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ABSTRACT

In this paper, the relationship between reliability and engineer-
ing system construction cost for obtaining optimum reliability was
studied.  This proposed approach was applied to the repair alternatives
of existing reinforced concrete (RC) bridges for acquiring the result
of optimization analysis.  According to the D(degree) E(extent) R
(relevancy) evaluation method, which is widely used by civil engi-
neers in Taiwan the existing RC bridges with and without stridden
rivers can be divided into 21 and 17 substructures, respectively.  The
use of the weighting value and the cost relation is to attain the
relationship between the total engineering system construction cost
and the reliability of the existing RC bridges.  The combination of the
reliability and construction cost with the structural failure cost ob-
tained from the expected cost is to gain the optimum reliability of the
existing RC bridges.  Moreover, the optimization repair alternative
and the service life of the existing RC bridges are thus obtained.  The
result of present study shows that the more the cost of the RC bridge
maintenance is, the more the whole profit of the weighting influence
has.  The failure loss cost also influences the optimum reliability.  The
present study results may offer the decision-making of the repair,
strengthening, and demolition for the existing RC bridges.

INTRODUCTION

Bridges are one of the most important transporta-
tion facilities in developed countries.  The design and
construction of a most durable, economical and esthetic
bridge become an important topic for research.  In
recent years, insufficient maintenance causes bridge
degradation, which is responsible for frequent collapses.
Some maintaining and repairing expenses have already

exceeded the initial construction cost.  Thus, it is further
necessary to study the relationship between engineering
system construction cost and optimum reliability.

There are a lot of evaluation methods for the con-
struction and maintenance cost of bridges.  Mohammadi
and Guralnick [13] and Frangopl and Furuta [5] used
simple and easy cash flow to calculate the whole con-
struction cost of service life cycle and offered the policy
to make the most economical design plan.  Al-Hajj [1]
found the forty percent from the initial construction cost
and the sixty percent from the maintenance and discard
cost for bridge in the service life cycle in Britain.
Frangopol [4] and Wang [18] pointed out that if one of
the substructures becomes invalid, then the whole struc-
ture fails.  The relationship between the reliability and
the system construction cost can be obtained from each
substructure.  Cheung and Kyle [2] used the reliability
to analyze the service life cycle of concrete structures.
Moses [14] proposed the reliability of stress from the
major structure to evaluate the optimum scheme.
Sexsmitha and Reidb [15] proposed the failure loss cost,
which is quite significant.  Imai and Frangopol [6]
presented the estimation of non-linear elastic structure
analysis of suspension bridge.  Liang and Lan [10] used
the method of reliability analysis to predict the struc-
tural system joint failure probability at different service
times for existing RC wharves under the combination of
chloride environment and load bearing.  Liang and Lan
[11] investigated the failure probability for existing RC
pile corrosion due to carbonation, chloride on ingress
and sulfate attach combined with load-carrying capac-
ity for bridge substructures at different amounts of
service times.  However, the relationship between the
optimum reliability and the engineering system con-
struction cost has not been investigated until now.  This
is a noticeable shortcoming, because the study of rela-
tionship between reliability and construction cost is of
utmost importance.

The main purpose of this research is to predict the
optimization of the reliability and the engineering sys-
tem construction cost for reinforced concrete RC
bridges.  One stridden-river and another non-stridden
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river RC bridges were given as two illustrative ex-
amples to demonstrate the optimum reliability and the
most economic maintenance expenses.  The result of
present study provides the practical example of deci-
sion-making of structural repair, strengthening, and
demolition of existing RC bridges from an engineering
point of view.

RELATIONSHIP  BETWEEN  ENGINEERING
SYSTEM  CONSTRUCTION  COST  AND

RELIABILITY

In the engineering system, any one of the substruc-
ture failure may affect the whole system.  To avoid the
structural failure, the structural reliability should be
increased.  However, the reliability is proportional to
the construction cost.  To increase the reliability, the
requirement of the construction cost will definitely
grow.  On the premise of considering both the recent
investment (construction cost) and the long-term eco-
nomic profit (failure expectation), the choice for the
structural optimum reliability is an important topic.
Thus, the maximum economic profit can be obtained.

For finding the maximum economic profit, i.e.,
finding an optimization value under the maximum reli-
ability and the minimum construction cost, the lowest
construction cost after determining the reliability can be
expressed as Wang [19].

