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ABSTRACT 
The solution, based on Neumann’s theory, for the content 

distribution of a diffusion material in a semi-infinite medium 
is applicable for the case in which a diffusion material diffuses 
from one side of a plate medium to the other side.  After the 
diffusion material reaches the other side, the penetration rate 
of the diffusion material is solved using Fick’s diffusion law.  
In this study, concrete plates are manufactured and submerged 
individually in special containers with saltwater on one side 
and freshwater on the other side, and no electric charge is ap- 
plied.  The amount of chloride penetrating the plate is moni-
tored.  Data are used to derive the diffusivity and Neumann’s 
constant, which are used to characterize penetration lag and 
rate.  The value of Neumann’s constant is derived for the first 
time.  This advancing model for a plate-shaped medium is also 
novel, and makes calculation of the penetration lag and diffu-
sion depth possible. 

I. INTRODUCTION 
The penetration lag of chloride through a concrete plate is 

as important as the diffusivity of chloride diffusion in concrete.  
Penetration lag and diffusivity determine the service life of 
reinforced concrete structures in salty environments.  Fick’s 
diffusion law [6] is conventionally applied to derive the chlo-
ride penetration rate through concrete plates [8].  Penetration 
is caused by natural diffusion, which is a prolonged process.  
Methods for rapid chloride diffusion applied an external elec-
trical field.  Rapid Chloride Permeability Test (RCPT) method 

(ASTM C1202-97 [1]) developed by Whiting [14] has been 
widely applied in recent years.  However, McCarter et al. [9] 
reported that the measured conductivity is adversely affected 
by the raised temperature in RCPT.  Many researchers im-
proved the RCPT, such as Tang and Nilsson [11], Meck and 
Sirivivatnanon [10], and others [3, 7, 12, 13, 17, 18, 20].  
Another technique, called Accelerated Chloride Migration Test 
(ACMT) was developed to improve the accuracy for the meas- 
urement of the chloride migration rate in steady state [16]. 

The problem caused by the raised temperature in an accel-
erated test by an electrical charge has not been fully solved, 
and the effect of temperature on diffusion is material-depend- 
ent, which is not easy to characterize.  Another significant 
problem is that the decomposition of concrete under an elec-
trical charge, which totally changes the micro-structure of 
concrete.  To prevent these problems, natural diffusion is ap-
plied in this study; natural diffusion is very time consuming 
but it is much closer to real-world situations than the acceler-
ated ones. 

Based on Fick’s diffusion law, the chloride content in con-
crete induced by a salty environment is derived.  The solution 
for content of a diffusing material encounters a serious prob-
lem for the case of a semi-infinite medium domain.  The so-
lution indicates that the content of a diffusion material cannot 
be zero, even at the deepest part of the medium and at the very 
beginning of diffusion.  In reality, molecules of a diffusion 
material need time to travel from the surface contacting the 
diffusion material to a deep location in the medium.  An ad-
vancing diffusion front tip indicating diffusion depth should 
exist.  A no-zero solution for content of a diffusion material 
everywhere inside a medium at the start of the diffusion pro- 
cess does not make sense.  The solution of diffusion material 
content in medium was modified by Carslaw and Jaeger based 
on Neumann’s algorithm for heat conduction [2].  The modi-
fied solution yields diffusion depth as a function of diffusion 
duration. 

For the case in that a molecule in the diffusion material 
starts its diffusion trip from one surface of a plate medium 
toward the other surface, before the molecule reaches the other 
surface, this case is exactly the same as that in a semi-infinite 
medium domain, and the solution for the content of the diffu-
sion material for a semi-infinite medium domain is applied.  
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However, the problem must be solved separately after that to 
derive the content [4, 5, 15, 19]. 

In the experiment of this study, round concrete plates are 
manufactured and connected individually to two angled poly- 
vinylchloride (PVC) pipes on their both sides to form a U-type 
container.  The pipes are filled with saltwater and freshwater.  
Freshwater means water with undetectable chloride content 
which is smaller than 0.0005% by weigh for our equipment.  
The total amount of chloride appear in the freshwater side is 
analyzed based on the proposed algorithm to derive the diffu-
sivity and Neumann constant [15, 19].  Results are utilized to 
quantify the chloride content in concrete submerged in salt-
water.  This process is time consuming, but closely mirrors 
real cases in nature and does not use electric charge, which 
always causes problems. 

