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STATE VARIANCE CONSTRAINED FUZZY
CONTROL VIA OBSERVER-BASED FUZZY
CONTROLLERS

Wen-Jer Chang*, Yi-Lin Yeh** and Yu-Teh Meng***
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ABSTRACT

In this paper, a state variance constrained design method is
developed to deal with the observer-based fuzzy control problem for
continuous Takagi-Sugeno (T-S) fuzzy stochastic models. The stabil-
ity problem considered in this paper is a standard feasibility problem
with several Linear Matrix Inequalities (LMIs), which can be solved
numerically using the interior-point method. The purpose of this
paper aims at finding observer-based fuzzy controllers such that the
closed-loop system is asymptotically stable and the state variance
performance constraints are satisfied. Finally, a numerical example
isincluded to demonstrate the effectiveness of the proposed controller
design method.

INTRODUCTION

The fuzzy logic has been applied extensively in the
areas of industrial system and consumer products. It has
emerged in turn to tackle the control problemswhere the
plants are poorly modeled by mathematics. However,
the heuristics-based [14] approach in the early days of
fuzzy logic control lack the formula and system design
methodology that guarantees the basic requirements
such as stability and acceptable performance. The
theoretic researches on the issue are conducted actively
by many theorists since the T-S fuzzy model [19] is
emerged.

The T-S fuzzy model is described by a set of IF-
THEN rules. These ruleslocally represent linear input-
output relations of nonlinear systems. The stability
analysis and controller design for T-S type fuzzy sys-
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tems are discussed in [2-4, 10, 19, 25, 26]. The control-
ler design is carried out based on the fuzzy model via so-
called Parallel Distributed Compensation (PDC) con-
cept [2-4, 10, 25, 26]. Based on PDC concept [2-4, 10,
25, 26], Lyapunov theory is the main tool for designers
to deal with the stability analysis and synthesis of T-S
fuzzy models. The advantage of the PDC concept is to
design linear feedback gains for each local linear model
and let the overall system input can be blended by these
linear feedback gains.

In control theory, the performance constraint usu-
ally plays an important objective in addition to the
stability requirement. For example, the state variance
constraints [5, 7-9] are important performance require-
ments for the stochastic control systems. In this paper,
we not only consider the stability of nonlinear systems,
but also consider the state variance constraints. It is
shown that this state variance constrained problem can
be transformed into a LMI problem. In[10, 25, 26], the
stability and stabilization of the T-S fuzzy system is
determined by solving a set of LMIs. It iswell known
that the LMI problem can be solved numerically using
an interior-point method [1].

For practical systems, the states of a system are
often not readily available. Under such circumstances,
some papers [11, 13, 24] deal with the fuzzy observer
design problem for the T-S fuzzy models. It allows
the designers to find a common positive definite
matrix, which can be solved by LMI method for the
closed-loop systems. This paper focuses on the fuzzy
control problem of continuous T-S fuzzy stochastic
systems under the assumption that the complete
state vector cannot be measured. According to the fuzzy
observer design concept and fuzzy control theory,
an observer-based fuzzy controller design methodology
is developed to achieve specified state variance con-
straints for the T-S fuzzy models. To validate the
effectiveness of the proposed observer-based fuzzy
controller design method, a numerical example is
taken for a T-S fuzzy model subject to the individual
state variance constraints.
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OBSERVER-BASED T-S FUZZY SYSTEMS

Studies on universal approximation of fuzzy sys-
tems have achieved great progress in the past few years.
In reality, general fuzzy systems are mainly of two
classes: Mamdani fuzzy systems [14] and T-S fuzzy
systems [19]. The main difference between these two
classesliesin their consequent of the fuzzy rules. In this
paper, a T-S type fuzzy model is used to construct a
nonlinear stochastic system as follows.

