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ABSTRACT

A time-independent finite difference scheme is developed
and applied to analyze the viscous flow past a trandating
circular cylinder. In this scheme, the instantaneous moving
cylinder face is mapped to a fixed boundary and the compu-
tational domain is, therefore, time independent. Large Rey-
nolds number and high oscillating frequency of moving
cylinder are used in the analysis. The finite difference ap-
proximation and algorithm were validated by the reported
numerical simulation and flow visualization. The vorticity
and streamline patterns developments were described and
discussed. The surface vorticity distribution and position of
separation point versus phases of oscillating stages were dis-
cussed. The flow behaviors of various amplitudes of exciting
velocity and frequencies of moving cylinder are simulated and
compared. The in-line forces on cylinder during cylinder
oscillation were calculated and are in good agreement with
those predicted by Morison’s equation. The developed scheme
can be extended to analyze the viscous flow passing an arbi-
trary moving cylinder.

[.INTRODUCTION

The viscous flow across a circular cylinder has draw sig-
nificant attention during the last two decades. In the 20th cen-
tury, the earliest study of flow around circular cylinder was
reported by Blasiusin [1], who used boundary layer theory to
give a second order time series solution. Since then, many
researchers spent their efforts to find higher order solutions
and discussed the flow patterns behind the separation points.
Among those, the most important investigations could be cred-
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ited to Collins & Dennis [6, 7], they developed analytical
theory and implemented their theory numerically to solve for
vorticity equation up to third order solutions. The later nu-
merical studies almost used these two presentationsto validate
their simulations. The first experimental study was made
by Prandtl asearly as[12]. Bouard and Coutanceau [2] made
a much more detailed visualization and gave a detailed de-
scription of the streamline patterns development for various
Reynolds numbers, (Re = 2av,/v, in which v, = the velocity of
the cross flow, v the kinematic viscosity of fluid and a the
radius of the cylinder) and the mechanism of the phenomenon
o and . The numerical method used to solve the problem
was first studied by Payne in [11] for Re = 40 to 100. After
then, various numerical methods were developed to solve the
problems for higher Reynolds number. Such as Ta Phuoc Loc
[13] used fourth-order finite difference scheme for Re = 550-1,
100, Ta Phuoc Loc and Bouard [14] for Re = 3,000 to 9,500,
Chang and Chern [3] used hybrid vortex method to give the
solution for Re up to 10°.

The interaction between impulsive started cross flow and
moving cylinder are seldom presented in the literatures. In a
study of Ditsch et al. [8], the low Reynolds number (100 to
200) and low KC number (5 to 10) were assumed. The cor-
responding oscillating period of cylinder is 5 sec. or the ex-
citing frequency is as small as 0.2 (1/sec) only. However, the
well known El Centro 1940 earthquake presented the peak
ground acceleration of 0.32 g, the maximum ground velocity
of 0.35 m/sec (Re = 35,000), and the exciting period of
0.25-0.6 sec. Thefreguency isaslarge as 1.6 to 4 (1/sec) that
are about 8 to 20 times larger than that used in Diitsch’s study.
In order to simulate flow across an offshore cylinder in areal
marine environment during earthquakes not only large Rey-
nolds number but also the high oscillating frequency are
needed in the analysis. Under earthquakes, the relative ve-
locity between cross flow (current) and moving cylinder (in-
duced by ground motion) may be very large and the flow is
actually turbulent. The analysis of turbulent flow phenome-
non requires proper turbulence model and is beyond the scope
of the present study.

In the present study, the cylinder is oscillating with high
frequency under a cross flow of Re = 3,000. The finite dif-
ference approximation and algorithm were validated by the
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reported visualization. The KC number used in the present
study issmall and no artificial numerical disturbance (Justesen
[1Q]) is introduced, the symmetrical flow, therefore, remains
throughout the simulation. Detail streamline patterns are
described. The positions of separation point versus phases are
discussed. The results of various amplitudes of exciting ve-
locity are compared. The in-line forces on cylinder during
cylinder oscillation were calculated. The application and limi-
tation of Morison's equation was discussed.

The main focus of this paper is the introduction of the ap-
plication of time-independent finite difference technique on
viscous flow cylinder interaction. The flow phenomenon of
involvedinthisstudy is, therefore, briefly discussed in the paper.
Section Il gives brief description of the governing equations
used in the study and section Il introduces the numerical
method and provides some references of adopted numerical
algorithm. Section 1V presents the results obtained in this
study and section V summarizes the key conclusions.

