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ABSTRACT 

This paper presents a proportional-integral sliding mode 

control (PISMC) methodology for a class of linear uncertain 

systems with state delays. The systems are assumed to have 

structured, mismatched, and time-varying parameter uncertain-

ties as well as mismatched and bounded external disturbances. 

Based on Lyapunov stability theorem and linear matrix ine-

quality (LMI) ∞H  technique, a sufficient condition is derived 

to guarantee the global stability of the dynamics and a pre-

scribed ∞H  norm bound of disturbance attenuation for all 

admissible uncertainties. Furthermore, this scheme assures 

robustness against state delays, parameter uncertainties and 

disturbances. Finally, an example is given to illustrate the fea-

sibility of the proposed control methodology. 

 

I. INTRODUCTION 

Time delay can be found in various engineering systems such 

as the turbojet engine, rolling mill, chemical processes, manual 

control, and long transmission line in pneumatic, hydraulic 

systems [8]. The existence of time delay in a system frequently 

becomes a source of instability and poor performance. Fur-

thermore, the stabilization of control systems which have delays 

is not as easy as that of systems without delays. Therefore, the 

control problem of time-delay systems has received consider-

able attention in recent years.  

Sliding mode control (SMC) has mostly focused on systems 

without time delays. However time delays are common in 

practical application. Hence, some studies have used SMC to 

stabilize time-delay systems. Chou and Cheng [2] have devel-

oped an adaptive variable structure controller for perturbed 

time-varying state delay systems. Gouaisbaut et al. [4] devel-
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oped a robust control of delay systems by using a SMC design 

and LMI technique. Roh and Oh [10] developed a SMC for the 

robust stabilization of uncertain linear input-delay systems with 

nonlinear parametric perturbations. Xia et al. [15] have de-

veloped a SMC for linear systems with input and state delays. 

Al-Shamali et al. [1] have developed a SMC scheme to ensure 

the asymptotic stability of a linear system with delays in both the 

input and state variable. However, all of these papers are as-

sumed the uncertainties are matched or do not exist. 

A feature of SMC is that the closed-loop system can be de-

signed to be robust with respect to parametric uncertainties and 

external disturbances, provided that their bounds are known and 

the matching condition [3] is satisfied. However, if the matching 

condition is not satisfied or the system suffers from mismatched 

uncertainties, then the system behavior will be affected by un-

certainties. Shyu et al. [12] have developed a SMC for a system 

with mismatched uncertainties and the chattering phenomenon. 

Sam et al. [11] have developed a PISMC for a system with 

mismatched uncertainties. However, they did not deal with state 

delays. Li and DeCarlo [6,7] developed a robust SMC design 

method for a class of uncertain time-delay systems with multiple 

state delays. However, in their method, there is no synthesis, but 

only analysis. The disadvantageous oscillations (chattering) 

exist. Furthermore, they assumed external disturbances are 

matched. 

In this paper, an approach is proposed to address the problem 

of stabilizing systems with state delays, mismatched uncertain-

ties and disturbances. Based on Lyapunov stability theorem and 

LMI- ∞H  technique [5,16,17], the asymptotic stability of un-

certain time-delay systems is guaranteed and a prescribed ∞H  

norm bound of disturbance attenuation is achieved. The pro-

posed method has the following attractive features: 1) the order 

of the motion equation in the sliding mode is equal to the order 

of the original system, rather than reduced by the number of 

dimension of the control input. 2) the robustness of systems can 

be guaranteed throughout the entire response of systems starting 

from the initial time instance. 3) the control design is rather 

straightforward and the asymptotic stability of time-delay sys-

tems is guaranteed without state transformation. 4) it can be 

easily extended to the case of multiple state delays and suitable 

for the case of both mismatched and matched external distur-
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bances.  

The remainder of the paper is organized as follows. Section 2 

briefly states system description and problem formulation. 

Section 3 provides the switching surface design and stability 

analysis of the dynamics in the specified switching surface for 

all admissible uncertainties. Section 4 addresses the control law 

and the existence of sliding mode. Section 5 presents results 

from numerical simulations. Finally, a conclusion is provided in 

section 6. 