C = Σ
j = 1

J

C j (ϕj )→ min

Satisfy Π
j = 1

J

ϕj = ϕ(ϕj ∈ [0, 1])

(1)

where C is the total construction cost, Cj is the construc-
tion cost of the jth year, ϕ is the total reliability, and ϕj

is the reliability of the jth year.  Σ
j = 1

J

C j (ϕj )  is the sum of

J terms C1(ϕ1), C2(ϕ2), ..., and CJ(ϕJ), in which J is the
index of summation, Cj is the jth term of the sum, and the
upper and lower bounds of summation are J and 1, In the

same manner, Π
j = 1

J

ϕj  is the product of J terms ϕ1, ϕ2, ...,
and ϕj.

The optimum reliability under the total construc-
tion cost limit can be expressed as

ϕ = Π
j = 1

J

ϕj → max

Satisfy Σ
j = 1

J

C j (ϕj ) = C
(2)

The reliability of the engineering structure is de-

fined as the probability that can work normally under
scheduled working condition.  It’s not only for the
safety index, but also for the budget of the construction
cost.  It can look after both the investment at present and
the benefit for the long term.  The design of optimum
reliability, ϕ, should be a reasonable design model.
Considering the condition under the recent investiga-
tion and long-term social and economic profit, the opti-
mum reliability can be described as

Find ϕ ∈ [0, 1] Let objective function

W(ϕ) = C(ϕ) + (1 − ϕ)D → min (3)

where W(ϕ) is the total cost, C(ϕ) is the construction
cost of structure, ϕ is the reliability of structure, (1 − ϕ)
is the failure probability [19] of structure, D is the
economic loss due to structural failure, and (1 − ϕ)D is
the expected values of above losses.

Eq. (3) represents an optimum reliability problem
that find a function with a single variable ϕ subjected to
minimum values if the values of function C(ϕ) and D are
given, then the optimum reliability ϕ* can be solved
immediately as seen in Figure 1.  The value of D in Eq.
(3) represents the economic loss due to the structural
failure.  It is simply called “failure loss”.  It is adopted
for a failure criterion in the reliability analysis, i.e., the
prescribed limit state.  Now, we mention it as follows:
(1) Normal use limit state: In this state, we should

confront the deformation, vibration, and local fail-
ure due to prompt occurrence and influenced nor-
mal use or can not satisfy the other particular
requirements.  This failure brings the failure loss,
D, is equivalent to the requirement cost of local
rehabilitation, strengthening, and reinforcement.

* = Optimum reliabilityϕ

W(   ) = C(   ) + (1 −    )Dϕ ϕ ϕ

Reliability ϕ 1.0

* ϕ
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C(   )ϕ
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W(   )ϕ
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Fig. 1.  Relationship between optimum reliability and construction cost.
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(2) Bearing capacity limit state: In this state, the struc-
ture will cause a local strength failure.  The residual
deformation of the structure is too large.  The struc-
ture loses its stability and transfers as a mobile
system, This failure brings the failure loss, D, in-
cluded in the economic loss, which is due to the
suspending work in addition to the local rehabilita-
tion and the strengthening cost.

(3) Failure safe limit state: In this state, the structure
will suffer severe failure (i.e., useless for rehabil-
itation) and collapse.  This injures the safe of human
body and brings a lot of disasters.  This failure
brings the failure loss, D, consisted of the economic
loss due to completely stopped production, the
whole structural value, the demolition cost of local
structure, the second disaster, personal casualties,
and the other political losses.

The evaluation method of the structural failure
loss will need a professional evaluation, and the actual
value cannot be easily sought.

The relationship between the reliability and the
construction cost has been established.  If given the
experience curves or the evaluation method of failure
loss D and the expression of C(ϕ), then the optimum
economic reliability can be caught.  Hence, they can be
found by using the following expressions in the form
[19].  (see Appendix A)

ϕj(Cj) = 1 − e−wj(Cj/C0j − 1) (4)

C j (ϕj ) = 1 – 1
w j

ln (1 – ϕj ) C 0j (5)

where C0j is the construction cost of the first year.
In this paper, the approximate formula of the opti-

mum economic reliability, ϕ, can be obtained by the
relationship between the construction cost, C, and the
reliability, ϕ, and can be expressed in terms of (see
Appendex A)

ϕ(C) = 1 − e−w(C/C0j − 1)

w =
w 1

C 01ξ
Σ

j = 1

J

C 0j + ln
ξ
θ (6)

where w1 is the first item of wj, C 0 =
C 01ξ
w 1

, 
w 1

C 01
=

min
j = 1

J w j

C 0j
, in which wj is the weighting value of the jth

i tem, ξ = Σ
j = 1

J

w j 1,  θ = Π
j = 1

J

w j 1
w j 1

1 ξ1 ξ

,  and w j 1 =
w 1

C 01
w 1

C 0j

w 1

C 0j
.