I1.BASIC EQUATIONS

In the present study, we assume the cross flow and cylinder
are suddenly starts to move in an incompressible viscous
fluid. The cross flow is moving with a constant speed v, and
the cylinder is stream-wise oscillating. The motion in a two-
dimensional is described in terms of the two simultaneous
equations satisfied by the stream function and the scalar vor-
ticity. One is the stream function equation, written in polar
coordinate (,6) system, as

1oy
i 06°

b=~V = (7 aa—‘ﬁf) NEXAY 0

of

and the other is the so called vorticity transport equation
written as

a_‘”_% a_'/’a_‘j’_a_"’a_'/f) - W20 o)
ot F 00 of 96 of

where wis the stream function; and W is the vorticity, and v
represents the kinematic viscosity. The definition sketch of
the problem is conceptually shown in Fig. 1, where d is the
diameter of the cylinder, & is the distance between the outer
boundary and the origin of the polar coordinate system. d = 2a,
aistheradius of cylinder. 1’ istheradial distance measured
from the instant center of moving cylinder and ¢ is the angle
between r’ and horizontal direction and among those para-
meters, the following relationship can be given

fcosd =, +r’cosg 3)
in which &, is the corresponding horizontal displacements of

the cylinder in stream-wise direction. The corresponding flow
velocity in I and ¢ directions are defined as v,. and v, and

Fig. 1. Thedefinition of sketch of the problem.

can be calculated through the definitions of velocity and stream
function;

Iy
Voo =— ’ V, =— 4
' ® o @

The no-dlip boundary condition assures the boundary con-
dition of the stream function is zero when the cylinder isfixed.
When the cylinder is in motion, the corresponding flow velo-
city is

1oy oy .
, =——"—=V_CO0S¢, V, =— =-v_9n 5
\/ a a¢ ch S¢ V¢ a ch ¢ ( )

r ’

Integrating (5) with respect to ¢, we can caculate the
stream function along the cylinder face as

vy =a(v,sing) (6)

The vorticity on the cylinder face can then be evaluated by
solving the stream function equation, Eq. (1). The ided fluid
solution is used as the boundary condition of stream function
at the outer boundary;, i.e.

2

w=v,(a, —%)sine & w=0 @

At T = 0+, the stream function on the cylinder surface is
known, i.e. Eq. (7), the rest part of the stream function is ob-
tained by solving (1). On the contrary, the vorticity of the
whole flow field is zero except that on the cylinder face which
isevaluated by solving (1) with no-slip boundary condition on
cylinder face. Also shown in the definition sketch, b, is the
distance between outer boundary and the instant center of the
moving circular cylinder and can be shown and expressed as

b, (¢.1) = -6, (t) cosp+{a ~ [, (t) ing]’} 2 ®)

The first of the following equations is used to remove the
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Fig. 2. Thesurfacevorticity obtained by using various mesh-size arrangement.

dependence of b, on time (Hung [9] and Chen [4]).

r*:r’;a q)zﬂ 9)
b,(¢4,t)-a m

By the first transformation, the cylinder face is mapped
onto r* = 0 and the outer boundary onto r* = 1. And the second
transformation would map ¢ onto aregion ® = 0and 2. Thus,
the time-dependent moving cylinder face is transformed to a
fixed value and the whole computational domain is mapped
onto arectangular region. The coordinates r* isfurther trans-
formed to produce finer grid sizes near the cylinder face. That
is

R=f,+(r - )« (10)

where S, and k; are the coefficients used to control grid sizes.

1. NUMERICAL METHOD

The solution procedures can be briefly described below.
Solve the stream function equation, and then evaluate the
vorticity by substituting the stream function into vorticity
transport equation. Since two equations are coupled, iteration
is needed to achieve acceptable convergence condition. Inthe
two-dimensional analysis, the fluid flow is solved in a rec-
tangular mesh network in the transformed domain (R-®). The
finite difference method is used in the analysis and central
differenceis used in both space and time derivatives. And the
staggered grid C-type system is used in the present analysis.
As mentioned earlier, al the time derivative terms are using
central time-difference approximation. However, for each
time step, the explicit method is used at the first iteration to
obtain a pre-condition. The Crank-Nicolson method is, there-
after, used to solve the time dependent terms at each time step.
Equations (1) and (2) will be written in finite difference form

and rearranged as systems of algebraic equations. Equation
(2) contains nonlinear terms, after the stream function is ob-
tained from (1), we may regard (2) asalinear equation and the
Gauss-Seidel method is used to solve the systems of linear
equations. The convergence conditions shown as follow are
used to assure acceptable accuracy, i.e. [P — ¥ < 10° and
|@hns1 — @] < 107° where the subscripts represent the itera-
tion numbers. The detailed numerical agorithm is given
below and aso can be found in Chen [4] and Chen and Nokes

[5].

