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ABSTRACT

Various aglogrithms of |east-squares finite-element methods
(LSFEM) for convection-diffusion equation (CDE) and shal-
low-water equations (SWE) are formulated. The associated
condition number of the resulting system of equationsis sys-
tematically compared. It isfound that condition number of the
resulting system of equations depends on the choice of vari-
ables, interpolations, and size of element (Ax). In genera, a
better conditioned system is obtained by introducing auxiliary
variable with low-order interpolation. The developed better
conditioned shallow-water model is used to simulate wave
propagation over a submerged bar and wave propagation past
an elliptical hump. Computed results are compared with ex-
periment data and other numerical approximation, and show
good agreement.

I. INTRODUCTION

Shallow-water equations (SWE) has wide range applica-
tionsin ocean, environmental and hydraulic engineering, such
as, tidal flows in estuary and coastal regions, and open-channel
flows in rivers and reservoirs. SWE is a system of nonlinear
hyperbolic conservation laws that admits sharp gradient solu-
tions like shock waves and expansion fans [11, 21]. Nu-
merical solution of SWE has been a challenging task because
of its nonlinear nature and the need to satisfy the C-property
[16, 17]. The presence of source terms in momentum equa-
tions, such asthe bottom slope and friction of bed, compounds
the difficulties further [1, 8, 14, 19, 20].

Various agorithms of least-squares finite-element method
(LSFEM) can be formulated for an ordinary/partial differential
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equation, depending on the choice of variables, interpolations,
least-squares norm, the least-squares system, and possible
including the treatment of boundary conditions[4, 7, 8, 10, 12].
The associated condition number which determines the sensi-
tivity and accuracy of approximations has not well been
studied yet. Lan [13] has systematically studied the condition
number of the resulting system of equations of 1D convec-
tion-diffusion equation (CDE) using various L SFEMs.

LSFEM for SWE using finite-element in space and
&-method in time integration has been studied previously [16,
17]. The method is extended using space-time finite-element
approach in this study. Condition number of the resulting
system of equations of 1D shallow-water equations (SWE) by
various LSFEMs is systematically investigated. A better
conditioned 2D SWE model by space-time LSFEM is devel-
oped and used to study wave-bathymetry interactions, such as
wave over a submerged bar [2, 3] and wave past an elliptical
hump [1].

The paper is organized as follows. Convection-diffusion
equation (CDE) and shallow-water equations (SWE) are in-
troduced first. Formulation of CDE and SWE using least-
squares finite-element method is described briefly. Numerical
results of CDE and SWE, particularly the condition number of
the resulting system of equations, are then presented. Based
on the computed results, summaries and conclusions are made.

Il. GOVERNING EQUATIONS

We use 1D convection-diffusion equation (CDE) and
shallow-water equations (SWE) to elucidate the formulation
of least-squares finite-element method. 1D CDE reads

ou 9%
C& =d y (1)

where u is an unknown to be solved, e.g. temperature or con-
centration, ¢ and d denote the convection speed and diffusion
coefficient, respectively.

Depth-averaged 1D SWE is derived from equation of 2D
mass and momentum conservation based upon assumption of
incompressibility of water, hydrostatic pressure, and a suffi-
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Fig. 1. Ilustration of still water depth (H), surface (), and total water
depth (h), respectively.

ciently small channel slope[11, 21]. The 1D non-viscous SWE
expressed in a non-conservative form reads

a—77+—X[(H +m)u]=0

ot

2
M, b @
at ax d ox

Fig. 1illustrates symbolsused. Where 77 and u arethe free
water surface and velocity, b is the bottom height, H is the
still water depth, g is the gravity acceleration, x denotes the
wave travelling direction, t is the time, respectively.

I11. SPACE-TIME LEAST-SQUARES
FINITE-ELEMENT FORMULATIONS

We use steady 1D CDE to illustrate the formulation of
least-squares finite-element methods (LSFEM), and then ex-
tend the method for unsteady 1D SWE by space-time L SFEM.

1. Convection-Diffusion Equation

By introducing an auxiliary variable, i.e. w = du/ox, to re-
duce the order of the equation, CDE can be rewritten as

Ju ow

c—=d—

oXx ox
_du
X

©)

In finite-element method, the unknowns (u={u,w}") are

approximated by polynomial interpolations, and substituted
into differential equation to find the residuals, i.e. R. The
least-squares functional and its minimization principle are
then constructed

minimize j R2dQ ()

where Q isthe space domain considered. The above equation
is equivalent to

Jau

I{E} RIQ =0 (5)