II. THEORY 
The bit stream to be transmitted is organized in frames as 

shown in Fig. 1.  The preamble and the end code indicate the 
start and the end of a message frame, respectively.  They are 
used by the receiver for the frame synchronization.  The train- 
ing sequence is used by the adaptive equalizer in the receiver 
for optimizing the equalizer coefficients.  The information- 
bearing data follow the training sequence.  The gap between 
the preamble and the training sequence is for ensuring the 
completion of the frame synchronization in the receiver before 
the reception of the training sequence. 

The governing equation of Fick’s diffusion law for one- 
dimensional diffusion is 

 
2

2
c cD
t x

∂ ∂
=

∂ ∂
  (1) 

where c is the content of the diffusion material defined as the 
weight of the diffusion material per unit volume of medium, t 
is diffusion duration, D is diffusivity, and x is the coordinate in 
the diffusion direction.  Notably, c is dependent on both t and x.  
For a semi-infinite medium (Fig. 1), when the diffusion ma-
terial crosses the surface of the medium contacting the diffu-
sion material and diffuses in the medium where initially has no 
diffusion material, the content of the diffusion material in the 
medium is 
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where c∞ is the saturated c [6].  The boundary of the medium is 
assumed saturated when it contacts the diffusion material, 
meaning that the medium surface where x = 0 (Fig. 1) is c∞ 
from the very beginning and remains constant throughout the 
whole process.  Eq. (2) ensures that the boundary condition is 
c = c∞ at x = 0.  The initial condition is c = 0 in the medium 

medium 

x (diffusion direction)
diffusion
material

 
Fig. 1. Diffusion material penetrating the surface of a semi-infinite me- 

dium and diffusing toward the deeper inside of the medium. 
 
 
when t approaches 0, and the final condition is c = c∞ when t 
approaches ∞.  However, a problem occurs in that c cannot be 
zero regardless of the depth of x and how short t is as long as t 
is not zero.  Molecules of the diffusing material can- 
not reach everywhere in the medium instantly; that is a rea-
sonable amount of time is required. 

Neumann modified Eq. (2) for heat conduction, and Carslaw 
and Jaeger applied the modification to material diffusion [4, 
19], such that Eq. (2) becomes 

2 1

0
2 1

0

( 1) ( )
2

!(2 1)[1 ], 2( ; ) ( 1)
!(2 1)

0, 2

m m

m
m m

m

x
Dt

m mc for x v Dtc t x v
m m

for x v Dt

+
∞

=
∞ +∞

=

⎧ −⎪
⎪

+⎪ − ≤= ⎨ −⎪
+⎪

⎪ ≥⎩

∑

∑
 (3) 

In Eq. (3), ν is called Neumann’s constant.  The first equa-
tion on the right side of Eq. (3) satisfies Eq. (1); however, x 
must not exceed 2 Dtν , or it becomes negative, which does 
not make sense.  When x exceeds 2 Dtν , c(t; x) is zero for 
the undisturbed area.  As a mater of fact, 2 Dtν is the loca-
tion of the diffusion front, which is actually diffusion depth.  
Eq. (3) is called the advancing model for Fick’s diffusion 
law. 

For a different case, the diffusion material crosses the left 
surface of an h-thick plate-shaped medium, flows into the 
medium, diffuses through the medium toward the right surface 
and flees into the “free” space on the right side (Fig. 2).  Be-
fore the diffusion material reaches the right surface, the right 
surface has no affect on the diffusion, and this case at this stage 
is exactly the same as diffusion in a semi-infinite medium.  
The critical moment when diffusion material reaches the right 

surface is 
2

24c
ht

Dν
= , which is derived by letting h to equal 

2 Dtν .  The assumption that the left boundary of the me-
dium becomes saturated instantly when it contacts the diffu-
sion material still holds. 
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medium 

x (diffusion direction)
diffusion
material

h  
Fig. 2. Diffusion material penetrating the left surface of a plate shape 

medium and diffusing toward the right surface of the medium. 
 