=

. Specify the initia conditions.

2. Stretch the grid size and calculate the coefficients of fi-
nite difference equations.

3. Solve the Poisson equation of stream-function at T =
NALt.

4. Evaluate the vorticity by substituting the stream function
into vorticity transport equation.

5. Solve the Poisson equation of stream-functionat T=(n+
V2)At.

6. Repeat steps 4 and 5 while the convergence condition is

not satisfied yet.

. Calculate the velocity for flow fluid.

. Calculate the forces of cylinder.

. Back to step 2 for next time step.

O 00 N

IV.RESULTSAND DISCUSSIONS

A simulation of flow past afixed circular cylinder for Re =
3,000 is used to check the sensitivities of mesh size and time
increment. Large computational domainisgivenasr..=25a.
To make the problem computationally more tractable, the origin
of the center of the cylinder is shift to x = —10 a and the outer
boundary at the downstream is actually 35 a away from the
cylinder so that the cylinder has only a tiny effect on the
flow. In order to prevent numerical instabilities, the Courant-
Friedrichs-Lewy condition and the necessary condition for
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Fig. 3. Comparison of streamline patternsfor Re= 3,000, at T = 4; (a) Ta Phuoc Loc & Bouard [14] flow visualization, (b) present analysis.
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Fig. 4. Comparison of streamline patternsfor Re= 9,500, at T = 2; (a) Ta Phuoc Loc & Bouard [14] flow visualization, (b) present analysis.

Table 1. The parallel computation time and communica-
tion timewith various numbers of CPU.

Numbers | Sequential Parallel Parallel Total
of CPU time computation | communication time
(sec) time time (sec)
(sec) (sec)

1 1.79 2273.19 0.00 2274.98

2 1.74 1140.96 47.04 1189.74

4 1.72 572.78 57.80 632.30

8 1.72 287.87 62.92 352.51

stability is also dictated by the restriction on the grid Fourier
numbers. However, in order to assure the numerical accuracy,
parametric study of the mesh size requirement and time in-
crement was made. Figure 2 plots the comparison of the sur-
face vorticity distribution along cylinder obtained by various
mesh-size arrangement and for stability criteriaand numerical
accuracy, AR = 1/250 with k; = 3, A® = 1/200 and AT = 0.001
are used in the present computation. The present numerical

code is written in a parallel computing mode on an IBM SP2
supercomputer with eight CPU in all the simulation cases. The
parallel computation time and communication time with vari-
ous CPU arelisted in the following Table 1.

1. Benchmark Sudy

To validate the proposed numerical method, the well-known
numerical results and experimental measurements are com-
pared with numerical results obtained by present numerical
scheme. The phenomenon o is simulated in the present study
for Re = 3,000, while phenomenon £ is simulated for Re =
9,500. For Re = 3,000, Fig. 3 compares the present numerical
results and the results reported by [14], and good agreements
are noted. To generate phenomenon S, the Reynolds number
isincreased to 9,500, Fig. 4 lists the comparison of the present
numerical results and those of PL&B, the agreement is also
very good. Further numerical validation was made according to
the wake-size obtained in the present numerical model and
those reported by [14] and [2] and the comparison islisted in
Table 2.
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Table2. The comparison of the wake-length and wake-
height of variousreports.

N main wake length/ | main wake height/
Comparison items . .
radius radius
Bouard and Coutanceau
1181 1.101
[2] Exp.
TaPhuoc Loc [14] 1.079 1.066
Numerical
Present paper 1.109 1.118
Line : Present paper

Dash line: Numerical results of Ta Phuoc Loc & Bouard [14]
U , Symbol : Experimental results of Ta Phuoc Loc & Bouard [14]

Fig. 5. The comparison of the velocity component u behind the cylinder
obtained by various researchers. Re = 3,000; dashed line: Nu-
merical results of Ta Phuoc Loc & Bouard [14], symbol line:
Experimental results of Ta Phuoc Loc & Bouard [14], solid line:
present numerical results, @: T=1A: T=2[1:T=30:T=4
M T=5)

Figure 5 illustrates the comparison of the velocity compo-
nent u behind the cylinder obtained by various researchers.
The excellent agreement can be found in the figure and the
above several comparisons show the acceptance of the accu-
racy of the results obtained in the present numerical scheme.

