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ABSTRACT

The problem of finding a Hamilton decomposition of the
complete 3-uniform hypergraph K?* has been solved for n =
2(mod 3), n = 4(mod 6) [2], n = 1(mod 6), n = O(mod 3)
(for K3 -1, the complete 3-uniform hypergraph minus a 1-
factor) [5]. In this paper, we give the concept of the bipartite
hypergraphs and find a Hamilton decomposition of the com-
plete bipartite hypergraph Kﬁm for m be prime.

[.INTRODUCTION

A k-uniform hypergraph H is a pair (V, &), where V = {vy,
Vo, ..., Vn} isaset of nverticesand eisafamily of k-subset of V
called hyperedges. If econsistsof all k-subset of V, thenH isa
complete k-uniform hypergraph on n vertices and is denoted
by KX. At the same time, we may refer to avertex v, € V as
Visn. A cycleof length | of H isa sequence of the form (v, €y,
Vo, €, ..., V|, 8, €), Wherevy, v, ..., V, are distinct vertices,
and e, &, ..., § are k-edges of H, satisfying:

(i) v, Vs € € 1<i<I, where addition on the subscriptsis
modulo n, and
(i) e #£¢gfori#]j

This cycle is known as a Berge cycle, having been intro-
duced by Berge in his book [1]. A Hamilton cycle of a hy-
pergraph H on n verticesisacycle of length n, and aHamilton
decomposition of H is a partition of the hyperedges of H into
Hamilton cycles.

Definition 1. Let H be a hypergraph on V. H iscalled bi-
partite if V can be partitioned into two subsets V; and V, such
thate N Vi# gande N V2 # ¢for any ee e Furthermore, if
le| = r for any e € ethen we call H a bipartite r-uniform hy-
pergraph, written H'(Vy, V,). Hiscalled the complete bipartite
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r-uniform hypergraph with vertex-set V=V; U V,, V; N V, =
gpife={eecV,lgf=randeNV, # ¢ fori =1, 2} and
denoted it by K" (V, Vo) or K', . when [Vq| =n, [V =m.

A set of Hamilton cycles of K', . say Cy, Cy, ..., Cyis

caled a Hamilton decomposition if U, £(C) = e(k; ) and

£(C) N &(G) = pfori#].
In this paper, we give a Hamilton decomposition of com-
plete bipartite hypergraph K,f],m for mbeing prime.

II.RESULTS

Let m be a positive integer and let D denote the set of all
pairs (k, r) of odd positive integers such that k <r.

Givena(k, r) e D and aninteger j, definean edgeg(k, r) as
follows:

QD if r£m,
gk r)={jr,jr+k (+)r} (mod2m);

(2) ifr=mandkisodd,
g(k, m) = {jk, jk+m, (j + Dk +m} (mod 2m); Inboth
cases, define

C(k,r)={e;(k,r):j=0,12,--,2m-1} (mod 2m) (1)

Lemmal Let m> 3 beaprime. Then, for any (k, r) € D,
e (k,r)=¢e.(kr) ifandonlyif j=j"(mod2m).
Proof. By definition it is easily seen that g.am(k, 1) = g(k,
r.
Suppose g(k, r) =e-(k, ) with0<j,j'<2m-1. Sett=j" -]
and we consider two cases.

Case l:r #m. Wehavethat {jr,jr +k, (j + r} ={j'r,j'r +
k, (' + Dr} (mod 2m), whichimpliesthat {0, k, r} ={tr, tr + ki,
(t+ L)r} (mod 2m). If tr # 0 (mod 2m) (equivaently, tr + k#k
(mod 2m) and (t + 1)r # r (mod 2m)), then,
(i) tr =k (mod 2m), tr + k=r (mod 2m) and (t + 1)r =0 (mod
2m); or
@ii) tr =r (mod 2m), tr + k=0 (mod 2m) and (t + Dr =k
(mod 2m). Both cases imply that 3k = 0 (mod 2m), a con-
tradiction. It showsthat tr =0 (mod 2m). Recall that r isodd
and r # m, in other words, r and 2m are coprime, which im-
pliesthat j =j' (mod 2m).



758

Case 2. r =m. In this case we see that misaprime. We
havethat {jk, jk+m, (j + )k+ m} ={j'k, j'’k+m, (' + 1)k + m}
(mod 2m), which impliesthat {0, m, k + m} = {tk, tk + m, (t +
Dk + m} (mod 2m). If tk# 0 (mod 2m) (equivalently, tk + m+#
m (mod 2m) and (t + 1)k + m# k+m, (mod 2m) then, (i) tk=m
(mod 2m) and (t + 1)k + m= 0 (mod 2m)); or (i) tk=k + m
(mod 2m) and tk + m= 0 (mod 2m). Both casesimply that k=
0 (mod 2m), a contradiction. It shows that tk = 0 (mod 2m).
Since misan odd prime and k < mis an odd integer, we have
that k and 2m are coprime, which impliesthat j =j' (mod 2m).

