item 

 
0

1 d
2

= ∫
h

hd d hF C D U U lρ  (7) 

where U, Dh and h are relative velocity, diameter and height 
for hard tank respectively. 

In the analysis of random wave action, the wave elevation 
of time history is generated through a number of linear waves 
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1 1
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where N, kj, Δω and εi are wave component number, wave 
number, frequency interval and random phase from 0~2π.  Ai 
denotes the wave amplitude component and determined by the 
formula below 

 2 ( )ΔiSη ω ω  (9) 

where Sη(ωi) expresses the wave spectrum.  Similar to the ran- 
dom wave elevation, the 1st order wave exciting force is cap- 
tured 
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1
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N
t

WF i i
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where L(ωi) indicates the linear transfer function of wave 
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force which is obtained from previous hydrodynamic calcula-
tion. 

2. Mooring Line Dynamics 
Accurately assessing the hydrodynamic damping and the 

tension of mooring line through dynamic approach is impor-
tant not only for the hull motion mentioned above, but also for 
the reliable design of mooring lines.  The analytical strategy of 
mooring dynamics in this paper disperses the cable into a cer- 
tain amount of elements which is calculated in local coordi-
nate system and accounting for some non-linear factors e.g. 
drag and inertial forces.  It is noted that the seabed frictions 
and bending stiffness are ignored.  The element motion equa-
tion is as following 

 ( )+ = + + +m ma m g b d sM M A F F F F  (11) 

where Mm, Mma and Am denote the structural mass, added mass 
matrixes (6 × 6) and acceleration vector (6 × 1); Fg, Fb, Fd and 
Fs are gravity force, buoyancy force, drag force and seabed 
reaction vectors (6 × 1) respectively.  In fact the equation 
above has 6 degrees of freedom for 2 nodes of an element, and 
each node has 3 including the inline and 2 normal directions.  
In calculation process of coupled hull and mooring lines, the 
total mooring line force should be instantaneously shifted to 
the platform reference point i.e. center of gravity by using 
transfer matrix 
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where Pg and Pa are force matrix at CG of platform and fair-
lead respectively.  Px, Py and Pz are mooring line force com-
ponents for x, y and z at fairlead, and Ta denote transfer matrix.  
In time domain simulation, tension for mooring line and the 
motion of hull are considered to be mutually interactive where 
the mooring line effects hull motion. 

3. Coupled Heave and Pitch Equations 
Generally, The hydrostatic stiffness is regarded as a con-

stant value from the static equilibrium position and has a linear 
relationship with corresponding restoring force.  However, the 
vertical motion is always accompanied by the rotational mo-
tion at the same time when the platform undergoes wave ac-
tions.  Thus, the hydrostatic stiffness changes with the global 
platform motions and the restoring forces are time-varying 
actually.  According to the geometrical relation of vertical and 
rotation motion, the complete express of heave restoring force 
R3 is 

 2 2
3 3 4 5( ( ) ( )) 1 tan ( ) tan ( )= − + +wR x t t gA x t x tη ρ  

2 2
4 5( 1 tan ( ) tan ( ) 1)− + + −w ggA H x t x tρ  (14) 

where x3, x4 and x5 are heave displacement, roll and pitch 
angles, and η, Aw and Hg denote the wave elevation, waterline 
area and distance from water surface to the CG point respec-
tively.  The first item of above formula indicates the contri-
bution considering the change of waterline area due to the 
rotation motion; the second item indicates the contribution of 
platform vertical motion induced by the rotation response.  For 
analytical convenience, Eq. (14) can be simplified to a plane 
problem based on the double axis symmetry of DDMS plat-
form and consequently the roll motion x4 disappears.  Further 
more, the wave elevation is neglected and finally the Eq. (14) 
is simplified below 

 3 3 ( 1)= − −w w gR x gA gA Hρ α ρ α  (15) 

where 2
51 tan ( )= + x tα . 

