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ABSTRACT 

This paper introduces a variable elements length theory to 
solve the change of contact area in contact problems.  It avoids 
recalculating the whole coefficient matrix.  In this theory, 
element length is changed instead of element number in con-
tact boundary problem.  This measure keeps the contact area 
unchanged and saves computing time. The iterative process is 
discussed and the error estimate is given. Fast multipole 
boundary element method (FM-BEM) is improved by the 
variable elements length theory. The improved FM-BEM is 
used to solve the contact problems of cubes and strip cold 
rolling process.  The results of improved FM-BEM are com-
pared with the results of traditional FM-BEM and experi-
mental data.  Numerical examples clearly demonstrate that the 
calculation time and accuracy are improved by the improved 
FM-BEM. This method is suitable for solving contact prob-
lems and precision engineering problems. 

I. INTRODUCTION 

Contact problem is a common problem in engineering.  The 
traditional numerical method is variational method, finite ele- 
ment method (FEM) and boundary element method (BEM).  
Variational method is used to analyze elastoplastic frictional 
contact problems with finite deformation [12], FEM is used to 
analyze crack-contact interaction in two dimensional incom-
plete fretting contact problem [3].  However, the results solved 
by FEM are hard to satisfy the requirement of precision en-

gineering, especially analysis of pressure distribution in con-
tact boundary.  The merits of BEM are simple calculation and 
high accuracy, so it is widely used in contact problems in 
recent years.  Such as small displacement contact problems  
[1], estimating thermal contact resistance [4], and nonlinear 
inelastic uniform torsion of composite bars [11].  With the fast 
multipole method [3, 5, 6, 10] introduced, the new numerical 
method named fast multipole boundary element method 
(FM-BEM) is presented and used in engineering problems,  
such as two dimensional elastics [13], elastoplastic contact 
with friction [14], thin shell structures [15, 16] and so on. In 
theory, fast IGMRES(m) method is applied in FM-BEM in 
order to improve the calculation speed [9]. A dual boundary 
integral equation is established for large-scale modeling based 
on FM-BEM [7, 8]. 

However, the calculation accuracy of traditional FM-BEM 
is not very precise to solve precision contact problem.  This is 
because that the contact boundary changes in loading step.  
The results solved in n-th step is not used in (n+1)-th step.  
There are two methods for solving this problem.  One method 
is the results solved in n-th step are modified and be used in 
(n+1)-th step.  It is difficult to give the modified coefficients 
accurately and it affects the calculation accuracy.  The other 
method is that the coefficient matrix is recalculated in contact 
boundary.  It saves computing time. 

In this paper, variable elements length is introduced to solve 
the contact boundary problem.  In Section II, boundary inte-
gral equation (BIE) of contact problem is established; in Sec-
tion III, elements are analyzed in contact boundary.  Variable 
elements length theory is presented and iterative algorithm is 
given; in section IV, the error analysis of improved FM-BEM 
is given; in Section V, two numerical examples are given. 
Through compare the results of improved FM-BEM with 
traditional FM-BEM and experimental data, it illustrates that 
improved FM-BEM can improve the computing time and 
accuracy combined. This method is suitable for solving pre-
cision engineering problems. 

II. THE TRANSCEIVER STRUCTURE 

Consider a contact problem between body A and body B.  
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Ω
A and ΩB respectively denote the domain of A and B, ΓA =  

Γ
AC ∪  ΓAD denotes the boundary of A, where ΓAD and ΓAC 

respectively denote the non-contact boundary and contact 
boundary of A.  ΓB = ΓBC ∪  ΓBD denotes the boundary of B, 
where ΓBD and ΓBC respectively denote the non-contact bound- 
ary and contact boundary of B. 

Using the weighted residual method, the BIEs of A and B 
are given. 

 
A A A

i A A A
ij j ij j ij jc u u p d p u d u b d∗ ∗ ∗

Γ Γ Ω
= Γ − Γ + Ω∫ ∫ ∫  (1) 

 
B B B

i i B B B
ij j ij j ij jc u u p d p u d u b d∗ ∗ ∗

Γ Γ Ω
= Γ − Γ + Ω∫ ∫ ∫  (2) 

where cij is a geometry function, in smooth boundary, cij = 
1

2
δij, 

A
iju ∗ and B

iju ∗ are components of displacement funda-

mental solutions, A
ijp ∗ and B

ijp ∗ are components of stress fun-

damental solutions. 
In order to simplify discussion, the body force is defined 

zero.  Discretized boundary of ΓA and ΓB, the discrete BIE can 
be written as 

( ) ( )
AD AC

AD AC

i i A A A A
ij j ij j ij j ij jc u u p p u d u p p u d∗ ∗ ∗ ∗

Γ Γ
Γ Γ

= − Γ + − Γ∑ ∑∫ ∫ (3) 

( ) ( )
BD BC

BD BC

i i B B B B
ij j ij j ij j ij jc u u p p u d u p p u d∗ ∗ ∗ ∗

Γ Γ
Γ Γ

= − Γ + − Γ∑ ∑∫ ∫ (4) 

where ΓAD and ΓAC respectively denote the non-contact 
boundary and contact boundary of body K (K = A, B). 

