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ABSTRACT

On the basis of the Stokes micro-continuum theory, the com-
bined effects of non-Newtonian couple stresses and convective fluid
inertia forces upon the squeeze film characteristics of two wide
parallel plates are investigated by using the averaged inertia principle.
A numerical solution of the film height versus response time is
calculated by using the fourth-order Runge-Kutta method.  Compared
to the Newtonian-lubricant non-inertia case of Hamrock [4], the
qualitative effects of couple stresses and convective inertia forces
provide an increase in the film pressure, the load capacity and the
response time.  Moreover, the quantitative effects are more pro-
nounced for wide parallel plates operating at a smaller squeeze film
height, as well as a larger couple stress parameter and film Reynolds
number.  The results of the present investigation provide useful
information for engineers to design a parallel-plate squeeze-film
system considering both the effects of convective inertia forces and
non-Newtonian couple stresses.

INTRODUCTION

Research of squeeze film behaviors plays an im-
portant role in many engineering applications, such as,
for example, turbo-machinery, matching gears, viscous
dampers, hydraulic actuators, braking units and skeletal
joints.  Traditionally, study of squeeze film characteris-
tics focuses upon the use of Newtonian lubricants for
various types of film surfaces by Hamrock [4], Hays [5],
Gupta and Vora [3] and Murti [10].  Owing to the
development modern machine apparatuses, the increas-

ing use of fluids containing a microstructure such as
those containing additives, suspensions, granular mat-
ter or long-chained polymers has been emphasized.  To
explain the peculiar behaviors of these kinds of non-
Newtonian fluids, the micro-continuum theory proposed
by Stokes [13] is the simplest generalization of the
classical theory of fluids which allows for polar effects
such as the presence of an anti-symmetric stress tensor,
couple stresses and body couples.  It is intended to
account for the particle size effects of additives.  The
couple stress effects are considered as a consequence of
the action of a deforming body on its neighborhood.
The equations of motion for a Stokes incompressible
fluid with couple stresses are

ρ ∂V
∂t

+ V ⋅ ∇V = – ∇p + ρB + 1
2
ρ∇ × C + µ∇2V

– η∇4V (1)

where the vectors V , B  and C  represent respectively the
velocity, the body force per unit mass and the body
couple per unit mass, ρ is the density, p is the pressure,
µ is the viscosity coefficient, and η is a new material
constant with the dimension of momentum.  Many in-
vestigators have applied this theory of couple stress
fluids to study the squeeze film characteristics of differ-
ent systems, such as the squeeze film plates of various
shapes by Ramanaiah [12], the squeeze film configura-
tion with reference to synovial joints by Bujurke and
Jayaraman [1] and Lin [6], the squeeze film partial
journal bearings by Lin [7], the squeeze film sphere-
plate mechanism by Lin [8] and the squeeze film cylin-
der-surface system by Lin et al. [9].  However, all the
above studies neglected the effects of fluid inertia forces
as compared to the viscous forces.  Since the effects of
squeezing film pressure becomes more and more sig-
nificant as the fluid velocity increases, the squeeze film
characteristics taking into account the convective fluid
inertia forces should be included.
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On the ground of the micro-continuum theory, the
combined effects of non-Newtonian couple stresses and
convective fluid inertia forces on the performance char-
acteristics in two parallel squeeze-film plates are
concerned.  By applying the averaged inertia principle,
the lubrication equation is derived from Stokes motion
equations to account for the couple stress effects result-
ing from the lubricant blended with various types of
additives.  The traditional results for the Newtonian
non-inertia flow by Hamrock [4] are used as a particular
comparison.  To reveal the combined effects of fluid
convective inertia forces and non-Newtonian couple
stresses, the performance characteristics of squeeze
film parallel plates will be presented under different
values of the Reynolds number and the couple stress
parameter.