Plant Rule i:
IF Xa(t) is My ... and X (t) is Mip,,
THEN X(t)=A;x(X) +B,u(t)+D,v(t),
y(t) = Cx(t) + Epu(t), i = 1,2, ..., 1, (1)

where x(t) € 5™ is the state vector; u(t) € R is the
control input vector; and y(t) € " is the control output
vector ini-th rule. The v(t) € R™ and u(t) € R" are
stationary zero-mean mutually independent white noise
processes with covariance V > 0 and Q > 0, respectively.
The matrices, A; € R™*™, B; € AN, C, e R ™, D; €
R™ and E; € Ry*™areconstant; i =1, 2, ...,randr
is the number of IF-THEN rules. The M;; are fuzzy sets
and it is assumed that B; is full-column rank. Besides,
the pairs (A;, B;) and (A;, C;) are controllable and
observable, respectively.

The state and output equations for the system can
be represented in term of the rules (1) as

x0= 20 OAXO + S hi0B U0+ T hi 0D ve)

(2)

yO= 20 OCx0) + 3 hiOF . 3)

where h() = 0/ ), o® = TIM04(0) and

M;;(x(1)) is the grade of membership of x;(t) in M;;(t); w;
(t) is the weight of the i-th rule.

In some nonlinear systems, the system states usu-
ally cannot be completely measured. Therefore, the
designers need to design the fuzzy observersto estimate
the states for the fuzzy system in order to implement the
fuzzy controller. In [4], the authors considered the so-
called separation property for a controller and an ob-
server design for the linear stochastic systems. The
fuzzy observers require to satisfy the condition x(t) -
X(t) — Owhen t — %, where X(t) denotes the estimated
state vector of the fuzzy observer. In this paper, the
fuzzy observer is described as follows:

Observer Rulei:

IF X(t) is Miy ... and X (t) is Mip,,

THEN X0)=A;X() +B;u(t) +K; () -y()),
yt)=Cixt).i=1,2 ..,r, (4)

where K; € R™*" are observer gain matrices and
X(t) E R is the state vector of observer. The y(t) and
y(t) are the output of the fuzzy system and the fuzzy
observer, respectively. Then, the final estimated state
and output of the fuzzy observer are characterized as
follows.

%)= X hOAXO+ 2 OB ue)
+ 2 3 O 0K, € x() -X()

+ 3 5 b On; 0K Ejut), ©

i=1 =
96)= X hiOCX0) (®)

The same weight h;(t) of i-th rule of the fuzzy system (2)
and (3) is used for the fuzzy observer (5) and (6). The
desired parameters of the fuzzy observer are the gain
matrices K; in each rule.

In this paper, the concept of PDC [2, 3, 7, 12, 22,
23, 25, 26] is used to synthesize observer-based fuzzy
control laws for the nonlinear system, which is repre-
sented by continuous T-S type fuzzy stochastic model
(1). The basic idea of the PDC approach isto design the
feedback gainsfor each rule in the fuzzy models. Linear
control design techniques can be used to design these
linear controllers for each rule. Hence, the nonlinear
system controller can be blended by local linear fuzzy
controllers sharing the same fuzzy sets with the continu-
ous T-S type fuzzy stochastic model (1). By using the
observed states from the fuzzy observer, the observer-
based fuzzy controller becomes

Observer-based Fuzzy Controller Rulei:
IF X1(t) is Mjz ... and Xp,(t) iS Mjp,
THEN U(t)=G;xt),, i=1,2,..,r, (7)

wherei =1, 2, ...,r andr isthe number of IF-THEN rule.
The overall observer-based fuzzy controller becomes

u= 2 h OG0 (®)
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By substituting (8) into (2) and (5), state and
observer equations of the fuzzy system can be described
as follows.

x‘(t):ighi(t)Aix(t)+ii:ljghi(t)h,-(t)sieji(t)

s élhi ©)D,v(t), )

X =él§lhi(t)hj(t)(Ai +B;G)X(t)

s él,glh‘ (O OK, C, [XE)-%()]
+ él,glh‘ O, OK, E, ). (10)
L) =x®)-x0), R, = AT A TBIC 4y
ij :m, i <j =r, then (9) can be rewritten as

X(t):iglhi(t)hj(t)(Ai +B;G)x(t) +2i§j h; h; ©R;x ()