 

II. SYSTEM DESCRIPTION AND PROBLEM FOR-

MULATION 

Consider an uncertain linear time-delay system described by 

the state equation  

)())(()())(()( dtxtAAtxtAAtx dd −∆++∆+=�   

)()())(( 1 twBtutBB +∆++  

)()( tCxtz =  

 )()( ttx ϕ= , ]0,[ dt −∈ . (1) 

where nRtx ∈)(  is the state, mRtu ∈)(  is the control input, 

l
Rtw ∈)(  is the external disturbance, which belongs to 

),0[2 ∞L , and p
Rtz ∈)(  is the controlled signal output. A , 

dA , B , 1B  and C  are known constant matrices with appro-

priate dimensions, 0≥d  is a known constant time delay, and 

)(tϕ  is a continuous vector-valued initial state function. The 

terms )(tA∆ , )(tAd∆  and )(tB∆  are unknown real-valued 

functions representing time-varying parameter uncertainties of 

the matrices A , dA  and B , respectively. 

For completing the description of uncertain dynamic system 

(1), the following assumptions are assumed to be valid: 
Assumption 1. All of system states are measurable. 

Assumption 2. The input uncertainty )(tB∆  is matched, i.e., 

there exists a matrix mmRtN ×∈)(  such that )()( tBNtB =∆  

with 1)( <≤ BtN δ  and )(tBB ∆+  are assume to be full 

column rank for all t . 

Assumption 3. (Structured perturbation) The time-varying 

parameter uncertainties )(tA∆  and )(tAd∆  are assumed to be 

norm-bounded and with the form  

 aaa EtFDtA )()( =∆ , dddd EtFDtA )()( =∆  (2) 

where aD , dD , aE  and dE  are known constant matrices with 

appropriate dimensions, )(tFa  and )(tFd  are unknown matrix 

functions of uncertain parameters satisfying  

 ItFtF a
T
a ≤)()( , ItFtF d

T
d ≤)()(  (3) 

where I  is an identify matrix with appropriate dimension. 

It is assumed that all the elements of )(tFa  and )(tFd  are 

Lebesgue measurable. The uncertainties )(tA∆  and )(tAd∆  

are said to be admissible if both (2) and (3) are hold. 

The objective of this paper is to develop a PI sliding mode 

controller which is robust to time-varying uncertainties and 

guarantees the closed-loop system is asymptotically stable as 

well as achieves, under zero initial conditions, a prescribed ∞H  

norm bound γ  of disturbance attenuation, i.e., 

22
)()( twtz γ<  for all nonzero ),0[)( 2 ∞∈ Ltw . 

Definition 

Subject to the zero initial conditions, 0)()( == ttx ϕ , 

]0,[ dt −∈ , the controlled output )(tz  satisfies 

22
)()( twtz γ<  for any nonzero disturbance input 

),0[)( 2 ∞∈ Ltw  is said to be γ≤zwT , 0>γ .  

III. SWITCHING SURFACE DESIGN 

In general, the designing procedure of SMC technique can be 

divided into two steps. The first step is to design a switching 

surface such that system response in the sliding mode has the 

desired properties, for example, stability, robustness, tracking 

capability, etc. The second step is to design the control law to 

globally drive the system trajectories to the specified sliding 

surface, and maintain there for all subsequent time.  

In this paper, the PI switching function is defined as  

 ττ dxBKAGtGxts
t

)()()()(
0∫ +−=  (4) 

where nm
RG

×∈  is chosen such that the matrix GB  is non-

singular and nm
RK

×∈  is designed later such that system (1) in 

the sliding mode is asymptotically stable.  

To facilitate further development, the following lemma is 

needed. 

Lemma 1 [9]  

For any constant 0>ε  and real matrices D , )(tF , and E  

of appropriate dimensions, suppose n
T ItFtF ≤)()( . Then 

 EEDDDtFEEtDF TTTTT

ε
ε

1
)()( +≤+  (5) 

In the sequel, the conditions are derived to evaluate the sta-

bility and robustness of uncertain time-delay system (1) re-

stricted to the switching surface 0)( =ts  with the existence of 

appropriate positive definite matrices. 