ANALYSIS

According to the Stokes micro-continuum theory,
the continuity equation and the motion equations gov-
erning the motion of an incompressible couple stress
fluid in the absence of body forces and body couples
give

∇ ⋅ V = 0 (2)

ρ ∂V
∂t

+ V ⋅ ∇V = – ∇p + µ∇2V – η∇4V (3)

For the present study Figure 1 describes the squeeze
film geometry of two parallel plates of length L with
width B >> L, in which the upper surface is approaching
the lower one with a squeezing velocity V = –dh/dt.
Assume the thin-film theory of hydrodynamic lubrica-
tion is applicable, but the effects of fluid convective
inertia forces due to temporal acceleration of the fluid
are considered.  Then equations of continuity and mo-

tion can be expressed as

∂u
∂x

+ ∂w
∂z

= 0 (4)

ρ u ∂u
∂x

+ w ∂u
∂z

= –
∂p
∂x

+ µ∂
2u
∂z 2

– η∂
4u
∂z 4

(5)

∂p
∂z

= 0 (6)

where u and w represent the velocity components
in the x and z directions respectively.  The boundary
conditions for the velocity components u and w at the
plate/film surfaces are

u = 0, ∂2u
∂z 2

= 0, w = 0 at z = 0 (7)

u = 0, ∂2u
∂z 2

= 0, w = ∂h
∂t

at z = h (8)

By the analysis of the order of magnitude by
Pinkus and Sternlicht [11], since the film thickness h is
small, the convective inertia forces in Eq. (5) can be
treated by the mean value averaged across the film
thickness in the following manner:

ρ
h z = 0

h
u ∂u
∂x

+ w ∂u
∂z

dz = –
∂p
∂x

+ µ∂
2u
∂z 2

– η∂
4u
∂z 4

  (9)

The left-hand side of the above equation after

integration yields the function, (ρ / h ) d (
z = 0

h
u 2dz ) / dx .

By introducing the modified pressure gradient gmp,

g mp =
∂p
∂x

+
ρ
h

d
dx z = 0

h
u 2dz (10)

and solving Eq. (9) together with continuity Eq. (4) and
boundary conditions (7) and (8), one can obtain

u = 1
2µ

g mp z 2 – hz + 2 l 2– 2 l 2 cosh [(2z – h ) / 2l ]
cosh (h / 2l )

(11)

where l is defined by

l = (η/µ)1/2 (12)

The ratio of η/µ has dimension of length squared
and, therefore, l characterizes the material length of
fluid. Substitute the expression of u into the equation of
squeezing motion

Fig. 1.  Squeeze film geometry between two wide parallel plates.
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d
dx z = 0

h
udz + dh

dt
= 0 (13)

Performing the integration and applying a sym-
metrical condition at x = 0, one can obtain the modified
pressure gradient function,

g mp = 12µ x
h 3 – 12l 2h + 24l 3 tan (h / 2l )

dh
dt

(14)

Once the modified pressure gradient function has
been derived, the squeeze film pressure, the load-carry-
ing capacity and the time-height relationship can be
evaluated.

SQUEEZE  FILM  CHARACTERISTICS

  Substituting the modified pressure gradient gmp

from (14) and the velocity component u from (11) into
Eq. (10), one can derive the lubrication equation is
derived as

∂p
∂x

=
12µx

f 0 (h , l )
dh
dt

–
72ρx f 1 (h , l )

h f 0
2 (h , l )

dh
dt

2

(15)

The functions f0 (h, l) and f1 (h, l) are defined by

f 0 (h , l ) = h 3 – 12l 2h + 24l 3 tanh h
2l

(16)

f 1 (h , l ) = h 5

30
– 2

3
l 2h 3 + 14 – 2 tanh2 h

2l
l 4h

– 28l 5 tanh h
2l

(17)

The boundary conditions for the film pressure are

p = 0   at   x = ±L/2 (18)

Integrating once with respect to x with the above
conditions gives the film pressure,

p =
12µ

f 0 (h , l )
dh
dt

–
72ρf 1 (h , l )

h f 0
2(h , l )

dh
dt

2
x 2

2
– L 2

8

(19)

Expressing in a non-dimensional form, one can
achieve

p * = 6
f 0

*(h *, l *)
+

36Re f 1
* (h *, l *)

h *f 0
* 2 (h *, l *)

1
4

– x * 2 (20)

The dimensionless variables and parameters in the
above equation are defined as

x * = x
L

, h * = h
h 0

, l * = l
h 0

p * =
ph 0

3

µL 2( – dh / dt )

(21)

R e = ρh 0( – dh / dt )
µ

, f 0
* (h *, l *) =

f 0(h , l )

h 0
3

,

f 1
* (h *, l *) =

f 1(h , l )

h 0
5 (22)

where h0 is the initial film thickness, l* denotes the
couple stress parameter, and Re represents the Reynolds
number.