2. Flow Over a Back-Forth Oscillating Circular Cylinder

The cross flow and cylinder are set to suddenly move at the
sametime. The velocity of the cross flow isaconstant and is
denoted as v, the velocity of oscillating cylinder is given as
u(t) = -V, cos (ret), where ¢is frequency of oscillating cyl-
inder and S is a parameter to define the velocity amplitude of
the moving cylinder. If the cylinder is motionless, the vortex
production is basically resulted from the cross flow, when the
cylinder isin motion, the vortex production will be enhanced
or reduced depending on the moving direction of the cylinder.
When the direction of moving direction of the cylinder is op-
posite to that of cross flow, the relative velocity between cyl-
inder and the cross flow increases and the vortex production is

enhanced accordingly. On the contrary, when they are in the
same directions, the relative velocity between the cross flow
and cylinder decreases and the vortex production is reduced.
Besides, the cylinder motion will cause the splitting of the
vortex around the cylinder and the periodic flow pattern will
be developed as T increases.

1) Sreamline Patterns Development (8= 1, £= 1, Re= 3,000)

For g = 1, the cylinder experiences a higher Reynolds
number. The equivalent Re, denoted as eRe, is equal to 6,000
a T = 0+. There are four stages in one cycle of harmonic
cylinder motion, in the first stage (T = 2nto 2n + 0.5), eRe =
6,000 to 3,000; in the second stage (T =2n + 0.5to 2n + 1),
eRe = 3,000 to O; in the third stage (T = 2n + 1 to 2n + 1.5),
eRe =010 3,000 and in thefourth stage; (T=2n+ 1.5t0 T=
2n + 2) eRe = 3,000 to 6,000.

At the onset of the mations, the flow field is basicaly ir-
rotational and the flow can be modeled as potential flows gov-
erned by a L aplace’sequation. Thus, at the onset of the motion,
the streamline patterns of the present problem can be divided
into two parts: one is the flow over a fixed cylinder and the
other isthe cylinder moving againgt a still water field. Accord-
ing to method of superposition, when the cylinder isimpulsive-
ly moving westward with a speed v, the corresponding stream
function can be easily determined as = v, r (1-2a%/r%)sing
which is equivalent to the stream function of flow pass a
circular cylinder with a radius of +/2 a. As shown in Fig. 6,
the impulsively moving circular cylinder results in streamline
pattern looks like flow across a larger cylinder whose size is
1.414a (see the streamline pattern of T = 0+). At T = 0.5,
the velocity of cylinder is zero and eRe = 3,000, a clear
re-circulating wake occurs at the rear part of the cylinder. As
T = 1, thecylinder movesin asame speed of the crossflow, the
equivalent Reynolds number becomes zero and the streamline
patterns are ailmost parallel except minor kink at cylinder face
ranging from = 0to 8= 110°. Thekink isdueto the birth of
thevorticity at the cylinder face. Inthethird stage, when T > 1,
the cylinder keeps moving eastward with decreasing speed and
the cylinder pressesthe primary vortex. The negative vorticity
along cylinder face also decreases and the kink reduces too
and the separation point moves to rear cylinder face. At T =
1.5, the recirculating zone appears again but the wake is
squeezed and separatesinto two parts: asmaller one, E1, nears
the separation point (at ¢ =104°) and alarger one, E2, closeto
therear stagnation point. Inthefourth stage, from T =1.5t0 2,
the cylinder motion switches direction and eRe also increases.
The pseudo-cylinder appears again but its shape is not a cir-
cular and it is distorted by E1 and E2. The generation of
positive and negative vortex aternatively and shedding de-
velopsin the later oscillation period.

2) The Separation Points (4= 1, €= 1, Re = 3,000)

The separation points are close related to the moving di-
rection and the instantaneous location of the cylinder. Figure7
depicts the separation point versetime. Astimeincreases, the
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Fig. 7. Separation point position versus dimensionlesstime.

separation point rapidly moves more than 45 degree forward
to 0= 143° when T = 0.25. At T = 0.5, the separation point
moves to almost the midsection of the cylinder surface, to 6=
97°. AsT > 0.5, the cylinder moves eastward and the separa-
tion point travelsfurther forward to 6=52° a T = 0.75. When
cylinder moves back to origin at T = 1.0, the cylinder has the
same speed of the cross flow and the separation also moves

back to the front stagnation point. However, at the later
elapsed time up to T = 50, the separation point never reaches
the front stagnation point again. Inthethird stage, the position
of cylinder is at the right of the origin and the negative vor-
ticity shrinksto 8=95° at T = 1.25. In the fourth stage, the
cylinder moves westward and the center of the cylinder isalso
at the right of the origin, and the separation point remains at
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Fig. 9. The patternsof the streamlines and vorticity contour at Re= 3,000, #=0.5,and ¢ = 1.

rear part of the cylinder face. The phenomenon isperiodically
presented and harmonic behavior can be observed after T is
greater than 10.