Theorem 1  

Consider uncertain time-delay system (1) with 0)( =tw , 

assumptions 1-3 and the PI switching function (4). Let 
mmRR ×∈  and nn

RR
×∈1  be given positive definite symmetric 

matrices. If there exist a positive constant 0>ε , a posi-

tive-definite symmetric solution nn
RP

×∈  for any admissible 
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uncertainty )(⋅aF , )(⋅dF  such that the following inequality is 

satisfied 

 PBPBRPAPA TT 12 −−+=Θ 011 <++ QPPL   (6) 

where  

 )
~~~~~~

(1
T
dd

T
dd

T
aa DDAADDL ++= ε  (7) 

 )(
1

1 d
T
da

T
a EEEEIQ ++=

ε
 (8) 

 dd AGGBBIA ])([
~ 1−−=  (9) 

 1
1

1 ])([
~

BGGBBIB
−−=  (10) 

 aaa EtFDAGGBBIA )(
~

])([
~ 1 =∆−=∆ −  (11) 

 ddddd EtFDAGGBBIA )(
~

])([
~ 1 =∆−=∆ −  (12) 

then system (1) with 0)( =tw  in the sliding mode is asymp-

totically stable. Furthermore, the gain matrix K  is given by 

 PBRK T1−−=  (13) 

Proof:  

When the dynamics of system (1) are driven into the 

switching surface, we have 0)( =ts  and 0)( =ts� . From (4), (1) 

and assumption 2  

 0)()()()( =+−= txBKAGtxGts ��  (14) 

or 

 )()()()()()( dtxAAGtuNIGBtAxGts dd −∆++++∆=�  

 0)()(1 =−+ tGBKxtwGB  (15) 

Therefore, the equivalent control )(tueq  [14] is given as 

 

)()()([)]([)( 1 dtxAAGtAxGNIGBtu ddeq −∆++∆+−= −  

 )]()(1 tGBKxtwGB −+  (16) 

Substituting (16) into (1), the sliding mode dynamics can be 

obtained 

)(
~

)()()( txAtxBKAtx ∆++=�  

 )())(
~~

( dtxtAA dd −∆++ )(
~

1 twB+  (17) 

where dA
~

, 1

~
B , A

~
∆ , and dA

~
∆  are defined in (9)-(12). 

In order to examine the stability of the sliding motion de-

scribed by (17), we choose the quadratic Lyapunov functional 

candidate as 

 ∫ −
+=

t

dt

TT
dxRxtPxtxtxV τττ )()()()(),( 1  (18) 

Observe that 0),( >txV , 0≠x ; 0),( =txV , 0=x . Using 

(9)-(13), then the Lyapunov derivative along the trajectories of 

the sliding mode dynamics (17), when assuming 0)( =tw , is 

expressed as 

)(])[(),( 1 txRPAPAtxtxV TT ++=�   

)()(
~

)(2 txEtFDPtx aaa
T+ )()(2

1
tPxBPBRtx

TT −−  

)(
~

)(2 dtxAPtx d
T −+ )()(

~
)(2 dtxEtFDPtx dd

T −+  

 )()( 1 dtxRdtxT −−−  (19) 

Applying Lemma 1 to various terms in (19) and choosing 1R  

as  

 )(
1

1 d
T
d EEIR +=

ε
 (20) 

Then (19) can be written as 

 0)()(),( <Θ≤ txtxtxV T�  (21) 

where Θ  is defined in (6). The requirement of nega-

tive-definiteness of ),( txV�  for stability entails that 0<Θ  as 

required by (6). If 0),( <txV�  as 0≠x , then 0→x  as ∞→t . 

Therefore, it is concluded that the sliding mode dynamics (17) is 

asymptotically stable in the sense of Lyapunov stability. The 

proof is completed. 

Theorem 2  

Consider uncertain time-delay system (1) with assumptions 

1-3 and the PI switching function (4). If there exist a posi-

tive-definite symmetric solution nn
RP

×∈  such that the fol-

lowing inequality is satisfied 

PBPBRPAPAT TT 12 −−+=   

 0)
~~

( 111
2

1 <++++ −
CCQPBBLP

TTγ  (22) 

where 0>R , and 1L  and 1Q  is given (7) and (8), respectively. 

Then system (1) in the sliding mode is asymptotically stable and 

guarantees γ≤zwT , 0>γ , under zero initial conditions. 

Furthermore, the gain matrix K  is given by (13). 

Proof:  

It can easily be seen that the inequality (22) implies the 

inequality (6). Therefore, it follows from Theorem 1 that system 