Eq. (6) can be rewritten as

C (ϕ) = 1 – 1
w ln (1 – ϕ) C 0 (7)

Substituting the initial construction cost C0 and w
into Eq. (7), we obtain the relationship between
reliability, ϕ, and the construction cost, C.  If given the
assessment method of failure loss, D, then the optimum
reliability, ϕ*, can be found.

The failure loss, D, is the inverse ratio of the
highest expected profit value.  The failure loss increases
when the highest expected profit decreases.  When
setting the highest expected profit as zero, the maxi-
mum failure loss will be obtained.  Using this idea, the
failure loss after t years can be simplified by

D = C0(1 + hj)
t (8)

where hj is the annual expected profit.
It is worthy to point out that the optimization

economic reliability can be obtained by choosing the
maximum of the summation of construction cost, C(ϕ),
and the failure probability, (1 − ϕ)D.

THE  OPTIMIZATION  ANALYSIS  OF  REPAIR
ALTERNATIVE

Whether a RC bridge needs to be repaired or not is
always a very difficult problem to be determined.  Re-
pair time, degree, cost, and subsequent economic effect
cannot be usually obtained for the correct result.  The
repair problem indeed includes many variables.  Some
variables will change with time, while others become
severe problems due to unexpected event.  Regarding
these problems, the analysis and decision can be de-
scribed as follows:

1. Repair strategy with preventability

Van and Liou [17]  proposed the annual net profit
of bridge at original construction

A (n ) = Σ
i = 1

n J i

(1 + r )i
+

L n

(1 + r )n – C 0 (A / P , r , n )   (9)

where A(n) is the annual net profit, r is the capital profit,
Ji is the economic profit per year, Ln is the residual value
after n years, C0 is the investment cost, and (A/P, r, n)
is the conversion coeffieient of the annual net profit., A,
and present value, P, i.e., it can be expressed as [7, 16]

A = P
r (1 + r )n

(1 + r )n – 1
(10)

Substituting the reliability, ϕ, maintenance cost,
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E, and failure loss, D, into Eq. (9), we have

W (ϕ1
′) = Σ

i = 1

t r J i – E i

(1 + r )i
– D

(1 + r )t r
(ϕ1

′ – ϕ1)

– C r(ϕ1
′)→ max (11)

where ϕl' is the reliability of working normally after
invested repair cost, Cr, ϕ1 is the reliability of working
normally without repair, tr is the years of working
normally, and Ei is the annual maintenance cost.  (The
value of J can be estimated by manager.  E can be
approximated as a constant.)

Owing to the optimization economic reliability of
RC bridge has been found, this value can be used to
obtain the maximum economic profit whether or not
repair is needed.  The reliability of a RC bridge gradu-
ally decreases every year after t years.  If the expected
event has not happened, then the reliability can be
defined as

ϕ1 = ϕl' − t1p (12)

where ϕl' is the reliability of working normally after
invested repair cost Cr and passed t1 years, ϕ1 is the
reliability of working normally when accomplished con-
struction without repair, and P is the reliability reduced
per year.

Substituting Eq. (12) into Eq. (11), we have [8]

W (ϕ1
′) = Σ

i = 1

t r J i – E i

(1 + r )i
– D

(1 + r )t r
(t 1p )

– C r(ϕ1
′)→ max (13)

If the evaluation expression obtained from the
given D value and the economic profit brought every
year and using the finding optimization economic
reliability, then we can ascertain the optimum economic
effect after repair.

2. Rehabilitation strategy after calamity

While making strengthening and repairing plan-
ning after calamity, if satisfy the repair criterion in
terms of [18]

JT1ϕ1' > Cr(ϕ1') + (1 − ϕ1')D (14)

then the RC bridge can be carried out for rehabilitation.
The reliability with optimization repair can be obtained
as planned by

JT1ϕ1' − Cr(ϕ1') − (1 − ϕ1')D → max (15)

If compare the optimization repair reliability, ϕ1',
with the real structural reliability, ϕ(t1', T1), considered
the reliability with optimum economic design and repair,
then the predicted results are different.