 The load-carrying capacity per unit width is now
obtained by integrating the film pressure acting upon
the upper plate,

W
B

= pdx
x = – L / 2

L / 2

(23)

After performing the integration, the dimension-
less load-carrying capacity is obtained,

W * =
Wh 0

3

µL 3B ( – dh / dt )
=

1
f 0

* (h *, l *)

+ 6R e
f 1

* (h *, l *)

h * f 0
* 2 (h *, l *)

(24)

As the value of Re is equal to zero, the dimension-
less load-carrying capacity W* reduces to the non-iner-
tia load capacity of the parallel plates with couple stress
fluids,

W * =
1

f 0
* (h *, l *) (25)

In addition, as both the values of Re and l* ap-
proach zero, the dimensionless load-carrying capacity
agrees well with the non-inertial Newtonian-lubricant
case of Hamrock [4],

W * = 1
h *3 (26)

Now, we introduce the dimensionless response
time,

t * =
Wh 0

2

µL 3B
t (27)

The time-height relationship is then obtained from



J.R. Lin et al.: Averaged Inertia Principle for Non-newtonian Squeeze Films in Wide Parallel Plates: Couple Stress Fluid 221

Eq. (24) as

dh *

dt *
= –

h * f 0
*2 (h *, l *)

h * f 0
* (h *, l *) + 6R e f 1

* (h *, l *)
(28)

The equation of time-height relationship (18) is
observed to be a highly nonlinear ordinary differential
equation.  The initial condition for the dimensionless
film thickness is given by

h* = 1     at     t* = 0 (29)

A numerical solution of the film height versus
response time can be evaluated by using a fourth-order
Runge-Kutta method.  The first-order Runge-Kutta
method approaches the solution with a series of short
straight-line segments; it may yield inaccurate results
when the slope of the solution varies rapidly or if the
step size is large.  The higher-order Runge-Kutta method
averages several tangent-line approximations to the
solution.  One can use a subroutine ode45 of the fourth-
order Runge-Kutta method designed in the commercial
mathematical language, named Matlab.  The default
tolerance related to the step size is 0.000001.  Therefore
a steadily convergent result can be obtained.  More
details about the fourth-order Runge-Kutta method and
the use of ode45 in Matlab can be found by Etter [2].

RESULTS  AND  DISCUSSION

Applying the Stokes micro-continuum theory and

the averaged inertia principle, the combined effects of
non-Newtonian couple stresses and convective fluid
inertia forces upon the squeeze film performance of two
parallel plates are investigated.  From the aid of the
definition in Eqs. (21) and (12), the couple stress param-
eter l* dominates the couple stresses effects resulting
from a lubricant blended with various types of additives.
With the aid of the definition in Eq. (22), the film
Reynolds number Re signifies the convective inertia
force effects resulting from temporal acceleration of the
fluid.  For both the values of Re and l*  approaching zero,
the results for the non-inertia Newtonian-lubricant case
of Hamrock [4] are recovered.

Film pressure.  Figure 2 displays the variation of
dimensionless film pressure p* with dimensionless co-
ordinate x* for different values of film height h* and
couple stress parameter l* under the non-inertia case
Re = 0.  Comparing with the Newtonian-lubricant case
(l* = 0) at film height h* = 0.6, the effects of couple
stresses (l* = 0.1, 0.2) result in a higher film pressure.  In
addition, the lower the squeeze film height achieves (h*

= 0.5), the more the couple stresses affect the film
pressure.  Figure 3 presents the variation of dimension-
less film pressure p* with dimensionless coordinate x*

for different values of Reynolds number Re with couple
stress parameter l* = 0 and 0.1.  The effects of convec-
tive inertia (Re = 5) signify an increase in the value of
squeeze film pressure under both of the Newtonian-
lubricant case (l* = 0) and non-Newtonian-lubricant
case (l* = 0.1).  Further increments of p* are obtained for
a higher Reynolds number (Re = 10).

Load-carrying capacity.  Figure 4 shows the varia-

Fig. 2. Variation of film pressure p* with coordinate x* for different h*

and l* under the non-inertia case Re = 0.
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tion of dimensionless load-carrying capacity W* with
couple stress parameter l* for different values of film
height h* under the non-inertia case Re = 0.  Since the
couple stress effects yield a higher film pressure, the
integrated load-carrying capacity is similarly affected.
Comparing with the Newtonian-lubricant case ( l*  = 0),
the effects of couple stresses increase the load-carrying
capacity; and larger increments are obtained with de-
creasing value of h* or increasing value of  l*.  Figure 5
describes the variation of dimensionless load-carrying
capacity W* with Reynolds number Re for different
values of film height h* under both the Newtonian-
lubricant l* = 0 and non-Newtonian-lubricant l* = 0.1
cases.  The load capacity is observed to increase with
increasing values of the Reynolds number.  On average,
the combined effects of convective fluid inertia and
couple stresses on the load-carrying capacity are em-
phasized at a lower film height.