Similar to the change of R3 with the rotational motion,  
pitch restoring force R5 varies with heave motion x3 because 
the metacentric height GM and displaced volume ∀ relate to 
vertical response.  The time-varying metacentric height as well 
as displacement volume are derived below 

 0 3 30.5 ( ) ( ( ))( 1)⎡ ⎤= − − − −⎣ ⎦gGM GM x t H x t α  (16) 

 0 3 3( ) ( ( ))( 1)⎡ ⎤∀ = ∀ − − − −⎣ ⎦w gA x t H x t α  (17) 

where GM0 and ∀0 are the initial metacentric height and initial 
displaced volume at static equilibrium position.  Therefore, the 
corresponding restoring force R5 considering the varying of 
metacentric height and displaced volume is expressed by fol-
lowing formula 

5 5 5 0 0( ) ( )[ρ ρ= ∀ = ∀R x t g GM x t g GM   

 0 0 3 30.5 ( 2 )( ( ) ( ( ))( 1))− ∀ + − − −wg A GM x t Hg x tρ α  

2
3 30.5 ( ( ) ( ( ))( 1)) ]+ − − −wgA x t Hg x tρ α  (18) 

According to Newton’s second law, the motion equations of 
coupled heave and pitch accounting the varying restoring 
force can be expressed below simply 

 33 3 3 3 3 3 5 3

55 55 5 5 5 5 5 3 5

( ) ( , ) ( )
( ) ( , ) ( )

+ + + =⎧
⎨ + + + =⎩

sM m x C x R x x F t
I m x C x R x x M t

 (19) 

where Ms, m33, C3, F3 and x3 denote the platform mass, added  
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Fig. 3.  (a) Panel model, (b) heave force RAO, (c) pitch force RAO. 
 
 

mass, damping coefficient, external force and heave displace- 
ment; I55, m55, C5, M5 and x5 represent the pitch moment of 
inertia, added mass, damping coefficient, external moment 
and pitch angle.  To evaluate the non-linear heave and pitch 
damping effects, free-decay tests are executed based on the 
hydrodynamic predicting method and  coupled hull and moo- 
ring model in previous section.  The relevant free-decay re-
sults are summarized in the next section.  

IV. NUMERICAL CALCULATION AND 
RESULTS ANALYSIS 

1. Hydrodynamic Performance of DDMS Platform 
Based on the hull hydrodynamic theory described in pre-

vious section, the 1st order hydrodynamic information as well 
as the motion RAOs are obtained.  The wave incident angle is 
zero i.e. along the positive direction of x axis, and all the re-
sults are regarded to CG point.  Fig. 3(a) illustrates the panel 
model of DDMS platform, and heave and pitch force RAOs 
representing the HOBEM’s calculated results are shown in 
Figs. 3(b) and 3(c). 

The RAOs for heave, pitch and surge are drawn in Fig. 4.  
This figure distinctly displays that the surge and pitch re-
sponses in W-F region are relative small and the curves vary 
smoothly.  Thereby, the 1st order responses excited by waves 
can be effective filtered and reduced.  It concludes that the 
surge and pitch’s motion performances are favorable.  As for 
heave, the figure shows the natural period is greater than 30 s 
which is even higher than the natural period of traditional Spar 
platform.  This is because the smaller waterline area for 
DDMS platform compared with that of the Spar.  We also 
observe that the heave RAO curve maintains a relative low 
magnitude and varies smoothly till the cancellation period at 
around 25 s.  For common wave condition of 100-year return  

Heave
Pitch
Surge

4

3

2

1

0

RA
O

0 10 20
Period (sec)

30 40 50
 

Fig. 4.  Response RAOs for heave, pitch and surge. 
 
 
period with peak period of 12~16 s, the deep draft platforms 
such as DDMS and Spar have the ability to guarantee the 
relative low extreme heave response.  However for some 
special wave cases e.g. swell wave,  the peak period can ex-
ceed 20 s which is close to the heave natural period, and large 
resonant heave response may be excited.  Meanwhile, we find 
out from Fig. 4 that the heave response is nearly 4 times of 
incident wave amplitude at natural period.  Similarly in ex-
periment executed by Rho et al. [10], the measured value of 
heave RAO at natural period even exceeds 8.  The large heave 
response causes the hydrostatic parameters e.g. metacentric 
height and displaced volume inconstant and may lead to in-
stable pitch motion.  Therefore, it is significant and necessary 
to investigate coupled heave and pitch motions by considering 
the time-varying restoring forces especially for the novel 
DDMS platform. 