- _ilhi(t)hj(t)BiGiX(t)+2i,hi(t)hj(t)ﬁijm)
i= <]

r
+ 2 hiDve) (11)
| =
The observer error dynamics becomes

);((t):iglhihj(t)(Ai _Kici))z(t)"'zi% h; (h; ©)H ;X(t)

| Z 0 On OK B )+ 23 by O OF )

I
—_Zlhi(t)Div(t), (12)
i=
A, —K,C)+(A; —K;C, :
% Augmenting (11) and (12) yields:

0= 2 3 hiOhOnOIL 0+ Ny VO

+2§, hy N OIL %)+ N, V)] (13)

where

X)) — V()
X(t)—[)z(t) , V()= )]
L. = A +BG; -BG; L = Rjj _ﬁij
| 0 A =KiC Y 0 Hy |
D 0 0 0
N' = k ,N..: .
ik Dk _KiEi ij 0 _Hij

If L; is astable matrix, the state covariance matrix
X; of each subsystem of (13) can be defined by [4, 13,
23, 24]

Xi = lim Elet)x(t)'] (14)

Let the common covariance matrix for (13) be X such
that

i=1,2 .., (15)

and X = X" > 0, then X satisfies the following Lyapunov
equation for each rule [4, 13, 23-24]:

L;X +XL{ +N;®N =0 (16)
wherep=|V O]
»= Y 3

A T-Stype fuzzy observer and an observer-based
fuzzy controller are used to construct a nonlinear sto-
chastic system as above. Based on the common state
covariance matrix defined in (15), references [15-17]
provided the conditions and solutions for the optimal
filter gains K; as follows:

Ki =XwuC/ (E;QE) ", (17)
(A + BiGi)Xaa + Xaa(Ai + BiGi)" - BiGiXpp

- Xpb(BiG))" + DiVD{ =0 (18)
AiXpb + Xp(Ai - KiC;)T + D;VD{ = 0 (19)

where Xaa > 0, Xpp > 0, Xap = Xpp and (Xaa — Xyp) > 0 are
defined in (15). Note that the above conditions are
necessary and sufficient [17] for the existence of opti-
mal estimators since they satisfy the Wiener-Hopf equa-
tion [15]. From the results of [16-17], it can be found

that the optimal filter gain K| =X, C/ (€ QE ) " leads
to the fact that the steady state error between the system
state x(t) and the estimated state X(t) converges to zero
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when t — «. Note that the state covariance matrix X
defined in (15) satisfies the following Lyapunov
equation:

(Ai + BiGi)(Xaa = Xpp) + (Xaa — Xup)(Ai + BiG))'
+ XpoCl (EiQE)'CiXpp = 0 (20)

Besides, the assumption X, = Xpp implies that the

estimate X and the error X are orthogonal, i.e., E[XXT]
= 0. Without loss of generality, this assumption has
been applied in the design of optimal filter for the
continuous-time systems [16, 18]. From (17), if con-
tinuous T-S type fuzzy model (1) is corrupted only by
state noise without measurement noise (i.e., Q = 0), then
the optimal filter gain K; does not exist. In next section,
the observer-based fuzzy control problem is solved such
that the state variance constraints are satisfied.

OBSERVER-BASED FUZZY CONTROL WITH
STATE VARIANCE CONSTRAINTS

In this section, the Lyapunov approach is used to
discuss and analyze the stability conditions for the T-S
fuzzy models. Aswell as, the individual state variance
constraints are also considered in the observer-based
fuzzy controller design process. A variance constrained
fuzzy control methodology for continuous T-S fuzzy
stochastic systems has been developed in [6]. However,
it did not consider the observed-state feedback control
technique. To offer alucid presentation of the observer-
based fuzzy control theory for continuous T-S fuzzy
model (1), we consider the stability analysis for the T-
Sfuzzy model (1) by applying the fuzzy observers. The
stability conditions of the observer-based fuzzy control
problem are stated by using the optimal estimations
defined in (17-19) via the following theorem.