Various algorithms can be formulated, depending on the
choice of variables, interpolations, least-squares norm, and
possible including the treatment of boundary conditions [7,
10]. Formulations are categorized into two kinds: (a) direct
approach (so called U-formulation) where quadratic inte-
polation function are used, and (b) order-reducing approach
(so called UW-formulation) where an auxiliary variable is
introduced to reduce the order of differential equation, such
that linear interpolation function can be used. Therefore,
three formulations, including (a) U-Quadratic, (b) UW-Linear,
and (c) UW-Quadratic, formulation are considered. In (a)
U-Quadratic formulation, unknown u is approximated by a
quadratic interpolation, and |east-squares minimization can be
applied directly. In (b) UW-Linear and (c) UW-Quadratic
formulation, unknown u and w are approximated by linear or
quadratic interpolations, respectively. Least-squares minimi-
zation is then applied. Details of the LSFEM formulation are
referred to [4, 6, 7, 10].

2. Shallow-Water Equations

We use 1D non-viscous SWE, Eq. (2), to illustrate the for-
mulation of space-time LSFEM. Eq. (2) isfirst linearized by
Newton’'s method

aa—? ?;( ug—d+—(77u+77u 70)=0

- (6)
ou (.ou dd _.d0 an ob
—+|0—+Uu—-0— |+g—-=-g—
ot X oX  oX ox ox

where “~" represents value from previous iteration or time
step.

In finite-element method, the unknowns (u={7,u}") are
approximated by polynomial interpolations

(0] _[MOINE)| [ @
u(x,t) M(OX)N() | |u

where M(X) and N(t) are space and time interpolation function,
respectively. Substituted approximations, Eq. (7), into Eq. (6),
residual s can be obtained

R\ [GMN,+MN+0M'N, (77, + H)MN, +(H +7)M'N, | [7]"

R[ gM’N, G,MN, + MN; +G0M’N, u
o[ OMN, + MG +GM7N, (7, + H)MN, + (H +)M'N, | [ i
gM’N, GMN, +MN;+0M’N,  ||u

®)
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Table 1. Comparison of condition number of different least-squares formulations of CDE.

dofs E=10 E=20 E=40 E =1,000
U-Quadratic Formulation 2E +1 | cond(A) = 3.0671e+08 | cond(A) = 1.9847e+10 | cond(A) = 1.2737e+12 | cond(A) = 9.7135e+17
UW-Linear Formulation 2E + 2 | cond(A) = 1.1265e+03 | cond(A) = 4.3736e+03 | cond(A) = 1.7150e+04 | cond(A) = 1.0483e+07
UW-Quadratic Formulation | 4E + 2 | cond(A) = 5.8237e+03 | cond(A) = 2.2859%e+04 | cond(A) = 9.0439%e+04 | cond(A) = 5.5879e+07
Central Difference E+1 | cond(A) =40.1545 cond(A) = 159.4800 cond(A) = 638.2332 cond(A) = 3.9914e+05
1%-order upwind Difference | E+1 | cond(A) = 40.2850 cond(A) = 159.6137 cond(A) = 638.4730 cond(A) = 3.9915e+05

Note: Condition number of system of equations Ax = b is computed using Matlab cond function, i.e. cond(A). E denotes number of elements.

Convection-Diffusion Equation

0.8} I

0.6} / 5’,

= Pe=1.0 [
04} / /i
/o

0.2} P
Pe=100 -/
0 /4 ) _ = Pe=30.0
0 0.2 0.4 0.6 0.8 1

Fig. 2. Exact solution of convection-diffusion equation for Pe=1, 10 and
30, respectively.

Note that piecewise linear interpolation function for timeis
used, where subscripts “1” and “2” denotes number of local
node, superscripts “n” and “n+1" denote value of the space-
time element at t = t" and t™*, respectively. The |east-squares
functional and its minimization principle are then constructed,
same as Egs. (4) and (5). Details of the space-time finite-
element formulation can be found in [9, 18].

IV. NUMERICAL RESULTS

Three cases, including condition number study of CDE and
SWE, wave over a submerged bar [2], and wave past an el-
liptical hump [1] are studied.

1. Condition Number Study of Convection-Diffusion
Equation and Shallow-Water Equations

We use 1D CDE as a test problem to examine the per-
formance of each LSFEM algorithm. The exact solution cor-
responding to Eq. (1) with boundary condition u(0) = 0 and
ul)=1is

1_ ePex
1_ eva

u(x)=

9

where Peclet number Pe = cL/d. Fig. 2 depicts the exact so-
lution of CDE for Pe = 1, 10 and 30, respectively. Note
boundary layer type solution near the right boundary develops

as Peincreases.