 
When the diffusion material reaches the right surface of the 

plate-shaped medium, this case is no longer the same as a 
semi-infinite case.  The limitation of plate thickness causes the 
content solution to differ from Eq. (3) [4].  Let the critical 
moment be the initial moment of the following step, which 
considers the right boundary.  At this time, the content of the 
diffusion material is 
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The right boundary is assumed “free,” meaning c(t; h) = 0, 
which is satisfied by Eq. (4). 

Solve Eq. (1) for this plate medium case.  Adopt the sepa-
ration variable technique and let 

 ( ; ) ( ) ( )c t x X x T t=   (5) 

where X is a function of x, and T is a function of t.  Based on 
Eq. (5), Eq. (1) is rearranged into 

 T XD
T X

′′
=  (6) 

In Eq. (6), D is a constant, the left side contents functions of 
t only, and the right side contents functions of x only.  Both 
sides should be constant to make Eq. (6) valid.  Let 

 , :T XD k k constant
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Thus, 
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For k = 0, the particular solutions of T and X are 
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For k ≠ 0, the harmonic solutions of T and X are 
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To prevent T from becoming ∞  when t→∞, k must be posi- 
tive for a positive D.  For the multi-values of k, kn, n = 1 to ∞, 
Eq. (10) becomes 
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The general form of c is the combination of the particular 
solution and the harmonic solution. 
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At the initial moment when t = tc, Eq. (12) becomes 
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and the boundary conditions are 
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The process employed herein is called the Two Sides An-
ti-symmetrical Images (TSAI) technique [4, 15].  From Eqs. 
(13, 14), 

0 1

D
2

10 1
D

3

0 1

, 0

[ cos( )
( ; )

sin( )], 0
,

n c

n c

k t
n n

nc
k t

n n

c x x

e k x
c t x x

e k x x h
x x h

α α

α
α α

α
α α

∞

∞
−

=

−

− − =⎧
⎪
⎪⎪− − = ⎨
⎪ + < <⎪
⎪− − =⎩

∑  (15) 



144 Journal of Marine Science and Technology, Vol. 19, No. 2 (2011) 

 

According to Eq. (14), make both sides of Eq. (15) zero at  

x = 0 and h by letting α0 = c∞ and 1
c
h

α ∞−
=  to make the ex-

pression of Fourier series for Eq. (15) possible.  Eq. (15) then 
becomes 
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Expand the right side of Eq. (16) into a periodic function 
cp(x) with a period of 2h. 
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where cp(x) in the area of h < x < 3h/2 is the anti-symmetrical 
image of cp(x) in the area of h/2 < x < h, and cp(x) in the area of 
-h/2 < x < 0 is the anti-symmetrical image of cp(x) in the area 
of 0 < x < h/2.  Actually, cp(x) in the area of -h/2 ≤ x ≤ 0 and  
h ≤ x ≤ 3h/2 do not exist because they are not in the plate 
medium; That is, they are mathematical conveniences created 
to make cp(x) anti-symmetrical with respect to x = 0 and h to 
simplify the expression of Fourier series of Eq. (17).  Under 
this delicate arrangement, cp(x) is exactly the same as c(tc; x)- 
c∞ + (c∞/h)x in the area of 0 ≤ x ≤ h where the medium exists, 
and the solution for content of the diffusion material is inter-
ested.  Expand Eq. (17) by Fourier series. 
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The TSAI technique removes the constant a0 and coeffi-
cients of cosine terms an, leaving only the coefficients of sine 
terms bn.  The surviving sine terms are set to fit the boundary 
conditions such that cp(x) = c(tc; x)-c∞ + (c∞/h)x is zero at x = 0 
and h.  Comparing Eq. (16) and Eq. (18) in the area of 0 ≤ x ≤ h 
where the medium exists obtains 
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Eq. (12) then becomes 
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where tc is the critical diffusion duration when the diffusion 
material reaches the right surface of the plate medium (Fig. 2), 
which is called the penetration lag which is the duration re-
quired for the diffusion material to penetrate the plate-shaped 
medium with thickness h.  Characterization of the penetration 
lag according to advancing model is novel and is the major 
contribution of this study.  Next, the diffusion material starts 
flowing into the free space on the right side of the plate me-
dium.  Based on Fick’s first diffusion law, flow rate at x = h is 
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Fig. 3.  U shape diffusion fixture for diffusion test using. 