Theorem 1

For a T-S fuzzy model (1), which is driven by (8)
and (10), the closed-loop system is possessed by an
optimal filter gain K; = XppCl(EiQET) ™ with X5 > 0, Xpp
> 0 and Xap = Xpp, Which satisfy equations (17-19). If
there exist common positive definite matrices X 4, and
X 42 — X1 >0 satisfying the following conditions

AiXpp + XppAl = XpuCl (EiQE[)'CiXp, + DiVD] = 0

(21)

A +BG)(X ga=Xpp) + (X s =Xpo) A +B,G))T

+XbbCiT(EiQEiT)_1C1Xbb<0 (22)

R (Yaa—xbb)+(Yaa—xbb)R”T <0,i<js=r

i
(23)

then the equilibrium of the closed-loop continuous T-S
fuzzy stochastic control system (11) is asymptotically
stable in the large and X ., >X,,.

Pr oof:

From the statements of above section, it is clear
that the matrix K; performs an optimal filter gain if and
only if there exist matrices X,, > 0 and Xy, > 0 such that
(17-19) are all satisfied with Xz, = Xy, defined in (15).
Substituting (17) into (19) and rearranging yields

AiXpp + XppAl + DiVD] = Xp,Cl(EiQE[) CiXpp,
(24)

which is equivalent to (21). Subtracting (20) from (22),
one has

(A +BG)(X o —Xa) + (X sa =X )A; +B,G;)" <0

(25)
Using the similar method yields
Rjj (X aa =X aa) + (X aa =X )Rjj <O (26)

It is easy to find that the optimal filter gain K;
defined in (17-19) leads to the fact X(t) = O whent — .
From Theorem 3 of [21], one can deduce that if there
exist acommon positive definite error state covariance
matrix (X ,, —Xp) >0 satisfying (22) and (23), then
the equilibrium of continuous fuzzy control system
(11) is asymptotically stable in the large due to Xp,C
(EiQENTCiXpp = 0 and X(t)— 0. In the case of the
matrices (A; + B;G;) and R;; being stable, one can obtain
that X ;5 —X 4 >0 from (25) and (26). Hence, it can be
concluded that if conditions (21-23) are all satisfied
with X ,— X 1. >0and (X 4 —Xy,) >0, then the equi-
librium of the closed-loop nominal continuous T-S fuzzy
stochastic control system (11) is asymptotically stable
inthelargeand X _, isthe upper bound of matrix Xa,
i.e, X 4>Xa. #

Applying the results of Theorem 1, the common
state covariance matrix X has an upper bound matrix. It
can be defined as X | i.e,

| X Xa |, 121,21, (27)
Xab  Xpo
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where X isthe upper bound of common state covari-
ance matrix X, i.e.,, X >X,

From the stability conditions of Theorem 1, one
can obtain LMI stability conditions with respect to
Z; =Gj(X s —Xpp), and they can be respected in the
following theorem.

Theorem 2

For a T-S fuzzy model (1), which is driven by (8)
and (10), the closed-loop system is possessed by an
optimal filter gain K; = XppCT(EiQET) ™ with X2 > 0, Xpp
> 0 and X, = Xpp, Which satisfy equations (17-19). If
there exist common positive definite matrices X ., and
X aa =X pp >0, satisfying the following conditions, then
the stability conditions (22-23) of Theorem 1 are
achieved.

®i XbbCiT

l<oiz=12, .. (29
CiXp —(EiQE))

A X ot X AT —A Xy = XAl +A17aa

+ X A=A X —XwA[ +B,Z; +B;Z;

+(B/Z] +B[Z{)<0,i <] (29)
where Z; =G;(X 4, —Xp) and ©; are defined as

6, :AiYaa"'YaaAiT_Aixbb _XbbAiT

+B,Z,+2/B] (30)