2. Damping Identification 
The damping contribution and natural period of DDMS 

platform are identified through the free-decay test based on the 
hull/mooring coupled method in previous section.  As for 
heave, platform models with/without heave damping and with 
coupled mooring line damping are conducted.  The relevant 
information involving structural dimensions and hydrody-
namic coefficient for mooring line are summarized in Table 2.  
For pitch, the hull drag coefficients Cd and mooring line damp- 
ing determine the linear damping ratio.  The free-decay tests 
are plotted in Fig. 5.  In order to distinctly and effectively 
reflect the damping effects on the Mathieu instability, these 
identified results generate an analytical matrix of 6 damping 
cases which are listed in Table 3.  The first three cases have 
identical pitch damping ratio with 0.1 drag coefficient while 
different heave damping ratios to assess the influence of heave 
motion to the Mathieu instability.  It is noted that the 0.41% 
pitch damping ratio does not match the 5.78% heave damping 
ratio for Case 3 because in which the coupled effects are as-
sumed to be applied to the heave only to compare with other 
cases.  Case 4 and Case 5 have different pitch damping ratios, 
however same heave damping ratio without mooring coupled.   
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Table 2.  Mooring line properties. 

Section 
Dry/wet weight 

(kg/m) 
Diameter 

(m) 
Length 

(m) 
Ca Cd 

Upper 443/385.6 0.146   159 2.2 2.0
Middle 90.8/78.5 0.146 2640 1.8 1.0
Ground 443/385.6 0.146   100 2.2 2.0
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Fig. 5.  (a) Heave decay curves, (b) pitch decay curves. 

 
 

Case 6 have 3.11% and 5.78% heave and pitch damping ratios 
with maximum 2.0 drag coefficient and mooring coupled.  The 
drag coefficients selected in this paper are within the general 
empirical range, and the corresponding identified pitch 
damping are within acknowledged range 1~4% [3].  In addi-
tion, the natural periods of heave and pitch are 34.6 s and 78.2 
s respectively through the free-decay tests. 

3. Regular Wave Action 
In this section, 5 different regular waves of different heights 

(H) and periods (T) tabulated in Table 4 act on the coupled 
heave and pitch model with damping cases in previous section.  
The wave periods cover the range from heave natural period  to 
half pitch natural period.  RW-1 and RW-2 have identical 32.6 
s wave period which is close to the 34.6 s heave natural period, 
and RW-3 and RW-4 have 34.6 s and 36.6 s periods which are  

Table 3.  Damping cases. 

Case 
Pitch/heave 

damping ratio 
Cd 

Heave plate
damping 

Coupled 
model 

Case 1 0.41%/1.45% 0.1 N N 
Case 2 0.41%/4.0% 0.1 Y N 
Case 3 0.41%/5.78% 0.1 Y* Y 
Case 4 1.86%/4.0% 1.0 Y N 
Case 5 2.87%/4.0% 2.0 Y N 
Case 6 3.11%/5.78% 2.0 Y Y 

* In Case 3, the coupled effects are assumed to be reflected to the 
heave damping only. 

 
 

Table 4.  Regular wave cases. 
 RW-1 RW-2 RW-3 RW-4 RW-5 

H (m) 6 8 3 2 2 
T (sec) 32.6 32.6 34.6 36.6 39.1 
 
 

Table 5.  Statistic of maximum responses. 

