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ZENER-STROH CRACK PROBLEM IN A
FINITE PLATE

Yizhou Chen*
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ABSTRACT

In this paper, a Zener-Stroh crack problem in a finite plate is
studied. By using the principle of superposition, the original
problem is converted into a Zener-Stroh crack problem in an
infinite plate and a usual Griffith crack problem in a finite
plate. The former problem has a solution in a closed form.
The latter problem can be solved by using EEVM (eigen-
function expansion variational method). Finally, numerical
examples for evaluating the stress intensity factors at crack
tips are presented.

I. INTRODUCTION

The initial stress problem has a long history in literature [8,
9]. When no tractions are applied on the boundary of an
elastic medium, the stresses may exist in the medium. This is
the initial stress problem. The initial stress problem can be
interpreted as some accumulation of dislocations in the elastic
body. If the elastic body contains a crack, the initial stress
problem becomes the Zener-Stroh crack problem. In the Zener-
Stroh crack, one must assume an initial additional displace-
ment jump (abbreviated IAD), which is a counterpart of trac-
tions in the Griffith crack. Therefore, once the IAD is given
beforehand, a Zener-Stroh crack problem will be formulated.
Many researchers investigated the Zener-Stroh crack from a
viewpoint of materials science [6, 11, 12]. They also consider
the Zener-Stroh crack as an accumulation of dislocations.

Some Zener-Stroh crack problems were solved [2, 4, 5]. An
interfacial Zener-Stroh crack was studied, and difference of
governing equations for the Griffith crack and the Zener-Stroh
crack was discussed in detail [4]. A Zener-Stroh crack in anti-
plane elasticity was investigated [5]. Multiple Zener-Stroh
crack problem was solved using the singular integral equation
[2].

A general formulation for solutions of integral equations in
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elasticity was suggested [7]. Particularly, a line crack problem
with constant loading on the crack face was solved in a closed
form by using hypersingualr integral equation.

In this paper, Zener-Stroh crack problem in a finite plate is
studied. By using the principle of superposition, the original
problem is converted into a Zener-Stroh crack problem in an
infinite plate and a usual Griffith crack problem in a finite
plate. The former problem has a solution in a closed form.
The latter problem can be solved by using EEVM (eigen-
function expansion variational method) [1]. Finally, numeri-
cal examples for evaluating the stress intensity factors (SIFs)
at crack tips are presented.

II. ANALYSIS FOR A ZENER-STROH CRACK IN
A FINITE PLATE

We first discuss the single Zener-Stroh crack problem in an
infinite plate (Fig. 1). It is assumed that there is a block (Fig.
1(a)). A thinner layer of materials “b;c,c,b,” is removed from
the block, and two flanges “b;c,”and “b,c,” are exposed. After
welding the flange “b;c,” to “b,c,”, a Zener-Stroh crack “AB”
is thus formed (Fig. 1(a)). The amount of the displacement
“v” in Fig. 1 (a), which is the thickness of the thinner layer
“bicicyby” is called the initial additional displacement jump
(IAD), which is in y-direction in the present case. In this case,
in the left and right crack tips the first mode stress intensity
factors exists. Similarly, if the IAD is in x-direction the second
mode fracture encounters.

In the formulation of boundary value problem for a Zener-
Stroh crack (Fig. 1(b)), the dislocation distribution function
g'(t) is defined by [3, 10]

£0= 2 (e +ivn)’ — (O +iv) 1 <a) (1)
k+1dt

where (u(t) + iv(t))", ((u(t) + iv(t))) (u in x-direction, v in
y-direction) denotes the displacement at upper (lower) crack
face, respectively, G the shear modulus of elasticity, k = (3 —v)/
(1 +v) in plane stress case, kK = 3 — 4v in plane strain case, and
v the Poisson’s ratio. Since the influence of the function g'(t)
at any point “z” can be evaluated (Fig. 1(c)), the traction free
condition on the crack faces will lead to the following singular
integral equation [3, 10]
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Fig. 1. (a) Formulation of the Zener-Stroh crack, (b) a Zener-Stroh crack in an infinite plate, (c) dislocation distribution g'(t) placed along the interval

(-a, a).