The proof of Theorem 2 can be obtained via Schur
complement [1]. By Schur complement, one can get
that (22) and (23) are equivalent to (28) and (29). In
Theorem 2, the stability conditions of Theorem 1 are
transformed into LMIs. Based on the stability condi-
tions of Theorem 2, this paper not only consider to
design stable observer-based fuzzy controllers but also
to achieve individual state variance constraints. The
state variance performance constrained design problem
is an application of upper bound state covariance con-
trol approach [5, 22, 23]. The purpose of this paper isto
find the set of controllers G;, which satisfy the stability
conditions of Theorem 1, such that the upper bound
state covariance matrix X ,, satisfies the following
variance performance objectives:

tli_)n}o E[Xé(t)] =[Xaalpep = [Yaa]ws oq%,

=12, ..,n, (31)

where o, denote the Root-Mean-Squared (RMS) con-
straint for the variances of system states. This problem
is referred to as the state variance constrained design
using the observer-based fuzzy control. The purpose of
this paper is to find common positive definite matrices
X 4a and (X 42 —Xyp) to satisfy stability conditions
(21-23) subject to the state variance constraint (31). For
this purpose, this paper provides a formula to find the
observer-based fuzzy controllers for achieving indi-
vidual state variance constraint (31).

Theorem 3

If stability conditions (21), (28-29) and the follow-
ing LMIs are satisfied for agiven o, > 0. Then, the T-
S fuzzy model (1), driven by (8) and (10), is stable and
the state variance constraint (31) is achieved.

N

I, X
LT ®50,921,2 .0, (32)
[ aa

|
a

X ol

wherel,=[0...1...0] €R **™ denotes a row vector
with the ¢th element is 1 and others are 0.

Pr oof:

In order to transform the present control problem
intoaLMI problem, it is necessary to transform the state
variance constrain (31) into a LMI form. Hence, the
LMI condition (32) is directly constructed from the
state variance constraint (31).

It is noted that the observer-based fuzzy control
problem with state variance constraints can be dealt
with by the LMI criterions of Theorem 3. These LMI
criterions can be solved numerically using an interior-
point method [1]. In next section, a numerical example
is provided to verify the usefulness of the proposed
observer-based fuzzy controller design method.

A NUMERICAL EXAMPLE

To illustrate the proposed observer-based fuzzy
control approach, consider atwo-rule (r = 2) T-S fuzzy
model, which is described as follows.

Plant Rule 1:
IF Xl(t) isMq;
THENX(t) = Ajx(t) + Byu(t) + Dyv(t)
y(t) = Cax(t) + Equ(t) (33a)

Plant Rule 2:
IF Xl(t) is M21
THENX(t) = Ax(t) + Bou(t) + Dov(t)
y(t) = Cox(t) + Eau(t) (33b)
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where
0 0 25 041 —09 375
A1: 1 -1 2 ,A2: 1 -1 2
0 -125 0 0 -125 0
) 0
B,=|15|, B,=|06[,C,=C,=[5 2 1],
0 0
[ 0.05 0
D,=| 0 |, D,=| 0 ||E;=E,=1,
10.05 0.05

In Figure 1, thefuzzy setsfor Plant Rule 1 and 2 are
described by two triangular membership functions. In
this example, it is assumed that the state variance con-
straints of this system have the following forms:

[Xaal11 = 6, [Xaa]22 < 3, [Xaal33 < 5 (34)

Besides, the covariance matrices of zero-mean
white noises v(t) and u(t) are V = 10 and Q = 1,
respectively. Before finding the solutions of common
positive definite upper bound covariance matrix X .,
the positive definite matrix Xy, can be obtained by
solving the algebraic Riccati-like Eq. (21).

0.049 0.030 0.016
0.030 0.021 0.005
0.016 0.005 0.019

Xop = (35)

To carry on, using LMI-toolbox of MATLAB, one
can find the solutions of common positive definite
upper bound covariance matrix X ,, and feedback gains
G; from LMIs (28-29) and (32).

-‘Rule 2 Rule2.

0 i X(t)
-15 0 15

Fig. 1. The membership function of x(t).