ILLUSTRATIVE  EXAMPLES

Example 1:
In the DER evaluation method [3, 9, 10, 11], a

general RC bridge with stridden river can be divided
into 21 substructures as sketched in Figure 2.  Assume
a RC bridge is of 20 meters width and 40 meters length
as shown in Figure 3.  Every unit cost of the RC bridge
has been passed assessment.  According to each sub-
structural volume, the parameter C0j (the unit is 103

NTD (New Taiwan Dollar) can be found as listed in
Table 1.  From the DER evaluation method, each sub-
structural weighting value, wj, is denoted as in Table 2.
The relation curve between the total construction cost,
C, and the reliability, ϕ, of 21 substructures of the RC
bridge is tried to figure out and its optimum reliability
can also be procured.  After this bridge has been ser-
viced for 30 years, the corrosion phenomenon of the
reinforcing bar in concrete has happened.  Assume that
its reliability will be dropped by 0.02 per year.  The

Fig. 2.  Substructure of RC bridge with stridden river.
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economic losses increase when the reliability decreases.
If after maintaining it, we can receive the economic
benefits of 20 × 107 NTD to drop by 3% per year.
Assume that the repair cost is 10% of the construction
cost, the maintenance expenses is 100 × 103 NTD per
year and is 20% increasing progressively per year, the
capital interest rate, r, is 12%, and the value of failure
loss, D, rises with 1% per year.  How long will it be to
get the maximum profit value after repair?

According to the proportion value of wj/C0j and
rearranging them for the 21 substructures of RC bridge,

and calculating each substructure’s w j 1 =
w 1

C 01
/

w j

C 0j
,

we obtain the results as shown in Table 3.  According

to Table 3 and Eq. (6), we have ξ = Σ
j = 1

J

wj1 = 0.51 + 0.57

+ ... + 0.16 + 1 = 6.83.  θ = Π
j = 1

J

w j 1
w j 1

1 ξ1 ξ

 = (0.510.51 ×

0.1 m

3 m 3 m14 m

(a) Span arrangement

(b) Cross section

4 m 4 m2 m2 m 8 m

40 m 0.1 m

19.9 m 19.9 m

Fig. 3.  RC bridge with stridden river.

Table 1.  Construction cost of RC bridge with stridden river

      Component Construction       Component Construction       Component Construction
cost (× 103 NTD) cost (× 103 NTD) cost (× 103 NTD)

1. Guide passage 200 8. Friction layer   80 15. Supporting mat 110
    road embankment
2. Guide passage 150 9. Drainage 120 16. Seismic block   90
    protection fence     appliance
3. River channel 290 10. Stone curb and   90 17. Expansion joint   60

      pedestrian way
4. Guide passage 210 11. Balustrade
    road embankment       protection fence 100 18. Major member 270
    protection
5. Abutment 170 12. Substructure 170 19. Minor member 210
    foundation       protection
6. Abutment 280 13. Pier foundation 220 20. Deck 150
7. Wing masonry 100 14. Pier shaft 190 21. Other 130

Table 2.  Weighting values of D.E.R. evaluation method for the composite component of RC bridge with stridden river

     Component Weight       Component Weight       Component Weight
factor (w) factor (w) factor (w)

1. Guide passage 3 8. Friction layer 3 15. Supporting mat 5
    road embankment
2. Guide passage 2 9. Drainage appliance 4 16. Seismic block 5
    protection fence
3. River channel 3 10. Stone curb and 2 17. Expansion joint 6

      pedestrian way
4. Guide passage 3 11. Balustrade 3 18. Major member 8
    road embankment       protection fence
    protection
5. Abutment foundation 7 12. Substructure 6 19. Minor member 6

      protection
6. Abutment 6 13. Pier foundation 8 20. Deck 7
7. Wing masonry 5 14. Pier shaft 7 21. Other 1
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0.570.57 × ... × 0.160.16 × 11)1/6.83 = (0.0018)1/6.83 = 0.396,

w =
w 1

C 01ξ
Σ

j = 1

J

C 0j + ln
ξ
θ = 1

130 × 6.83
× 3390 + ln 6.83

0.396
=

6.667, C 0 =
C 01ξ
w 1

w = 130 × 6.83
1  × 6.667 = 5916.47 (×

103 NTD).
Substituting w and C0 into Eq. (7), we have the

relational expression between total system construction
cost and reliability in terms of

C (ϕ) = 1 – 1
w ln (1 – ϕ) C 0

= 5916.47 × [1 − 0.15 ln(1 − ϕ)].

Utilizing the expected profit value, h, we find the
value of failure loss, D.  Substituting the value of D into
Eq. (8), we obtain

D = C0(1 + 0.01)30 = 7974.51

Inserting the found values (C(ϕ) and D) into Eq.
(3) and choosing its minimum, we have

W(ϕ) = C(ϕ) + (1 − ϕ)D → min

= 5916.47[1 - 0.15 ln(1 − ϕ)]

+ 7974.51(1 − ϕ) → min

We can obtain the optimum reliability, ϕ = 0.89,
under optimum economy and the total construction cost,
8752.557 × 103 NTD, as displayed in Figure 4.  From the
total value of the construction cost and failure
probability, it is very obvious that the lowest cost value
is occurred under the condition of the best reliability at
optimum economy.