(1) with 0)( =tw  in the sliding mode is asymptotically stable. 

In the next place, to establish the upper bound 
2

)(twγ  for 

the ),0[2 ∞L  norm of )(tz , assume the zero initial condition 

and let us introduce 
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 dttwtwtztzJ
TT

)]()()()([
0

2

∫
∞

−= γ  (23) 

Since system (1) in the sliding mode is asymptotically stable, 

for any nonzero ),0[)( 2 ∞∈ Ltw , we have  

dttxVtwtwtztzJ
TT

)],()()()()([
0

2 �+−= ∫
∞

γ
 

 ∞−∞∞− VPxxT )()(  (24) 

where 0)()(lim 1 ≥= ∫ −∞→
∞

t

dt

T

t
dxRxV τττ   

From (21) and 0>P , we further have 

)()()())(([
0

2
twtwtxCCtxJ

TTT

∫
∞

−+Θ≤ γ  

 dttwBPtx
T

)](
~

)(2 1+  (25) 

Applying Lemma1, 

 )()()(
~~

)()(
~

)(2 2
11

2
1 twtwtPxBBPtxtwBPtx TTTT γγ +≤ −  (26) 

Substituting (26) into (25), it follows from (22) that 

 0)()(
0

<≤ ∫
∞

tTxtxJ T  

This 0<T  in (22) implies 
22

)()( twtz γ≤  for any 

non-zero ),0[)( 2 ∞∈ Ltw . Therefore, when 0<T  in (22), 

system (1) in the sliding mode is asymptotically stable and 

γ≤zwT  for some prescribed 0>γ . The proof is completed. 

Next, Theorem 2 will be formulated by LMI approach. 

Theorem 3  

Consider uncertain time-delay system (1) with assumptions 

1-3 and the PI switching function (4). System (1) on the 

switching surface is asymptotically stable and guarantees 

γ≤zwT , 0>γ , under zero initial conditions if there exists a 

symmetric positive-definite matrix W  such that the following 

linear matrix inequality is satisfied 

 01
2

<








−

Ω
−

QW

W
 (27) 

where TTT BBLBBRAWWA 11
2

1
1 ~~

2 −− ++−+=Ω γ , 

CCQQ T+= 12 , and the matrices 1L  and 1Q  are defined in (7) 

and (8), respectively. Furthermore, the gain matrix K  is given 

by 

 11 −−−= WBRK
T  (28) 

Proof:  

To facilitate further development, we defined  

 1−
∆

= PW  (29) 

Using (29) and the Schur complement, it follows that (27) is 

equivalent to (22). Therefore, by Theorem 2, the existence of 

W  satisfying (27) guarantees the closed-loop system is as-

ymptotically stable and γ≤zwT . This proof is completed. 

Remark 1  

A special case of system (1) occurs if the external disturbance 

is matched, i.e., BfB =1 , which is correspond to the case of 

[6,7]. In this case, the condition (27) in Theorem 3 reduces to  

 01
1

1
<









−

Ω
−

QW

W
 (30) 

where 1
1

1 2 LBBRAWWA
TT +−+=Ω − . 

IV. SLIDING MODE CONTROLLER DESIGN 

After designing the switching surface, the next step is to de-

sign an appropriate control law such that the system state tra-

jectories are globally attracted to the switching surface in a 

finite time and maintain them on the surface afterwards, which is 

so called the reaching condition 0)()( <tsts
T
�  [13,14].  

For uncertain time-delay system (1) satisfying assumptions 

1-3, the following control law is proposed: 

 )()()( tututu Nb +=  (31) 

where )()( tKxtub =  is the state feedback control, and the gain 

matrix K  is given in (28). The nonlinear switching control 

)(tu N  can be expressed as  

 
)(

)(
))(()()(

1

ts

ts
tGBtu N ησ +−= −  (32) 

where 0>σ  and )(tη  will be designed later. The state feed-

back control )(tub  is used to confirm the performance of the 

sliding mode system; the nonlinear switching control )(tu N  is 