[0

In addition, it is assumed that the amount of IAD is (u, V).
From this condition and Eq. (1) we have

[* gtdt= 265 in 3)
-a k+1

In Eq. (3), (u, V) is given beforehand, which represents the
generalized loading in the Zener-Stroh crack problem. From
Egs. (2) and (3) we can get a solution as follows [3]

2G 1u)

gt= (k+1) ,/

The SIFs at the left and right crack tips “A” and “B” in Fig.
1(b) can be defined by [3, 10]

A <a) @)

(K, —iK,), =(2m)" Lim /|t +a| g'(1),
t—>-a
(K, —iK,)y =—(2m)" Lim |t —a| g'(t) (5)
t—a

Substituting Eq. (4) into (5) yields

2G (V-ii)

(k+1) Jma ©)

K, -iK,), =—(K, -iK,); =

The solution for a Zener-Stroh crack in a finite plate is in-
troduced below (Fig. 2). It is assumed that the crack in a finite
plate undergoes an IAD with the amount v, and the crack faces
and the outer boundary are of traction free. The problem is
denoted by the problem “O” hereafter. The original problem
“O” can be considered as a superposition of the problems “P”
and “Q” (Fig. 2). In the problem “P”, the crack in an infinite
plate undergoes an IAD with the amount V. Therefore, from
Eq. (6) the SIFs at the crack tip “A” and “B” can be expressed as

2G v

Ky = et D) Jma @)

-(K)) =

Obviously, in the problem “Q” the applied boundary trac-
tions are the same in magnitude and opposite in direction with
those in the problem “P” (Fig. 2). If the dislocation distribu-
tion g'(t) is applied along the interval (-a, a) ( Fig. 1(c)), the
traction N + iT at the point “z” on the segment “CD” can be
expressed as [3]

1 2 1 1
N+iT=—| (—+ =2if)——)g'(t)dt
iT=——[ (. +en(-2iB)—)g'®

j JT —exp(— 21[3)( D' (tdt ®)

)

where “B” is the inclined angle of the segment “CD”’.
After using the following steps: (a) substituting g'(t) =
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Fig. 2. Superposition principle in the solution: (a) problem “O”, (b) problem “P”, (c) problem “Q”.

2GV/[n(k +1)va® —t*] into Eq. (8), (b) taking a point at the
outer boundary as the point “z” in Eq. (8), the boundary trac-
tions on the outer boundary of the cracked plate in the prob-
lems “P” and “Q” can be easily be found.

The complex variable function method is used to solve the
problem “Q” [9]. Fundamental of this method is introduced
below. In the method, the stresses (oy, Oy, Oxy), the resultant
forces (X, Y) and the displacements (u, v) are expressed in
terms of complex potentials ¢(z) and y(z) or complex poten-
tials ¢(z) and (z) such that

o, +0, =4Red(z),

o, —ic,, =2Re®(z) +zd'(z) + ¥(2)

=D(z)+(z-72)D'(z) + QZ) )
f=-Y +iX = §(z) + 2¢'(z) + y(z)
=4(2)+ (2= D) (2) + (2) (10)
2G(u+iv) = xd(z) — 24/ (z) - y(z)
=k4(2)-z-D (D) -0@) (1)

In Egs. (9)-(11), the functions w(z), ®(z), ¥(z) and (z) are
defined [3, 9]

o(2) = 2¢'(2) + ¥(2), D(2) = §'(2),

Y (2)=v'(2), A2) = 0'(2) (12)

Note that, in Eq. (12) the function y(z) is an analytic func-
tion which is defined by y(z) =y(z).

In the mentioned Zener-Stroh crack problem with IAD
“v 7, the elastic fields in the problem “O”, “P’ and “Q” have
the following properties

u(x,y) = u(-x,y) = u(x,=y) =u(-x,-y)
V(X,y) =—V(=X,y) = -V(X,~y)
=v(-x,-y)
6, (x,y) =—0,(=X,y) =0,(X,~y)
=—0,(=x,-y)
0,(X,y) =—0,(-X,y) =6,(x,~y)

—0,(=x,~y)
Oy (Xa y) =0y (_Xa y) =—0Oyy (Xa _y)
= _ny(_X,_Y) (13)

From the conditions shown by Eq. (13), the appropriate com-
plex potentials for ¢(z) and w(z) should take the form [1]

M M
0(z)= Y ENZ’ —a’ 227 + D F 22 (E,,F, —real)
k=1 k=1

M M
o(z)=Y ENZ' —a’ 2" =Y F 2" (B ,F, —real)  (14)
k=1 k=1
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Table 1. Non-dimensional stress intensity factors F(a/b, h/b) and G(a/R) (see Figs. 2 and 3, and Eqs. (16) and (17)).