From the topic, we know that the annual economic
benefits is Ji = 2000(1 − 0.03i), the maintenance cost
is Ei = 100(1 + 0.2)i per year, the repair cost is Cr =
0.1C0, the failure loss value is D = 7974.51, and the
annual reliability drops p = 0.02.  Substituting all these
values into Eq. (13), we obtain [8]

W (ϕ1
′) = Σ

i = 1

t r J i – E i

(1 + r )i
– D

(1 + r )t r
(t 1p ) – C r(ϕ1

′)→ max

= Σ
i

t r 2000(1 – 0.03i ) – 100(1 + 0.2)i

(1 + 0.12)i
– 7974.51

(1 + 0.12)t r

(0.02 × 30) − 0.1 × 8752.557 × 0.89.

Choosing its maximum by using computer pack-

Table 3.  Construction cost and weighting value for RC bridge with stridden river

Structural member j 21 2 3 4 1 6 10 19 18 11
wj 1 2 3 3 3 6 2 6 8 3

C0j(× 103 NTD) 130 150 290 210 200 280 90 210 270 100
wj/C0j 0.0076 0.0133 0.0103 0.0143 0.0115 0.0214 0.0222 0.0286 0.0296 0.0300

wj1 1 0.57 0.54 0.53 0.51 0.36 0.34 0.27 0.26 0.25

Structural member j 9 12 13 14 8 5 15 20 7 16 17
wj 4 6 8 7 3 7 5 7 5 5 6

C0j(× 103 NTD) 120 170 220 190 80 170 110 150 100 90 60
wj/C0j 0.0333 0.0353 0.0364 0.0368 0.0375 0.0412 0.0455 0.0467 0.0500 0.0556 0.1000

wj1 0.23 0.22 0.21 0.21 0.20 0.18 0.17 0.16 0.15 0.14 0.08

Fig. 4. Relationship between reliability and construction cost of RC
bridge with stridden river after repair.
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age “Excel worksheet”, we have the annual profit,
2228.91 × 103 NTD, at tr = 18 years.  As seen in Figure
5, we get the optimum profit at 18 years.  In order to
reach the maximum economic benefits, the decision
will be made as to whether this RC bridge will be
repaired or rebuilt again after 18 years.

Example 2
In the DER evaluation method, a RC bridge with-

out stridden river can be divided into 17 substructures.
Suppose a bridge is 20 meters in length and 15 meters
in width as indicated in Figure 6.  Every unit cost of the
RC bridge has been passed assessment.  According
to each substructural volume, the parameter C0j(×
103 NTD) is calculated as shown in Table 4.  From the
DER evaluation method, each substructural weighting

1

2228.91

3

4000

2000

0

-2000

-4000

-6000

To
ta

l p
ro

fi
t

5 7 9 11

Service life tr (years) tr = 18

W(   ’I)ϕ

13 15 17 19

Fig. 5. Relationship between service life and total profit of RC bridge
with stridden river after repair.

Table 4.  Construction cost of RC bridge without stridden river

      Component Construction       Component Construction       Component Construction
cost (× 103 NTD) cost (× 103 NTD) cost (× 103 NTD)

1. Guide passage 200 8. Friction layer 40 15.supporting mat 60
    road embankment
2. Guide passage 70 9. Drainage 60 16. Seismic block 50
    protection fence     appliance
3. River channel -- 10. Stone curb and 50 17. Expansion Joint 40

      Pedestrian way
4. Guide passage -- 11. Balustrade
    road embankment       protection fence 60 18. Major member 150
    protection
5. Abutment 90 12. Substructure 90 19. Minor member 130
    foundation       protection
6. Abutment -- 13. Pier foundation 130 20. Deck 80
7. Wing masonry -- 14. Pier shaft 100 21. Other 70

value wj is listed in Table 5.  The relation curve between
the total construction cost C and the reliability ϕ of
RC bridge without stridden river is found and the opti-
mum reliability of optimization economics is also
obtained.

According to proportional values of wj/C0j and
rearranging 17 substructures of RC bridge first, and

(a) Span arrangement

20 m

2 m 2 m11 m

3 m 3 m9 m

(b) Cross section

Fig. 6.  RC bridge without stridden river.



Journal of Marine Science and Technology, Vol. 13, No. 4 (2005)278

That is, we get the minimum W(ϕ) = 3271.454 (×
103 NTD) at ϕ = 0.89 as shown in Figure 7.