For U-Quadratic algorithm, without introducing auxiliary
variable and using a quadratic element, each element contains
three nodes and each node has one variable (u), total three
degree-of-freedoms (dofs); For UW-Linear algorithm, with
introducing auxiliary variable (w) and using a linear element,
each element contains two nodes and each node has two
variables (u & wj), total four dofs; For UW-Quadratic algo-
rithm, with introducing auxiliary variable (w) and using a
quadratic element, each element contai ns three nodes and each
node has has two variables (u & w), total six dofs.

Condition number which relates to eigen values of the
resulting system of equations, and determines the sensitivity
and roundoff error of approximation is used as an indicator
to evaluate the numerical performance of the algorithms.
Table 1 summaries the comparison of condition number of
least-squares agorithms for CDE with (a) U-Quadratic, (b)
UW-Linear, (¢) UW-Quadratic, (d) centra finite-difference,
and (€) 1%-order upwind finite-difference, respectively. It is
evident that condition number increases as element refined
(Ax decreases), in particularly for U-Quadratic formation.
Order-reduced (UW) formations, i.e. UW-Linear and UW-
Quadratic formation, are better conditioned, and therefore, are
recommended. Due to least-squares functional, least-squares
formulations have larger condition number compared with the
counterpart of the finite-difference method with the same
computational mesh resolution.

Study of condition number of STLSFEM for 1D SWE
with (a) U-Linear, (b) U-Quadratic, (c) UW-Linear, and (d)
UW-Quadratic formulation is also performed. Table 2 sum-
marizes comparison of condition number resulting from
simulating a sinusoidal wave propagating in a flat channel
[5]. Itis found high-order approximations result in a larger
system of equations and larger condition number. Condition
number increases proportionally to AX™* for both U- and
UW-Linear formation, and proportionally to Ax for both U-
and UW-Quadratic formation, as element refined. Moreover,
UW-formulation results in much larger condition number of
resulting system of equations than U-formulation does, and
may cause large roundoff error.

2. Wave over A Submerged Bar

A regular wave propagating over a submerged bar, similar
to wave flume experiment of Beji and Battjes[2], seeFig. 3, is
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Table 2. Comparison of condition number of different least-squares formulations of SWE.

dofs E=80 E =160 E =320 E =640
U-Linear Formulation 2E +2 |cond(A) = 656.2181 cond(A) = 770.9381 cond(A) = 2.2173e+003 | cond(A) = 7.5017e+003
U-QuadraticFormulation 4E + 2 |cond(A) = 1.2525e+003 | cond(A) = 4.6389e+003 | cond(A) = 2.0015e+004 | cond(A) = 9.0375e+004
UW-Linear Formulation 3E +3 |cond(A) = 1.8766e+006 |cond(A) = 4.4930e+006 | cond(A) = 1.3214e+007 | cond(A) = 5.5787e+007
UW-QuadraticFormulation | 6E + 3 |cond(A) = 6.4515e+006 | cond(A) = 2.4278e+007 | cond(A) = 1.5914e+008 | cond(A) = 1.6737e+009

Note: Condition number of system of equations Ax = b is computed using Matlab cond function, i.e. cond(A). E denotes number of elements.

12345 6

0.4m

!
o

Fig. 3. Wave past a submerged bar: Schematic of experiment of Beji and
Battjes [2].

simulated by SWE model to study the bathymetry effect on
wave deformation [5]. In the experiment a wave flume with
length Ly = 25 m, an incident wave with period T = 2 s and
wave amplitude a = 0.01 m is specified at left boundary and
radiates out the right boundary. The still water depthisH =0.4
m, and shoals to 0.1 m over the bar, i.e. kH (k is the wave
number) ranges from 0.68 to 0.32. The submerged bar has a
1:20 slope and a 1:10 slope frontward and backward, respec-
tively. Ax=1/30 m and At = 0.0005 sis used in computations.
Six wave gauges are selected, see Fig. 3 and Table 3, where
time history of water surfaceis recorded.

Comparison of time history of water surface between SWE
modeling and experiment data is depicted in Fig. 4. Wave
deforms on the upslope due to the decrease of water depth.
Good agreement in term of wave height and phase speed at
station 1 and 2, Fig. 4 (&) and (b), is found. However, wave
deforms on the downward slope is not accurately predicted,
asillustrated in 3 (¢)-(e). High harmonics are generated and
observed.

Fig. 5 shows the comparison of the power spectrum analy-
sis of time history of surface elevation between computed
results and corresponding experiment data. High harmonics
increase gradually through the upslope as nonlinear effect
becomes significant, asillustrated at stations 1 and 2. Experi-
mental spectrashowsthat all components become free and the
energy of the second harmonic is higher than the first one over
the bar credt, i.e. at stations 3-6. SWE model cannot reproduce
these high harmonics. This discrepancy is attributed to the
non-dispersion assumption of SWE model. To accurately re-
produce this experiment data, the dispersion term should be
included, such as Boussinesq equations model [3, 15].