For the finite rectangular pate F(a/b, h/b)

a/b= 0.1 0.2 0.3 0.5 0.6 0.7 0.8
h/b=0.4 0.9355 0.7979 0.6634 0.5580 0.4834 0.4365 0.4097 0.3770
h/b=0.6 0.9711 0.8987 0.8110 0.7284 0.6574 0.5929 0.5218 0.4279
h/b=0.8 0.9839 0.9399 0.8779 0.8069 0.7303 0.6466 0.5509 0.4376
h/b=1.0 0.9880 0.9535 0.9004 0.8325 0.7525 0.6612 0.5577 0.4395
h/b=1.5 0.9894 0.9583 0.9082 0.8412 0.7596 0.6656 0.5598 0.4397
h/b=2.0 0.9895 0.9584 0.9083 0.8413 0.7597 0.6663 0.5611 0.4428

For the cracked circular plate G(a/R)
a/R= 0.1 0.2 0.3 0.5 0.6 0.7 0.8
0.9852 0.9433 0.8804 0.8034 0.7177 0.6259 0.5279 0.4197
The EEVM (eigenfunction expansion variational method) Ty

is used to evaluate the SIFs at crack tips [1]. The SIF at the
right crack tip “B” can be evaluated by

(K,)s =Lim2,2n(z—a) ¢'(z) = 2\/E iEkaZk
z—a a )

(K =—(K))g 15)

Since the SIFs at the crack tips in the problems “P” and “Q”
can be evaluated by Egs. (7) and (15), respectively, the SIFs at
the crack tips in the original problem “O” can be evaluated
immediately using the principle of superposition.

For the rectangular cracked plate, in the case of using M =
18 in Egs. (14) and (15), the calculated SIFs at crack tips “A”
and “B” are expressed as

2G__V_ B(a/b.h/b)

(Ka ==(K))p :m —

(16)

The calculated values for F(a/b, h/b) are listed in Table 1.
The adoption of M = 18 is simply based on experience.

From Table 1 we see that the influence of boundary condi-
tion to the F(a/b, h/b) values is significant. For example, in the
case of infinite plate, or a/b~ 0, we have F(a/b, h/b)~ 1. In ad-
dition, if a/b = 0.1 and h/b = 2.0, we have F(a/b, h/b) = 0.9895.
However, if a/b = 0.8 and h/b = 2.0, we have F(a/b, h/b) =
0.4428. In the Zener-Stroh crack, if the ratio a/b is large, the
F(a/b, h/b) value becomes small. This situation is different
from the case of a Griffith crack.

The computed results for SIFs in Zener-Stroh crack are very
few. However, We can make an approximate comparison. In
this paper, when a/b = 0.2 and h/b = 2.0, we have non-dimen-
sional SIF values as follows: F = (0.9584 (at the left crack tip)
and F = -0.9584 (at the right crack tip). In the meantime, for
two Zener-Stroh cracks in series with a spacing d = a (here “a”
is half crack length) [2]. we have non-dimensional SIFs as fol-

Fig. 3. A Zener-Stroh crack in a circular plate.

lows: F = 0.6724 (at the left crack tip) and F = -1.5034 (at the
right crack tip). From the mentioned results we see that the
interaction of Zener-Stroh crack with boundaries or with other
crack is a complicated problem.

Similarly, for a circular plate with a central crack (Fig. 3), in
the case of using M = 18 in Egs. (7) and (15), the calculated
SIFs at crack tips “A” and “B” are expressed as

2G v

(k+1) /ma

The calculated values for G(a/R) are also listed in Table 1.

Ky =—(K)g = G(a/R)

an

ITI. CONCLUSIONS

An elastic body may not have loading applied on the body,
but has some accumulation of dislocation in the body. This
will become a wide range problem in elasticity, or so-called
initial stress problem. This study is devoted to a particular
initial stress problem arising from the Zener-Stroh crack
problem. It is worthy to mention some particular feature in the
study. For example, for the single Zener-Stroh crack case, if
the SIF at the left crack tip is positive, then the SIF at the right
crack tip must be negative.
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