Let: 

 * *
AD AD

AD A AD A
ij ij ij ijH p d G u d

Γ Γ
= Γ = Γ∫ ∫  

 * *
AC AC

AC A AC A
ij ij ij ijH p d G u d

Γ Γ
= Γ = Γ∫ ∫  

 * *
BD BD

BD B BD B
ij ij ij ijH p d G u d

Γ Γ
= Γ = Γ∫ ∫  

 * *
BC BC

BC B BC B
ij ij ij ijH p d G u d

Γ Γ
= Γ = Γ∫ ∫  

Eqs. (3) and (4) can be written as 

 
1 1

( ) ( )
NC ND

i i AC i AC i AD i AD i
ij ij ij ij

j j

c u G p H u G p H u
= =

= + + +∑ ∑  (5) 

 
1 1

( ) ( )
NC ND

i i BC i BC i BD i BD i
ij ij ij ij

j j

c u G p H u G p H u
= =

= + + +∑ ∑  (6) 

where NC denotes the element number in contact boundary, 
ND denotes the element number in non-contact boundary. 

Using boundary coupling conditions in contact boundary 
A B
ij iju u= and A B

ij ijp p+ = 0, BIE can be obtained 

 

AD AD

AD AC AD AC

C C

BC BD BC BD

BD BD

   
      
      
      

      
      

U P
H H 0 G G 0

U = P
0 H H 0 - G G

U P

 (7) 

where HKD = ( )KD
ijH and HKC = ( )KC

ijH respectively denote 

displacement coefficient matrix of body K (K = A, B) in non- 
contact boundary and contact boundary, UKD and UKC respec-
tively denote displacement matrix of body K (K = A, B) in 
non-contact boundary and contact boundary, GKD = ( )KD

ijG  

and GKC = ( )KC
ijG  respectively denote stress coefficient matrix 

of body K (K = A, B) in non-contact boundary and contact 
boundary, PKD and PKC respectively denote stress matrix of 
body K (K = A, B) in non-contact boundary and in contact 
boundary. 

III. PROCESSING TECHNIQUES 

Iterative calculation is always used in contact problem and 
the contact boundary may be changed from (n-1)-th step to 
n-th step.  In this state, the displacement coefficient and stress 
coefficient in contact matrix must be recalculated.  At the same 
time, the results solved in (n-1)-th step are not use in n-th step.  
This is very waste for solving problems. We must find a 
method to make sure the contact coefficient matrix is constant.  
In this paper, variable elements length theory is presented to 
make sure the contact coefficient matrix in contact boundary is 
invariant. 

Supposed the elements is invariant in contact boundary, the 
contact boundary change is expressed by element length 
change.  Let the element total number is k in contact boundary.  
At (n-1)-th step, the real contact element number is m, the 
element length is li, i = 1, 2, …, m, so the boundary integral in 

contact boundary is 1
1

.
m

n i
i

ld −
=

Γ = ∪   According to hypothesis, 

the element number is still m at n-th step, but the boundary 

integral in contact boundary is changed into '

1
.

m

n i
i

ld
=

Γ = ∪  

The boundary integral term also be changed: 
(n-1)-th step: 

 1 1* *n n

AC BCn n

AC BCA B
ij ij n ij ij nG u d G u d− −

Γ Γ
= Γ = Γ∫ ∫  

 1 1* *n n

AC BCn n

AC BCA B
ij ij n ij ij nH p d H p d− −

Γ Γ
= Γ = Γ∫ ∫  
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n-th step: 

 * *n n

AC BCn n

AC BCA B
ij ij n ij ij nG u d G u d

Γ Γ
= Γ = Γ∫ ∫  

 * *n n

AC BCn n

AC BCA B
ij ij n ij ij nH p d H p d

Γ Γ
= Γ = Γ∫ ∫  

Supposed the initial coefficient matrix are: 

 0

0

*
0KC

KC K
ij ijH p d

Γ
= Γ∫  

 0

0

*
0KC

KC K
ij ijG u d

Γ
= Γ∫  

where 0KC
ijH (K = A, B) denotes the component of displacement 

coefficient in contact boundary at initial step, 0KC
ijG (K = A, B) 

denotes the component of stress coefficient in contact bound-
ary at initial step. 