used to surmount the effect the parameter variation, state-delay 

and the disturbance of uncertain system (1). 

Theorem 4  

The uncertain time-delay system (1) with assumptions 1-3, 

the PI switching function (4) and the control law (31) is as-

ymptotically stable and guarantees γ≤zwT  , 0>γ , if 

0
)(

)( >=
α

η
tM

t , 01 >−= Bδα , ftw δ≤)(  and 

 )(()()( dtxAGtxGBKtM dBB −++= δσδ  

 fddaa GBdtxEDtxED δ1))()( +−++  (33) 

Proof:  

To prove the stability of uncertain system states, let us first 

prove that the system state trajectories can reach the sliding 
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surface in a finite time and subsequently remain there, i.e., the 

reaching condition 0)()( <tstsT
�  is satisfied. 

From (15), we have 

)()()()()()( dtxAAGtuNIGBtAxGts dd −∆++++∆=�  

 )()(1 tGBKxtwGB −+  (34) 

Substituting (31)-(32) into (34) 

 )(
)(

)(
)(

)(

)(
)()( tGBNKx

ts

ts
N

ts

ts
ts ++−+−= ησησ�   

 )()()()( 1 twGBdtxAAGtAxG dd +−∆++∆+  (35) 

Pre-multiplying (35) by )(tsT  and using assumptions 1-3, 

we obtain 

 )()()()( tGBNKxssNsststs
TT ++−−−= ησησ�  

 )()()()( 1 twGBsdtxAAGstAxGs T
dd

TT +−∆++∆+  

 )([)1({ txGBKss BBB δσδδησ +−−−−≤  

 )()(( txEDdtxAG aad +−+  

 ]})())( 1 twGBdtxED dd +−+  (36) 

Substituting (33) into (36), it yields 

 }{)()()()( MtstststsT −−−≤ ηασ� 0<  for 0)( ≠ts  (37) 

Hence, the system state trajectories will be globally driven 

onto the specified switching surface 0)( =ts  in a finite time. 

From Theorem 3, we know that system (1) in the sliding mode is 

asymptotically stable and guarantees γ≤zwT  , 0>γ , under 

zero initial conditions. Hence, the closed-loop system is stable 

and γ≤zwT , 0>γ  is achieved. The proof is completed. 

Remark 2  

In order to eliminate the chattering behavior caused by 
)(

)(

ts

ts
, 

a boundary layer is introduced around each switch surface by 

replacing 
)(

)(

ts

ts
 in (32) by saturation function. Hence, the 

control law (31) can be expressed as  

 )
)(

())(()()()(
1

δ
ησ

ts
sattGBtKxtu +−= −  (38) 

The th
i  element of )

)(
(

δ

ts
sat  is described as 

 










=

=>=

otherwise
ts

mitsif
ts

ts

ts
sat

i

i

ii

i

i

i

i

δ

δ

δ )(

,,1)(
)(

)(

)
)(

(

�

 (39) 

where iδ  is a measure of the boundary layer thickness around 

the th
i  switching surface. 

V. ILLUSTRATIVE EXAMPLES 

Consider the uncertain time-delay system [6,7] described by 

(1) with 

 

















−

=

100

010

011

A , 

















−

=

2.000

01.00

01.01.0

dA   

 

















=

3.000

2.02.00

2.02.01.0

aD , 

















=

33.03.00

2.03.00

3.02.00

aE  

 

















=

)sin(00

0)sin(0

00)sin(

t

t

t

Fa , 1=d , ad DD =  

 

















=

)cos(00

0)cos(0

00)cos(

t

t

t

Fd , ad EE =  

 

















=

0

1

0

B , 

















=∆

0

)2cos(1.0

0

)( ttB , 

















=

0

1.0

0

1B  

 )2sin()( ttw = , [ ]001=C  

In this case, the external disturbance is matched. According 

to (4), the switching surface matrix is chosen as [ ]111=G  

so that 1=GB  is nonsingular. The feedback gain matrix K  can 

be designed by using remark 1. If we selected 1.0=ε  and 

1=R , then the solution of (30) can be obtained as 

 

















−

−−

−

=