Wave
case 

Damping case
ABS Max 
heave (m) 

ABS Max
Pitch (°)

STD 
(°) 

Case 1 22.10 35.81   13.8 
Case 2 11.08   2.52   0.68 RW-1
Case 4 11.07   1.84   0.44 
Case 2 16.08 29.47 14.72 
Case 3 11.91   4.77 1.04 
Case 4 15.54 27.49 14.35 
Case 5 15.20 25.99 14.03 

RW-2

Case 6 11.90   2.40   0.58 
Case 4 10.43 13.10   6.41 
Case 5 10.50 12.13   6.05 RW-3
Case 6   7.43   0.54   0.20 
Case 5   5.64   3.61   1.92 

RW-4
Case 6   4.50   0.37   0.14 

RW-5 Case 6   3.76   9.52   4.46 
 
 

close to the half pitch natural period of 78.2 s.  RW-5 is special, 
for the wave period equals to 39.1 s which is just the half pitch 
natural period and most possible to excite the Mathieu insta-
bility theoretically. 

Figs. 6(a)~6(j) show the heave and pitch response under 
RW-1, and the absolute maximum response values and stan-
dard deviations of corresponding pitch spectra are listed in 
Table 5 for all calculated cases.  In Figs. 6(a) and 6(b), the tre- 
mendous heave motion of Case 1 is excited due to the small 
1.45% heave damping ratio and surely triggers the Mathieu 
instability.  The corresponding pitch motion is very large even 
up to the peak value of 35.81° and finally becomes stable after  
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Fig. 6.  Calculated results under RW-1. 

 
 
10000 s.  The stable in this paper means the heave or pitch 
motion oscillates with a certain frequency and amplitude.  
However under the condition of 100-year return period, the 
maximum peak response normally does not exceed 10° with- 
out considering the coupled heave and pitch.  In addition, the 
large pitch motion also makes the heave unstable, and an ob-
servation obviously shows the two coupled motions increase 
and decrease turn by turn e.g. motions around 5000 s and 7400 
s.  This phenomena is owing to the energy transfer alternately 
between the heave and pitch, and furthermore the time-energy 
shown in Figs. 6(e) and 6(f) have powerfully proved this view- 
point.  Case 2 does not have Mathieu instability because of the 
viscous damping from the heave plates, and the pitch motion 
with a peak value of 2.52 m tardily decays and trends to be 
stable.  It is worth noting that the pitch peak value ratio be-
tween Case 1 and Case 2 is 14.2, and this remarkable issue is 
essentially caused by the pitch restoring stiffness nearly zero 
or negative due to large heave response.  Case 4 having iden-
tical heave damping ratio with Case 2 is executed under RW-1, 
the result indicates that the increase of pitch damping accel-
erates the pitch motion stability.  The pitch response spectra of 
RW-1 are shown in Figs. 6(k) and 6(l). 

The heave and pitch motions as well as pitch spectra under 
RW-2 are plotted in Fig. 7.  In analysis of the RW-1 action, the 
damping level of Case 2 is adequate to resist the instability 
happening under 6m wave height, thereby, in RW-2 the wave 
height increases while the period is consistent.  The Figs. 7(a) 
and 7(b) show Case 2 has Mathieu instability and a large pitch 
response is induced. This is because the damping is not 
enough, and the pitch instability in Case 2 is much different 
from the one in Case 1 under RW-1.  The pitch motion in-
creases soon and reaches the peak at 700 s, and quickly be-
comes stable after a transitory energy exchange with heave 
response.  The similar phenomena are observed in Case 4 and 
Case 5, but owing to the increase of pitch damping, the pitch 
peak values and general responses slightly decrease which are 
shown by the spectra in Fig. 7(k) and statistics in Table 5.  
Case 3 and Case 6 does not trigger the Mathieu instability 
because the heave response is effectively suppressed by the 
heave damping ratio which is 1.45 times of those for Case 2, 4 
and 5.  The simulated results reveal that the heave damping 
accounting for the mooring contribution based on the coupled 
method significantly determines the occurrence of Mathieu 
instability.  Therefore, neglecting or underestimating the 
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Fig. 7.  Calculated results under RW-2. 