3) The Resultsfor £= 1 with Various S Values

In this section, the streamline patterns of various g with
constant € are studied. For #=2and T = 0, eRe = 9,000, the
diameter of pseudo-cylinder is J3a (see Fig. 8). The wakes
occurs at the front and also at the rear of cylinder. AtT =0.5,
thevortex at rear part of the cylinder is much stronger than that

for #=1. When T = 1, the cylinder seems experiencing are-
versed cross flow and the reversed cross flow resultsin a pair
of vortex at the front side of the cylinder.

For B = 0.5, the maximum oscillating speed of cylinder is
only one half of the speed of cross flow. The cross flow domi-
nates the flow development. At T =0, eRe = 4,500, the size of
the pseudo-cylinder issmaller and isequal to 1.225a (= J15 a),
see Fig. 9 (T = 0+). At T = 0.5, the vortex at the rear part of
cylinder is aso smaller than that of f=1. At T =1, the speed
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Fig. 10. Comparison of calculated dimensionless forces of various ex-
citing frequencies and velocities of cylinder motion.

of the cylinder is 0.5v,, the speed of equivaent cross flow is
reduced but does not vanish and the streamlines around cyl-
inder are still in curved shapes. The vortex generated at the
rear of cylinder is smaller in size and strength at the earlier
cycles. Besides, no vortex is generated at the front face of the
cylinder. Thevortex at the rear of the cylinder do not leave the
cylinder upto T = 10.

4) The Forces on Cylinder

For very low Reynolds number flows, the inertia forces on
cylinder may be neglected, and the drag force on acylinder is
basically afriction drag. As the Reynolds number increases,
the drag is a combination of friction and pressure drag as a
result of flow separation. The relative contribution of friction
drag decreases as Reynolds number increases, and the friction
drag is approximately 5 percent of the total drag when Re =
1,000. Figure 10 plots the dimensionless pressure drag and
friction drag on cylinder versus time. The corresponding lift
forces are negligible small and are not shown in the figure.
The oscillating acceleration will enhance and even dominate
the contribution to pressure drag, which is sum of form drag
(Fg) and inertial drag (F;). Therelative velocity between cross
flow and cylinder motion would be the major factor to deter-
mine the form drag and the friction drag on the cylinder. The
well-known Morison’s equation for predicting in-line forces
onacircular cylinder in the crossflow with constant vel ocity =
Vo, Can be expressed as

Fy=—Fq—F = — paCq (Vo-U) | (Vo-U) — p7@2C, i

where C, is the drag coefficient and C,, is the inertia coeffi-
cient, G and u are, respectively, the acceleration and vel ocity of
the cylinder motion. Figure 11 shows the comparison of the
calculated drag forces and that predicted by the Morison's
equation and the agreement is very well.

V. CONCLUSION
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Fig. 11. Comparison of calculated dimensionless forces (solid line) ver-
susforces predicted by Morison’s equations (dotted line).

A time-independent finite difference method was used to
simulate the viscous flow across a stream-wise oscillation
circular cylinder. The detailed development of the streamline
patternswas described. The following conclusions are reached:

1. The numerical results were validated by the reported ex-
perimental measurements and the accuracy of the results
obtained in this study is good.

2. At the onset of the cylinder motion, a pseudo-cylinder was
found numerically aswell astheoreticaly.

3. The separation point is related to the location of the cylin-
der and the oscillation stage. The position of the separation
point is basically periodic phenomenon, while minor non-
periodic cycle-to cycle variation occurs in the second and
fourth stages.

4. Theresults of constant frequency of excitation with various
exciting amplitude of cylinder velocities were simulated.
For g = 2, the amplitude of the cylinder velocity is two
times larger than uniform velocity of cross flow, a pair of
vortex occurs in the front side of the cylinder. The pair-
vortex is generated by the cylinder asitismoving in eastern
direction since the cylinder is experienced with uniform
flow passing it from east to west.

5. For the smaller cylinder velocity, the streamline develop-
ment is dominated by the cross flow. The vortex devel-
opment is smaller both in size and strength and the separa-
tion points are never across the north and south poles of the
cylinder.

6. The developed finite different difference method can be ex-
tended to study the viscous flow passing an arbitrary moving
circular cylinder.
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