3. Wave Past an Elliptical Hump
Finite-element method is based on the unstructured meshes

Table 3. Location of wave gauges of experiment of Beji
and Battjes [2].

Gauge 1 2 3 4 5 6
10.8 12.8 13.8 14.8 16 17.6

x(m)

computations. Extension of the method to 2D is straightfor-
ward [16, 17]. Application of the model for flow past an el-
liptical hump [1, 10] isinvestigated. The bottom topography
isshownin Fig. 6 and given by

Z(x,y) = 0.8exp(-5(x—0.9)* —=50(y—0.5)°)  (10)
We consider the initial condition with water surface per-

turbed by the upward displacement 0.01 mintheregion 0.05 <
x<0.15

(X ¥,0) = 0.01m if 0.05<x<0.15 (11)
TXY D10 m  otherwise
Theinitial momentum in the x and y direction is zero

u(x, y,0=v(x,y,0=0m/s (12)

The computational domain is [0, 2] x [0, 1]. After per-
forming refinement of mesh resolution and time increment,
Ax = Ay = 0.01 m (a 200 x 100 uniform 9-node quadrilateral
elements) and At = 0.001 s are used for computations.

Fig. 7 shows comparison of computed water surface of the
present study with the numerical result of Liang and Hsu [16]
(Ax = Ay = 0.01 m, and At = 0.0005 s) and Akoh, et al. [1]
(Ax=Ay=0.01m, and At=0.0005s). It showsa30 uniformly
spaced 2D contour lines of water surface level (7) at various
time instances. The initial perturbation propagates and exits
the left boundary with unnoticeable reflection; It propagatesto
right and is affected by the bottom. Shoaling effect (increasing
the amplitude of wave due to the decreasing of water depth) is
obvious at t = 0.24 s. The wave speed is slower above the
hump (due to the shallow water depth) than elsewhere, leading
to adistortion of the initially planar perturbation. Reflections
and interactions of the surface waves result in complex and
symmetrical wave structures. Standing waves due to the
reflection of the hump behind the wave tail is observed at
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Fig. 4. Wave over a submerged bar: Comparison of time history of free surface at stations 1~6. Numerical results (-) and experimental data (—o-).

t=0.24, 0.36, 0.48, and 0.6 s, respectively. Thesefinedetailed
wave structures were not observed in Liang and Hsu [16],
Akoh, et al. [1], and LeVeque [10]. The present model which
employs a quadratic approximation is apparently better to
resolve the symmetrical and fine structures. Overall, predic-
tions of the present model give sharper gradients and more
detailed wave structures than the numerical results of Liang
and Hsu [16], Akoh, et al. [1], and LeVeque [10].

V. CONCLUSION

Different agorithm based on the least-squares finite-
element method can be formulated depending on the choice of

variables, interpolations, least-squares norm, the least-squares
system, and possible including the treatment of boundary
conditions. Based on the computed results of convection-
diffusion equation and shallow-water equations, the following
conclusions can be made:

1. Combining reduced-order approach (UW-formulation)
with low-order interpolations resultsin a better conditioned
system of equations, and therefore, is more stable and ac-
curate, as illustrated in Table 1 for CDE. However, the
methods may result in more dofs, i.e. a larger system of
equations to be solved.

2. High-order approaches are suitable for resolving large
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Fig. 5. Wave over a submerged bar: Comparison of spectrum density of surface elevation at stations 1~6. Numerical results (-) and experimental data

Fig. 6. Flow past an elliptical hump: Illustration of the computational
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domain and the elliptical shaped hump.

gradients and fine structure of flow/wave fields. They
usually result in more dofs and a poor conditioned system
of equations. There are trade-offs and compromises for the
reduced-order approaches and high-order interpolations.
Combination of the two approaches, UW-formulation with
high-order interpolations, provide a poor conditioned al-
gorithm, and may introduce large roundoff error of ap-
proximations, asillustrated in Table 2 for SWE, in general.

Space-time finite-element method is particularly suitable
for differentia equations containing spatial and temporal
mixed derivative terms, such as the dispersion terms in Bous-
sinesq equations. Preliminary results of application of space-
time LSFEM for Boussinesq equations is promising, and will
be published in a separated paper.
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(2)

Fig. 7. Wave past an elliptical hump: 2D contours of the water surface of (a) present study with 9-node quadrilateral elements (left), and (b) results of
Liang and Hsu [16] with 3-node triangular meshes (middle), and (c) result of Akoh, et al. [1] (right) at t = 0.12, 0.24, 0.36, 0.48, and 0.6 s, re-

spectively.
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