 
 
where w is the weight of the diffusion material flowing out of 
the right surface of the plate medium, and A is the area of the 
surface penetrated.  After a duration t, the accumulated weight 
W of the diffusion material collected from the right chamber 
(Fig. 3) is 
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where τ is diffusion duration, and tc ≤ τ ≤ t.  Measuring W 
experimentally and analyzing W versus t theoretically to ob-
tain the parameters in Eq. (27) are major tasks in this study. 

III. EXPERIMENT 
In the study case, cylindrical concrete specimens 10 cm in 

diameter are sliced into 2.0 cm-thick, disk-shaped specimens.  
Type I cement is used.  Mix design for the concrete and grain 
sizes of coarse aggregate and sand are shown in Tables 1, 2.  
The edge of each specimen is sealed with epoxy glue, ren-
dering it waterproof.  Half of the thickness on the left side of 
each specimen is squeezed into an angled PVC pipe with a 
10cm inner diameter, and the other half on the other side is 
squeezed into another angled PVC pipe to form a U-shaped 
fixture with the disk-shaped concrete specimen blocked at its 
center.  The angled PVC pipe on the left side is filled with 
1000 c.c.  of saltwater with 0.1 g/cm3 chloride.  The other pipe 
is filled with freshwater of same volume (Fig. 3).  The open 
tops of the fixture are covered with plastic sheets and sealed by 
rubber bands to prevent moisture vaporization. 

Table 1.  Percentages by weight of ingredients of concrete. 

Ingredient Water Type I 
cement 

Coarse 
Aggregate Sand 

Percentage 
by Weight 8.67% 12.51% 34.71% 42.58% 

 
 

Table 2. Percentages by weight of each grain size in coarse 
aggregate and sand. 

U.S. 
standard
sieve size

37.5
mm

25
mm

19
mm

12.5 
mm #4 #8 #16 #30

coarse 
aggregate 0 0 20 60 9 9 1 1 

U.S. 
standard
sieve size

#4 #8 #16 #30 #50 #100 #200 pan

sand 0 16 28 21 16 12 5 2 

 
 
Chloride dissolved in water is the diffusion material, and 

water-logged concrete is the medium.  This experiment is 
conducted in conditional chamber, in which the temperature is 
maintained at 25 ± 1°C.  The saltwater is replaced weekly to 
maintain the chloride content, and the water on the other side 
of the specimen is removed weekly and tested for its chloride 
content to calculate the total weight of chloride flowing out of 
the specimen.  The pipe is refilled with freshwater every time 
the water is removed.  Each experiment takes 14 weeks. 

Eq. (27) has three parameters: c∞, ν and D.  Originally, by 
fitting Eq. (27) to the data for W versus t, the three parameters 
can be derived using the least square method.  However, the 
exponential term in Eq. (27) approaches zero so quickly that 
the penetration rate stabilizes in just a couple of days after 
chloride penetrates the concrete specimen (Fig. 4); thus, Eq. 
(27) becomes 

 
2

2( )
4

c hW AD t
h v D
∞= −  (28) 

Eq. (28) is a linear function with two parameters: a slope of 
ADc∞/h, representing the accumulation rate; and an x-intercept 
of h2/(4ν 2D) representing penetration lag.  The transition pe-
riod from Eq. (27) to Eq. (28) is much shorter than total ex-
periment duration.  The data for W with respect to t become 
liner instantly once chloride penetrates the specimen.  Nu-
merically, when the data of are almost liner, deriving three 
unknowns, c∞, ν and D, from the data generates solutions with 
unacceptable variation.  One unknown must be obtained using 
another method. 

Under the same condition, Eq. (25) becomes 

 ( ; ) (1 )xc t x c
h∞= −  (29) 
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Table 3. Saturated chloride content, diffusivity, neumann’s 
constant and critical diffusion duration of concrete 
under 25 ± 1°C in salty water with 0.1 g/cm3 chlo-
ride content. 