 
 

mooring damping may cause the coupled motions conserva-
tive. 

Coupled motions under RW-3 are shown in Figs. 8(a)~8(f) 
as well as the pitch spectra in Figs. 8(g) and 8(h).  The simu-
lated results indicate that Case 4 and Case 5 have Mathieu 
instability, and this type of pitch instability is similar with the 
one under RW-2, however, the pitch peak values appear lat-
terly and the energy exchange becomes gentle.  Figs. 8(e) and 
8(f) clearly shows the Case 6 has no energy transfer between 
heave and pitch. 

Figs. 9(a)~9(d) plot the coupled motions of Case 5 and Case 
6 under RW-4, and the Figs. 9(e) and 9(f) show the Case 6 
under RW-5.  The pitch response spectra are drawn in Figs. 9(g) 
and 9(h).  For Case 5 as shown in Fig. 9(b), this pitch insta-
bility is different from the previous two types.  The heave 
response tardily decreases while the pitch motion gradually 
and gently increases until becoming stable after 3200 s.  
Mathieu instability is not observed in Case 6 under RW-4 but 
is triggered in Case 6 under RW-5 in despite of the same 2 m 
wave height of the two regular waves.  In addition, the 
maximum heave response of Case 6 under RW-5 is 3.76 m as 

shown in Table 5, although which is significantly smaller than 
those of this case under other regular waves previously, and 
the instability is still excited.  The reason is the wave period 
which is just the half of the pitch natural period.  Therefore, in 
this wave type, the Mathieu instability easily happens even 
with the damping of top level.  Figs. 9(e) and 9(f) show an 
interesting phenomena that comparing the Figs. 9(c) and 9(d), 
the heave motion distinctly transfers and contributes its energy 
to pitch, and it is just the transferred energy leads to the pitch 
instability.  Pitch motions from 0~2000 s of Case 6 under 
RW-4 and RW-5 are plotted in Fig. 10, and from which the 
secrete of pitch instability could be explained.  For Case 6 
under RW-4, two different adjacent motions appear and 
gradually dissipate, finally, steadily oscillate with wave ex-
citing period.  However for Case 6 under RW-5, the two ad-
jacent motions superpose, and the pitch response gradually 
increases and finally oscillates with a long period which just 
falls into the pitch natural period zone.  Therefore, because of 
the resonant effect, the pitch motion instability occurs.  This 
phenomena is also observed in the experiment executed by 
Rho et al. [10].  These analytical results can be proven by the  
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Fig. 8.  Calculated results under RW-3. 

 

 

Case 5

RW-4, Case 5
RW-5, Case 6

Case 5 Case 6

Case 6Case 6Case 6

RW-4, Case 6

8

4

0

-4

-8

H
ea

ve
 re

sp
on

se
 (m

)

0 1000 2000 3000
Time (sec)

(a) heave response for Case 5, RW-4

0.008

0.004

0.000

-0.004

-0.008

Pi
tc

h 
re

sp
on

se
 (r

ad
)

0 1000 2000 3000 4000 5000 6000
Time (sec)

(d) pitch response for Case 6, RW-4
0.15

0.10

0.05

0.00

Pi
tc

h 
sp

ec
tru

m
 (r

ad
2 -s

ec
)

0.0 0.2 0.4 0.6
Frequency (rad/s)

(g) pitch spectra

12

9

6

3

0

Pi
tc

h 
sp

ec
tru

m
 (r

ad
2 -s

ec
)

× 10-5

0.0 0.2 0.4 0.0
Frequency (rad/s)

(h) pitch spectra

4

2

0

-2

-4

H
ea

ve
 re

sp
on

se
 (m

)

0 1000 2000 3000 4000 5000 6000
Time (sec)

(e) heave response for Case 6, RW-4

0.18

0.12

0.06

0.00

-0.06

-0.12

-0.18

Pi
tc

h 
re

sp
on

se
 (r

ad
)