Response time.  Figure 6 presents the variation of
dimensionless film height h* with dimensionless re-
sponse time t* for different values of couple stress
parameter l* under the non-inertial case Re = 0.  It is
observed that the presence of couple stresses provides
an increase in the response time.  These phenomena can
be realized that since the effects of non-Newtonian
couple stresses result in a higher load-carrying capacity,
a higher film thickness would be attained for the same
time to be taken as compared to the Newtonian-lubri-
cant case.  Figure 7 shows the variation of film height
h* with response time t* for different Reynolds numbers

Re under both the Newtonian-lubricant and non-
Newtonian-lubricant cases.  Since the effects of con-
vective fluid inertia forces result in a higher load-
carrying capacity as described in Figure 5, a longer
response time is observed for the squeeze film plates as
compared to the non-inertial case.  Further increments
of response time are emphasized by the use of a couple
stress fluid (l* = 0.1).

Fig. 4. Variation of load capacity W* with couple stress parameter l*

for different h* under the non-inertia case Re = 0.
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Combined effects.  In order to gain an insight into
the height-time relationship, the variation of dimen-
sionless film height h* with dimensionless response
time t* for different values of couple stress parameter l*

and Reynolds number Re is presented in Figure 8.  By the
use of a non-Newtonian couple stress fluid (l* = 0.1, Re

= 0), the squeezing plates result in a longer response
time as compared to the Newtonian-lubricant non-iner-
tia case (l* = 0, Re = 0).  Considering the temporal
acceleration of the fluid (l* = 0.1, Re = 10), the effects of
convective fluid inertia provide a visible increase in the
response time.  Increasing both the values of couple
stress parameter (l* = 0.2, Re = 10) and Reynolds number
(l* = 0.2, Re = 20), further increments of the response
time are predicted for the squeezing film plates.  Totally,
the combined effects of couple stresses and convective
inertia forces upon the squeeze film behavior between
parallel plates are apparent.  The response times for the
squeeze film plates are significantly lengthened by the
use of an incompressible couple stress fluid and consid-
ering the convective inertia force effects.

CONCLUSIONS

On the ground of the Stokes micro-continuum
theory and the principle of averaged inertia, the com-
bined effects of non-Newtonian couple stresses and
convective fluid inertia forces upon the squeeze film
behavior of two wide parallel squeezing plates are
presented.  The squeeze-film film pressure and the load-
carrying capacity are calculated.  A fourth-order Runge-

Kutta method has been applied to evaluate the film
height versus response time.  In accordance with the
results and discussion, conclusions are drawn as
follows.
1. Considering both the effects of non-Newtonian couple

stresses and convective inertia forces, we have de-
rived a closed-form solution for the film pressure
between wide parallel squeeze-film plates.  It is found
that there are two parameters dominating the com-
bined effects in the squeezing film motion: the couple
stress parameter l* signifying the non-Newtonian
couple stress effects resulting from a lubricant blended
with various types of additives, and the film Reynolds
number Re characterizing the convective inertia force
effects arising from the temporal acceleration of fluids.

2. Comparing with the Newtonian-lubricant non-inertia
case, the effects of couple stresses increase the film
pressure especially for larger couple stress parameters.
More increments are emphasized when the squeeze
film height is small and/or when the effects of con-
vective inertia are further considered.

3. Comparing with the Newtonian-lubricant non-inertia
case, the combined effects of couple stresses and
convective inertia forces provide an enhancement in
the load-carrying capacity as well as an increase in
the response time of the squeeze film behavior.

4. The quantitative effects of couple stresses and con-
vective inertia forces on the improved squeeze-film
characteristics are more pronounced with a smaller
squeeze film height, a larger couple stress parameter
and a larger film Reynolds number.

Fig. 8. Variation of film height h* with response time t* for different
values of l* and Re.

Fig. 7. Variation of film height h* with response time t* for different Re

under both the Newtonian-lubricant and non-Newtonian-lu-
bricant cases.
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