DISCUSSION

From the system engineering point of view, the RC
bridge with stridden river is a complicate structural
system consisted of 21 substructures such as decks,
beams, girders, bearings, piers and foundations etc.
Accordingly, the damage evaluation is a synthetic evalu-
ation process, which is started from the individual sub-
structure to the whole bridges.  Certainly, the optimum
reliability of the whole bridge can not represent the
reliability of each substructure.  When the damaged RC
bridge needs to be repaired, it is only necessary to repair
all the substructures.  From the two illustrative ex-
amples stated above, the RC bridge without stridden
river has less evaluation items than the one with a

Table 6.  Construction cost and weighting value for RC bridge without stridden river

Structural member j 12 15 13 16 14 20 17
wj 7 5 11 5 11 10 7

C0j(× 103 NTD) 90 60 130 50 100 80 40
wj/C0j 0.078 0.083 0.084 0.100 0.110 0.125 0.175

wj1 0.18 0.17 0.17 0.14 0.13 0.11 0.08

Structural member j 21 2 1 10 11 9 18 8 19 5
wj 1 2 3 2 3 4 10 3 9 7

C0j(× 103 NTD) 70 70 100 50 60 60 150 40 130 90
wj/C0j 0.014 0.029 0.030 0.040 0.050 0.067 0.067 0.075 0.077 0.078

wj1 1 0.48 0.47 0.35 0.28 0.21 0.21 0.19 0.18 0.18

Table 5. Weighting values of the D.E.R. evaluation method for the composite component of RC bridge without stridden river

     Component Weight       Component Weight       Component Weight
factor (w) factor (w) factor (w)

1. Guide passage 3 8. Friction layer 3 15. supporting mat 5
    road embankment
2. Guide passage 2 9. Drainage appliance 4 16. Seismic block 5
    protection fence
3. River channel -- 10. Stone curb and 2 17. Expansion Joint 7

      Pedestrian way
4. Guide passage -- 11. Balustrade 3 18. Major member 10
    road embankment       protection fence
    protection
5. Abutment foundation 7 12. Substructure 7 19. Minor member 10

      protection
6. Abutment -- 13. Pier foundation 11 20. Deck 10
7. Wing masonry -- 14. Pier shaft 11 21. Other 1

calculating every substructural weighting value, wj1, we
obtain the results as listed in Table 6.  Substituting these
values into Eq. (6), we have ξ = 4.62, θ = 0.343, w =
6.837, and C0 = 2211.406 (× 103 NTD).

Inserting the values of w and C0 into Eq. (7), we
have

C (ϕ) = 2211.406 1 – 1
6.837

ln (1 – ϕ) ( × 103 NTD)

The failure loss D rises with 1% per year, we seek
the value of failure loss, D = 2980.641 (× 103 NTD).
Substituting the value of D into Eq. (3) and choosing its
minimum, we have

W(ϕ) = 12211.406[1 − 1
6.837

 ln(1 − ϕ)]

+ 2980.641(1 − ϕ) → min
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stridden river.  So the increasing weighting values of
some estimated items increase failure loss.  Therefore,
the best results will be obtained by increasing substruc-
ture items.  There are several methods to estimate the
service life of a RC bridge after repair.  Liang et al. [8]
used the net gross profit to predict service life after
repair.  The relative formula is

A (t r) = Σ
i = 1

t r J i

(1 + r )i
–

L t r

(1 + r )t r
– (L + C r) (A / P , r , t r)

→ min (16)

where A(tr) is the net gross profit after tr years after
repair, L is the residual value of RC bridge while
repairing, Ltr is the residual value of RC bridge contin-
ued use tr years after repair, and Ji is the net profit value

per year.  A = P
r (1 + r )t r

(1 + r )t r – 1
 is the conversion coef-

ficient, P is the present value and A is the annual value.
Eq. (16) is used to find the net gross profit and

service life using profit value and residual value.  It
calculates the value of Ji combined the failure loss due
to the whole possible occurrence of every year and
miscellaneous expenses.  If the evaluation is simplified
then the excess subjective point of view will occur a
larger different value.

Taking example 1 as an illustrative case and sub-
stituting L = 3000, Ltr = 2500, and Cr = 5000 into

Eq.(16), in the sense that A (t r) = Σ
i = 1

t r 2000(1 – 0.03i )

(1 + 0.12)i
–

2500
(1 + 0.12)t r

– (3000 + 5000) → (
0.12(.12)t r

(1.12)t r – 1
) max we ob-

tain A(tr) = 493.938 (× 103 NTD) when tr = 38 years as
shown in Figure 8.  After compared Eq. (11) with Eq.
(16), we know the exploration of failure loss, mainte-
nance expenses, and reliability of Eq. (11) is an impor-
tant key point.  If one of failure losses, maintenance
expenses, and reliability is eliminated, then we can not
acquire the best accurate value.  However, the judgment
of failure loss should be achieved by professional engi-
neers using professional knowledge.  In this paper, we
use the maximum expected value to judge the failure
loss.  Based on the proposed method, we obtain the
optimum reliability for the whole RC bridge.