0 1000 2000 3000 4000 5000 6000
Time (sec)

(f) pitch response for Case 6, RW-5

0.008

0.04

0.00

-0.04

-0.08

Pi
tc

h 
re

sp
on

se
 (r

ad
)

0 1000 2000 3000 4000 5000 6000
Time (sec)

(b) pitch response for Case 5, RW-4

6

3

0

-3

-6

H
ea

ve
 re

sp
on

se
 (m

)

0 1000 2000 3000 4000 5000 6000
Time (sec)

(c) heave response for Case 6, RW-4

4000 5000 6000

 
Fig. 9.  Calculated results under RW-4 and RW-5. 
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Fig. 10.  (a) Pitch responses for Case 6, RW-4, (b) Pitch responses for Case 6 and RW-5. 

 
 

Table 6.  Random wave conditions. 
Case Hs (m) Tp (sec) γ 

Swell-A   2.5 23.0 6.0 
Swell-B   1.7 25.0 6.0 

South China Sea 15.0 15.1   3.55 
Gulf of Mexico 12.3 14.2 2.0 

*Hs, Tp and γ denote the significant wave height, peak period and 
peak parameter respectively. 

 
pitch spectra shown in Figs. 9(g) and 9(h), where the wave 
frequency dominates the spectra of Case 6 under RW-4 while 
the low frequency dominates the spectra of Case 6 under 
RW-5. 

4. Random waves action 
In this section, we consider 4 different extreme wave con-

ditions as shown in Table 6 to study the Mathieu instability of 
DDMS platform under irregular waves.  The first 2 cases i.e. 
Swell-A and Swell-B are a special type of ocean condition 
which has a long wave period and is also widely observed 
around the world e.g.  West Africa and North Sea.  This type of 
wave may excite large heave motion because the wave period 
is close to the heave natural period, despite the extraordinary 
small wave height.  In addition, the large heave response is 
likely to cause the Mathieu instability through the analysis 
above.  Thereby these two typical swell conditions, Swell-A 
and Swell-B corresponding to the West Africa and North Sea 
respectively, are selected and investigated on the Mathieu 
instability.  Another two cases in Table 6 are typical extreme 
wave conditions of 100-y return period for South China sea 
and Gulf of Mexico.  The damping level of Case 4 is employed 
in this section.  In this section, the JONSWAP spectrum is se- 
lected to represent random waves.  The random wave eleva-
tion and exciting forces in time domain are produced by using 
the Eqs. (8)~(10).  In order to avoid the repetition of time trace, 
the wave component number N in Eqs. (8) and (10) is 2000. 

The simulated results for swell cases are shown in Figs. 
11~14 and the statistical data are summarized in Table 7.  The 
study clearly indicates the Mathieu instability is not generated 
in swell waves, and the maximum pitch responses are 0.61° 
and 0.34° for Swell-A and Swell-B.  As for the heave motion, 
because the peak period of Swell-B is closer to heave natural 

Table 7.  Statistics for Swell-A and Swell-B. 
Response Swell-A Swell-B 

ABS max heave (m) 0.92 1.19 
ABS max Pitch (°) 0.61 0.34 

Heave L-F STD (m)   0.192   0.285 
Heave W-F STD (m)   0.121   0.110 

Pitch L-F STD (°)   0.034   0.019 
Pitch W-F STD (°)   0.104   0.068 

 
 

Table 8.  Statistics for  South China Sea and Gulf of Mexico. 
Response South China Sea Gulf of Mexico 

ABS max heave (m) 1.689 1.354 
ABS max pitch (°) 2.417 1.655 

Heave L-F STD (m) 0.018 0.01 
Heave W-F STD (m) 0.444 0.306 

Pitch L-F STD (°) 0.225 0.118 
Pitch W-F STD (°) 0.515 0.376 
 
 

period than that of Swell-A, the maximum value of Swell-A is 
smaller than that of Swell-B although the wave height of 
Swel-A is larger.  In addition, the heave spectra reveals that the 
resonant responses are adequately excited and entirely domi-
nate the heave motion.  As for the pitch motion, the maximum 
pitch value of Swell-A is nearly 2 times of the one for Swell-B 
due to the larger wave height.  The pitch spectra obviously 
shows that the wave frequency responses completely dominate 
the pitch motion, which means pitch resonant responses are 
not excited, and the instability does not happen. 
  