1364.00218.00102.0

0218.03064.00437.0

0102.00437.00192.0

W  

Using (28), the gain matrix can be obtained as 

 [ ]0526.08279.49995.10 −−=K  

The control law (38) is designed as 

 [ ] )(0526.08279.49995.10)( txtu −−=  
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 )
1.0

)(
())(1.0(

ts
sattη+−  

where )(tη  is given by (33). 

With the initial state [ ]Tx 123)0( −=  for [ ]01−∈t , the 

simulation results are shown in Fig. 1. Figs. 1(a), 1(b) and 1(c) 

show the trajectories of the states respectively. It is clearly 

shows that system states are successfully stabilized. Fig. 1(d) 

shows the control input with reasonable magnitudes. When the 

strategy (38) is compared with Li and DeCarlo’s control law 

proposed in [6,7], it can be easily seen from Fig. 1 in [6] and 

Figs. 1-2 in [7] that the control exhibits disadvantageous os-

cillations (chattering), in the contrast, Fig1(d) in this paper 

shows that the control does not exhibit chattering problem. 

Therefore, our strategy is better than the methods proposed in 

[6,7].  

Next, the case of the system with mismatched disturbance is 

considered. Here, the disturbance matrix and the control output 

matrix can be chosen as [ ]TB 01.01.01 =  and 

[ ]001=C , respectively. Similarly, according to (4), the 

switching surface matrix is chosen as [ ]111=G  so that 

1=GB  is nonsingular. The feedback gain matrix K  can be 

designed by using Theorem 3. If we selected 3.0=ε , 1=R , 

and 55.0=γ , then the solution of (27) can be obtained as 

 

















−

−−

−

=

3988.00344.00146.0

0344.04353.00761.0

0146.00761.00161.0

W  

Using (28), the gain matrices can be obtained as 

 [ ]2192.15970.132115.65 −−=K  

The control law (38) is designed as 

 [ ] )(2192.15970.132115.65)( txtu −−=  

 )
1.0

)(
())(1.0(

ts
sattη+−  

where )(tη  is given by (33). 

With the initial state [ ]Tx 123)0( −=  for [ ]01−∈t , the 

simulation results are shown in Fig. 2. It is clearly shows that 

system states are successfully stabilized and the ∞H  perform-

ance 55.0≤zwT  is achieved. From these results, it is con-

cluded that the proposed PI sliding mode controller not only 

stabilizes systems with state delays, mismatched parameter 

uncertainties and mismatched or matched external disturbances, 

but also yields a good performance.  

VI. CONCLUSION 

In this paper, an approach has developed for the systems with 

state delays, mismatched parameter uncertainties and external 

disturbance. Based on Lyapunov stability theorem and 

LMI- ∞H  technique, the stability of the closed-loop system 

under the PI sliding mode controller is guaranteed and a pre-

scribed ∞H  norm bound of disturbance attenuation is achieved. 

Since the switching surface is designed by solving the LMIs, the 

control law is rather straightforward and computationally effi-

cient. The simulation results verify the theoretical analysis and 

illustrate the feasibility of the proposed control methodology.  

This work only considered systems with one state delay. 

However, it is straightforward to extend the method to systems 

with multiple state delays. Furthermore, it can be suitable for 

systems with both matched and mismatched external distur-

bances. 
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