CONCLUSION

The relationship between reliability and engineer-
ing system construction cost and the optimization analy-
sis of repair alternative have been described.  The
proposed method has been applied to obtaining the
optimum reliability for existing RC bridges with
and without stridden rivers according to the DER evalu-
ation method.  Some important results can be drawn as
follows:
1. From the relationship between the reliability and

engineering system construction cost of existing RC
bridges with and without stridden rivers after repaired,
the lowest cost is occurred due to the condition of the
best reliability at optimum economy.

2. Base on the relationship between reliability and the
construction cost, the expected profit value and the
value of failure loss D can be found to estimate the
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optimum reliability of RC bridge.
3. Utilizing the optimum reliability in the previous ap-

proach and the damaged condition, the repair cost can
be estimated.  Considering the capital interest rate
and the repair expenses, the service life for taking
advantage of the next repair time can be sought.

4. Through the explanation of the given examples, the
repair cost of the RC bridge is quite huge. Each
weighting value will influence the whole profit value.
It is obviously needed to assess in detail in order to get
the best result.

5. The evaluated procedure of this investigation can be
powerfully used by the engineering decision-mak-
ings of repair not only for the existing RC structures
stated above but also for the other RC structures.

APPENDIX A: DERIVATION OF SOME
FORMULAS

The key point of whole optimization problem of
solving multiple grade engineering system is to estab-
lish the function between construction cost, C, and
reliability, ϕ, of the system.  Since both the C and ϕ
do not exist one-to-one corresponding relation, first we
provide two equivalent definitions (mutual dual):

1. Given ϕ, C is the corresponding minimum construc-
tion cost.  Under this situation, ϕ should be satisfied
the following equation [19].

ϕ = ϕ1
JΠ

j = 2

J 1
w j 1 + (1 – w j 1)ϕ1

(A-1)

where ϕ1 is the reliability of the first subsystem,

w j 1 =
C 0j w 1

C 01w j
=

w 1

C 01
w j

C 0j

where wj and C0j are the parameters of relationships
between construction cost and reliability of the j-th
subsystem.

2. Given C, ϕ is the corresponding maximum reliability.
Below this condition,

e
–

w 1
C 01

(C – Σ
j = 1

J
C 0j )

= ϕ1Π
j = 2

J ϕ1

b j 1 + (1 – b j 1)ϕ1

W j 1

(A-2)

where ϕ1 = 1 − ϕ, b j 1 = 1
w j 1

.

In order to find the relation between C and ϕ of
the whole system, we may combine Eqs. (A-1) and (A-
2) for eliminating ϕ1.  We first begin from Eq. (A-1) as
follows.  Because wj1 + (1 − wj1)ϕ1 = 1 − (1 − wj1)(1 −

ϕ1), Eq. (A-1) can be rewritten as

ϕ = ϕ1
JΠ

j = 2

J
1

1 – (1 – w j 1)(1 – ϕ1)
(A-3)

Owing to w j 1 =
w 1 / C 01

w j / C 0
, if take

w 1

C 01
= min

j
(

w j

C 0j
) (A-4)

then 0 < wj1 ≤ 1 (j = 2, 3, ..., J).  Further, the
probability of failure loss 1 − ϕ1 is less than 1.  From Eq.
(A-3), we know that |(1 − wj1)(1 − ϕ1)| << 1.

We also know that when |β| < 1, we have

1
1 ± β

= 1 +− β ± β2
+− (A-5)

and

Π
i = 1

n

(1 + β i ) = 1 +− Σ
i = 1

n

β i + Σ
i ≠ k

β iβk (A-6)

When |β| << and neglect the higher degree terms,
we obtain

1
1 ± β

≈ 1 +− β (A-7)

and

Π
i = 1

n

(1 ± β i ) ≈ 1 ± Σ
i = 1

n

β i (A-8)

From Eqs. (A-3), (A-4), (A-7) and (A-8), we may
get the approximate

ϕ ≈ ϕ1
JΠ

j = 2

J

[1 + (1 – w j 1)(1 – ϕ1)]

≈ ϕ1
J [1 + (1 – ϕ1)Π

j = 2

J

(1 – w j 1)] (A-9)

From Eq. (A-9), we have the root of J-degree

ϕ
1
J ≈ ϕ1[1 + (1 – ϕ1)Σ (1 – w j 1)]

1
J (A-10)

We know the approximate of one degree

(1 + β)α ≈ 1 + αβ (A-11)