Figs. 15~17 illustrates the wave spectra, heave and pitch 
responses as well as the corresponding spectra for South China 
Sea (SCS) and Gulf of  Mexico (GOM) respectively.  Table 8 
lists the response statistics.  We can distinctly observe from the 
pitch spectra that the pitch motions for both extreme cases are 
completely controlled by W-F responses and the Mathieu in- 
stability is not triggered.  The maximal pitch values for both 
cases are 2.417° and 1.655° which are much greater than that 
of swell cases.  The reason is the dramatic increase of the wave 
heights.  The maximal heave responses for both cases are 
1.689 m and 1.354 m which significantly reflect the favorable  
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Fig. 11.  Wave elevation and spectra of Swell-A. 
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Fig. 12.  Heave and pitch responses and spectra of Swell-A. 
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Fig. 13.  Wave elevation and spectra of Swell-B. 
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Fig. 14.  Heave and pitch responses and spectra of Swell-B. 
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Fig. 15.  Wave spectra of  South China Sea and Gulf of Mexico. 
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Fig. 16.  Heave and pitch responses and spectra of South China Sea. 
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Fig. 17.  Heave and pitch responses and spectra of Gulf of Mexico. 

 
 

seakeeping ability and motion performance of the DDMS 
platform even under harsh environments.  In addition, com-
pared with the prior two swell cases, some differences are 
obviously observed from the pitch spectra shown in Figs. 16 
and 17.  The predominant periods of the pitch spectra for SCS 
and GOM are around the peak period of the wave spectra 
while the predominant periods for the swell cases are around 
the heave natural periods.  The reason is the peak periods of 

SCS and GOM are relative far from the pitch natural periods, 
and therefore the resonances do not occur. 

V. CONCLUSION 
In this paper, the Mathieu instability of DDMS, an innova-

tive deepwater platform, is investigated.  The coupled heave 
and pitch motion equations are established and solved by 4th 
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order Runge-Kutta method under regular waves and irregular 
wave conditions.  The damping effects on the Mathieu insta-
bility are specially studied with different damping cases which 
are obtained through the coupled hull and mooring model.  
The main conclusions can be drawn as below: 

 
1. Analyzing the coupled responses with different damping 

cases, the heave damping significantly dominates the occur- 
rence of Mathieu instability.  In other words, suppressing the 
heave motion can effectively reduce the possibility of pitch 
instability.  In addition, viscous damping of heave plates and 
hydrodynamic damping of mooring lines play an important 
role in restraining the instability.  The pitch damping accel-
erates the process of acquiring the steady pitch motion. 

2. The numerical simulation clearly indicates the heave and 
pitch motions increase and decrease turn by turn, and this 
phenomena is owing to the energy transfer and exchange.  
Three types of pitch instability are summarized.  First, the 
heave and pitch motion increase and decrease alternately, 
and steady motions appear after a long time of drastic en-
ergy transfers.  Second, the pitch motion increases and 
reaches the peak soon, and subsequently quickly becomes 
stable after a transitory energy exchange.  Third, the pitch 
motion gradually and gently increases until reaching a peak 
after a long time, and the energy exchanges slightly. 

3. The calculated results under random waves obviously re-
veal that the DDMS platform does not suffer from the 
Mathieu instability.  The extreme heave responses under 4 
different extreme wave conditions for 4 different areas of 
the world are very small and do not exceed 2 m which im-
plies the favorable motion performance of the DDMS plat-
form and the perfect environmental adaptability. 
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