4494 0.383 —1.489

X .. =| 0383 2694 0.966 (36)
~1.489 0966 1.287

G, =[2.326 -4.583 7.115],

G, =[3.834 -6.759 11.538] (37)

Applying X . and Xy, to construct X , which is

defined in

x|

(27), one has

4.494 0.383
0.383 2.694

_|—1.489 0.966

0.049 0.030
0.030 0.021
0.016 0.005

—1.489 0.049

0.966
1.287
0.016
0.005
0.019

0.030
0.016
0.049
0.030
0.016

0.030
0.021
0.005
0.030
0.021
0.005

0.016

0.005
0.019
0.016
0.005
0.019

(38)
Subtracting Xy, from X _,, one can obtain
4445 0.353 —1.504

0.353 2673 0960 |>0.
—1.504 0960 1.268

X oo —Xpp = (39)

Substituting Xy, into (17), the fuzzy observer gains
K; can be obtained as follows:

K, =[0.321 0.198 0.107],

K, =[0.321 0.198 0.107]" (40)
Since conditions (21-23) of Theorem 1 are all
satisfied, one can conclude that the closed-loop con-
tinuous observer-based T-S fuzzy stochastic control
system (11) is asymptotically stable by applying the
observer gains (40) and the fuzzy control gains (37).
Besides, it also achieved the goal of the state variance
performance constraints (34). In the simulation, the
initial states are given as [x,(0) X»(0) x3(0)]" =[0.25
-0.5 0.75]". Figure 2 and Figure 3 show the input
signals of v(t) and u(t) for the simulations. Applying
fuzzy control gains G, and G, in the simulation, Figure
4 shows the responses of control input. In addition,
Figure 5, Figure 6 and Figure 7 show the responses of
true states X(t) and the estimated state X(t) for the
controlled T-S fuzzy model (33), respectively. From
these simulation results, the state variances of closed-
loop nonlinear system (33) are calculated as follows:
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v ()

15

-15 . . . .

t(sec)

0 20 40 60 80

Fig. 2. Theinput signals of w(t).

100

t (sec)

9 20 40 60 80

Fig. 3. Theinput signalsof u(t).

100

Fig. 4. Theresponses of control input u(t).

t(sec)
100

X () and &, (1)
12

1t ]
0.8 ]
0.6
04 f
02t )
olil
02t

-04 ¢ — Plant state x, (t)
— -~ Observer state &, ()| (s0)

0 20 40 60 80 100

-0.6

Fig. 5. Theresponses of true state x;(t) and estimated state X1(t) for
controlled fuzzy model (33).

%o (t) and X (t)
1.4
1.2

1
0.8
0.6
0.4 {
0.2 |

0H,
-0.2 K

041 — Plant state x, (t)A
06 ! ‘ Observer‘ state X, (t) t (sec)

20 40 60 80 100

Fig. 6. Theresponses of true state x,(t) and estimated state X2(t) for
controlled fuzzy model (33).

%s(t) and 2 (1)
1

08¢

0.6

0.4

02 , — Plant statexg,(t)52
o4 ‘ ‘ - Observer ‘state s (t) t (sec)
0 20 40 60 80 100

Fig. 7. Theresponsesof true state xs(t) and estimated state X3(t) for
controlled fuzzy model (33).
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var(xy(t)) = 0.0175, var(x(t)) = 0.0124

and var(xs(t)) = 0.0058 (41)
where var(x,(t)) denotes the variance of system state
Xg(t), ¢ =1, 2 and 3. It can be found that the closed-loop
fuzzy system is stable and the variance constraints (34)
are satisfied.

CONCLUSIONS

The observer-based fuzzy controller design prob-
lem has been solved in this paper subject to individual
state variance constraints. The filtering optimal control
technique was used to design the observers for the
continuous T-S fuzzy stochastic models. The LMI
conditions were developed for the existence of ob-
server-based fuzzy controllers, which allows designers
to assign a specified upper bound common state covari-
ance matrix to the closed-loop continuous T-S fuzzy
models. The PDC concept was applied to design fuzzy
controllersfor each rule and to solve the solutions of the
observer-based fuzzy controllers. The proposed ap-
proach aimed at finding observer-based fuzzy control-
lers such that the closed-1oop system is asymptotically
stable and the state variance constraints are achieved,
simultaneously.
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