When |αβ| << 1 , there is a good approximation.
After the development of multiple formula of square
brackets in the right-hand side of Eq. (A-10), we have

(1 – ϕ1)
1
J Σ

j = 2

J

(1 – w j 1) < (1 – ϕ1) < < 1 (A-12)

Hence, from Eq. (A-10), we obtain the approxi-
mate
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ϕ
1
J = ϕ1[1 + (1 – ϕ1)

1
J Σ

j = 2

J

(1 – w j 1)] (A-13)

Solving Eq. (A-13), we have

ϕ1 =
(1 + A ) ± 1 + A 2 – 4Aϕ

1
J

2A
(A-14)

where

A = 1
J Σ

j = 2

J

(1 – w j 1) (A-15)

Since the radical value in the right-hand side of Eq.
(A-14) is larger than (1-A), and the value of ϕ1 is less
than 1, we obtain the effective solution

ϕ1 =
(1 + A ) – 1 + A 2 – 4Aϕ

1
J

2A
(A-16)

Now we turn to discuss Eq. (A-2).  Pay attention to
b j 1 = 1

w j 1
 and w11 = 1, Eq. (A-2) becomes

e
–

w 1
C 01

(C – Σ
j = 1

J
C 0j )

= ϕ1(Σ
j = 1

J

w j 1) (Π
j = 1

J

w j 1
w j 1)F (ϕ1)

(A-17)

where F (ϕ1) = Π
j = 1

J

( 1
1 – (1 – w j 1)ϕ1

)
w j 1

Using the approximate formulas, i.e. Eqs. (A-7),
(A-8) and (A-11), we obtain

F (ϕ1) ≈ Π
j = 1

J

[1 + (1 – w j 1)ϕ1]
w j 1

≈ Π
j = 1

J

[1 + w j 1 (1 – w j 1)ϕ1]

≈ 1 + Σ
j = 1

J

w j 1 (1 – w j 1)ϕ1 (A-18)

Substituting Eq. (A-18) into Eq. (A-17) and letting

ξ = 1 + Σ
j = 2

J

w j 1 = Σ
j = 1

J

w j 1 , w11 = 1 (A-19)

θ = (Π
j = 1

J

w j 1
w j 1)

1
ξ

(A-20)

We have

e
–

w 1
C 01ξ

(C – Σ
j = 1

J
C 0j )

= ϕ1θ[F (ϕ1)]
1
ξ (A-21)

Using Eq. (A-11), we have

[F (ϕ1)]
1
ξ ≈ 1 + 1

ξ ϕ1 Σ
j = 1

J

w j 1(1 – w j 1) (A-22)

Let ζ = 1
ξ Σ

j = 1

J

w j 1(1 – w j 1) (A-23)

and η = e
–

w 1
C 01ξ

(C – Σ
j = 1

J
C 0j )

(A-24)

The substitution of Eqs. (A-23) and (A-24) into
Eq. (A-16) yields

ϕ1θ(1 − ζϕ1) = η (A-25)

Solving Eq. (A-25) for getting effective root

ϕ1 =
– 1 + 1 + 4

3η
θ

23
=
η
θ

(A-26)

From Eqs. (A-11) and (A-26), we obtain the ap-
proximate formula

(1 + A ) – (1 + A )2 – 4Aϕ
1
J = 2A (1 –

η
θ ) (A-27)

or (1 – A ) + 2A
θ η = (1 + A )2 – 4Aϕ

1
J (A-28)

If ignore the small term of η2, then Eq. (A-27) or
Eq. (A-28) becomes

ϕ
1
J = 1 –

1 – A
θ η (A-29)

Eq. (A-29) is rewritten as

ϕ = [1 –
1 – A
θ η]

J

≈ 1 –
J (1 – A )

θ η (A-30)

Substituting  Eq. (A-24) into Eq. (A-30) and pay-
ing attention to J(1 − A) = ξ, we have the approximate
formula between ϕ and C.

ϕ = 1 – exp [ –
w 1

C 01ξ
(C – Σ

j = 1

J

C 0j ) + ln
ξ
θ ] (A-31)

Eq. (A-31) may write the same form, ϕj(Cj) of the
subsystem, i.e.,

ϕ(C ) = 1 – e
– w ( C

C 0
– 1)

(A-32)

where

w =
w 1

C 01ξ
Σ

j = 1

J

C 0j + ln
ξ
θ

C 0 =
C 01ξ
w 1

w

w 1

C 0
= min

j = 1

J
(

w j

C 0j
)

ξ = Σ
j = 1

J

w j 1
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θ = (Π
j = 1

J

w j 1
w j 1)

1
ξ

w j 1 =

w 1

C 01
w j

C 0j
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