Specimen H (cm) c∞ (g/cm3) D (cm2/day) ν tc (day)
#1 2.0 0.0232 0.00748 2.69 18.5 
#2 2.0 0.0273 0.00767 2.62 19.0 
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Fig. 4. Two typical data sets of accumulated weight of chloride pene-

trating 2.0 cm thick disk shape concrete specimen versus diffu-
sion duration under 25°C. 

 
 
The average content of chloride in the concrete disk is half 

c∞, and 14 weeks is much more than enough for penetration 
rate to stabilize [15].  After each experiment, the specimen is 
removed from the fixture and crushed into pieces smaller than 
0.5 cm in diameter, except for the coarse aggregate, which 
remains around the original size.  The crushed pieces are sub- 
merged in freshwater for 24 hours to weigh the chloride ex-
tracted from the concrete.  The weight of the chloride is di-
vided by the specimen volume to obtain c∞/2 and then calcu-
late c∞. 

After c∞ is obtained, the data for W versus t are fitted by Eq. 
(27) using the least square method to derive D and ν.  Fig. 4 
shows a typical set of data fitted by Eq. (27) for a 2.0 cm-thick.  
Table 3 shows the derived c∞, D and ν from two experiments.  
Convention solution of the W versus t can not be applied here, 
because it has no penetration lag at all. 

IV. DISCUSSION AND CONCLUSIONS  
The conventional solution for the content of a diffusion 

material in a semi-infinite medium derived by Eq. (2) can never 
give the diffusion depth, because the solution approaches zero 
asymptotically, but never becomes zero, regardless diffusion 
duration and location depth.  A molecule of the diffusion ma-
terial cannot reach deeply inside a medium instantly when the 
diffusion material contacts the medium.  Neumann modified 
Eq. (2) ingeniously as Eq. (3) and solved this problem [6].  In 
Eq. (3), critical time tc = h2/(4ν 2D) does not exist in Eq. (2), 

and is the time required for a diffusion material to travel a dis- 
tance of h, and diffusion depth is 2 Dtν .  Applying Neu-
mann’s idea to a plate medium and solving the content of dif- 
fusion material are the most important contributions of this 
study. 

Monitoring diffusion depth experimentally is extremely dif- 
ficult, because the diffusion front tip does not have a clear cut.  
In this study, a novel experimental procedure is designed to 
collect data for accumulated weight of the diffusion material 
penetrating a plate medium and to obtain the saturated content, 
both of which are used to derive diffusion parameters.  The 
novel experimental procedure makes theoretical analysis easy. 

The value of Neumann’s constant, ν, is derived experimen- 
tally for the first time in diffusion mechanics.  The advancing 
model for a plate-shaped medium is also novel, and makes 
calculating the penetration lag and diffusion depth of diffusion 
material penetrating a plate-shaped medium possible. 

The experiment in this study models natural diffusion, 
which lasts months.  Although the duration of this experiment 
is considerable, the experiment does not use an electrical 
charge, which does not exist in real cases. 

An interesting topic is that how environmental conditions 
such as temperature effect the diffusivity, Neumann’s constant 
and saturated content of the diffusing substance for different 
materials in different diffusion cases.  This topic contents too 
much work to be included herein and too important to be ne- 
glected in the future. 

V. NOTATIONS  
A = diffusion area of specimen 
a0, an, bn = coefficients of Fouier series 
c = content of diffusion material 
cp(x) = periodical function of x 
c(t; x) = c as a function of t and x 
c∞ = saturated c 
D = diffusivity 
h = thickness of a medium or specimen 
K1~4, K4n~6n, k, kn = constants 
m, n, r = indices 
T = function of t 
t = diffusion duration 
tc = critical t 
X = function of x 
W = accumulated weight of diffusion material penetrating 
through plate medium 
w = weight of diffusion material penetrating a plate medium 
x = coordinate in the diffusion direction 
α0, α1, α2n, α3n = constants 
ν = Neumann’s constant 
τ = diffusion duration tc ≤ τ ≤ t 
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