Lemma?2 Letm>3beaprimeandletV; ={0, 2, ..., 2m-2},
V,={1,3,...,2m-1}, and K3  =K>3(V,,V,). Thentheedge
sguence C(k, r) defined in (1) and (2) is a Hamilton cycle of
KZ

Proof. By the definition of g, we see that, for every edge
g(k, r) of C(k, r), exactly one of the following statements
holds:

D lgNVy|=2and |e NV, |=1, or

@ lgNVy|=1 and g NV, |=2.

From Lemma 1 it followsthat |C(k, r)| = 2m, for each (k, r) €
D. Note that if r # m, then (j + 2)r # jr (mod 2m) for any
integer j, and if r =m, thenmisprimeand (j + 2k+m#jk+m
(mod 2m). From thisit is easy to see that

(j+Dr if r<m,
(j+Dk+m if r=m

g (k, r)ﬂejﬂ(k, r ={

This proves that for each (k, r) € D, C(k, r) is a Hamilton
cycle.

Lemma 3 Let (k, r) and (K, r") be two distinct el ements of D.
Then C(k, r)NC(K', 1) =g.

Proof. Let us put the reduced residues modulo 2m equi-
distantly and clockwise on acircle. Takethree of them, say, a,
bandc. Then{a, b, c} € C(k r) for some (k,r) € D if and
only if the spaces among the three elements are in turn k, r—k
and 2m—. Therefore, if g(k, r) = g (K, r'), then the cycle
permutations (k, r—k, 2m—r) and (K, r'—k', 2m—") are identical.
Note that there are only r—k and r'—k' are even. We therefore
obtain that k = k' and r—k = r'—k’, which yields that (k, r) = (K,
r.

Theorem 4 Letm>3, mbeprime. Then K3 = U

(k,r)eD

C(k, )

is a Hamilton decomposition.

Proof. LetV;={0, 2, ...,2m-2}, V, ={1, 3, ..., 2m-1},
and K3 = K>3V, V,). By Lemmaz2, forany (k,r) e D, C(kr)
is a Hamilton cycle of K3(Vy, V,). Therefore, in order to
complete the proof it suffices to show that for each 3-element
set{a, b,c} c{0,1, ..., 2m-1} with{a, b,c} N V. # ¢and
{a,b,c} N V,# ¢thereisa(k, d) € D and an integer j such
thet {a, b, c} =g(k, r) (mod 2m).

Without loss of generality we assume that a< b <c. Co-
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nsider b—a, c—b, and 2m-c + a. Since not al of them are
even, while their sum is even, there are two among them are
odd and oneeven. Welabel b—a, c—b, and 2m—c+ aask;, ks
and ks such that k; < k; are odd and k; is even. We now com-
plete the proof by six cases.

Case 1: (kg, ko, k3) = (b—a, c—b, 2m—c + a). Inthiscase,
putk=k;=b—aandr =k +k,=c+a. If r£m,then(r,2m) =
1, thereisaj such that a=jr (mod 2m), henceb=jr + kand c
=(j + 1)r (mod 2m), thet is, {a, b, c} =g(k, r) (mod 2m). Ifr =
m, then (k, 2m) = 1, thereisaj such that a = jk + m (mod 2m),
henceb = (j + 1)k + mand c = jk (mod 2m), that is, {a, b, ¢} =
g(k, m) (mod 2m).

Case 2: (kg, ko, k3) = (b—a,2m—c +a, c—h). Inthiscase,
putk=ks=c—bandr=k, +ks=2m-c+a+c—-b=a-b. If
r # m, then (r, 2m) =1, thereis aj such that b = jr (mod 2m),
hencec=jr + kanda=(j + D)r (mod 2m), that is, {a, b, ¢} =
g(k, r) (mod 2m). If r = m, then (k, 2m) = 1, thereisaj such
that b = jk + m (mod 2m), hencec = (j + 1)k + mand a = jk
(mod 2m), that is, {a, b, c} = g(k, m) (mod 2m).

Case 3: (kg, ko, k3) = (c—b, b—a, 2m—c + a). Inthiscase,
putk=ks=2m-c+aandr=k,+ks=2m—-c+a+b—-a=b-
c. Theremainder issimilar to Case 2.

Case 4: (kg, ko, k3) =(c—b, 2m—-c+a, b—a). Inthiscase,
putk=kj=c—bandr=k+k,=c—-b+2m-c+a=a-b
(mod 2m). Theremainder issimilar to Case 1.

Case 5: (kg, ko, ks) = (2m—c+a,b—a, c—b). Inthiscase,
putk=k;=2m-c+aandr=k +k,=2m-c+a+b—-a=a-
b (mod 2m). The remainder issimilar to Case 1.

Case 6: (kg, ko, k) = (2m—-c+a,c—b, b—a). Inthiscase,
putk=ks=b—-aandr=k,+ks=c—b+b—-a=c—-a. The
remainder issimilar to Case 2.

The proof is completed.
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