According to the variable elements length theory, the n-th 
step can be written as: 

 
0 00 0

n

KC KC KCn n

KC K K K
ij ij n ij ij nH p d p d p d

−

∗ ∗ ∗
−Γ Γ Γ

= Γ = Γ + Γ∫ ∫ ∫  

0 0nKC KC
ij ijH H −= +   (8) 

 
0 00 0

n

KC KC KCn n

KC K K K
ij ij n ij ij nG u d u d u d

−

∗ ∗ ∗
−Γ Γ Γ

= Γ = Γ + Γ∫ ∫ ∫  

0 0nKC KC
ij ijG G −= +   (9) 

where nKC
ijH (K = A, B) denotes the component of displace-

ment coefficient in contact boundary at n-th step, nKC
ijG (K = A, 

B) denotes the component of stress coefficient in contact 
boundary at n-th step. 

So in Eqs. (5) and (6), the coefficient matrix in contact 
boundary can be written as: 

 0 0

1 1 1

n n

N N N
KC KC KCi i i
ij ij ij

j j j

H u H u H u−

= = =

= +∑ ∑ ∑  (10) 

 0 0

1 1 1

n n

N N N
KC KC KCi i i
ij ij ij

j j j

G p G p G p−

= = =

= +∑ ∑ ∑  (11) 

 
0

0

n

n

AC ACAD AD

BC BCBD BD

   
=      

   

H H 0 H H 0

0 H H 0 H H
 

0

0

n

n

AC

BC

−

−

 
+  
 

0 H 0

0 H 0
 (12) 

 
0

0

n

n

AC ACAD AD

BC BCBD BD

   
=      − −   

G G 0 G G 0

0 G G 0 G G
 

0

0

n

n

AC

BC

−

−

 
+  − 

0 G 0

0 G 0
 (13) 

Combined with fast multipole method, equation system can 
be solved in Krylov space, the displacement and stress in 
boundary can be obtained. 

IV. ERROR ANALYSIS 

Variable elements length theory is used in FM-BEM, called 
improved FM-BEM. It is not only reduce the computational 
complexity of coefficient matrix, but also avoids the error 
accumulation.  After using the variable elements length theory, 
the error analysis about displacement is given as follow. 

TH1: To the Dirichlet problem of three dimensional 
Laplace equation, there is: 

 31 ( )
( ) ,

4 | | x

x
u y ds y R

x y

σ
π Γ

= ∈
−∫ , (14) 

Supposed uh denote the approximate solution,  

 
( )1

( )
4 | |h

h
h hx

x
u y ds

x y

σ
π Γ

=
−∫  

where ( )h xσ ∈ Vh(Γh), y ∈ R3.  The distance from point y to 
boundary Γ is ( , )d y Γ ≥ δ > 0, h is sufficiently small, the error 
estimate can be written as: 

1
0,2

( , )
| ( ) ( ) | { || ||

( ( , ))
k

h

Cd y C
u y u y h

d y
σ+

Γ
Γ +− ≤ +
Γ

 

1
2 2

1, 0 0 0, 0 0 1
,

2

|| || || || || || }m
m k kh u u h u uσ+

+ Γ Γ Γ
+ − + −� �  (15) 

1
0,| | 2

( , )
| ( ) ( ) | { || ||

( ( , ))
k

k

Cd y C
u y u y h

d y
α α

α σ+
Γ+

Γ +∂ − ∂ ≤ +
Γ

 

1
2 2

1, 0 0 0, 0 0 1
,

2

|| || || || || || }m
m k kh u u h u uσ+

+ Γ Γ Γ
+ − + −� �  (16) 

Because the error of boundary element method (BEM) 
comes from discrete elements and boundary function approxi- 
mation, it is not relationship with the number of elements and 
nodes.  So the calculation accuracy is not affected by variable 
elements length theory. 

When the boundary precision is satisfied, the above error 
estimate can be written as: 

 
2

2 3
1,1

0

1
| ( ) ( ) | ( ) || ||

( ( , ))

m
m

h ml
l

u y u y C h
d y

σ
+

+
+ Γ+

=

− ≤
Γ∑  (17) 
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P = 180 MPa
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Fig. 1.  Computing model of contact problem. 
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Fig. 2.  Discrete model of contact problem. 
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=
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Through the error estimate, we can know that the variable 
elements length theory effects the calculation accuracy only 
O(h2m+3).  But the elements are always subdivided in contact 
boundary, the elements length are very small, so the change of 
elements have even smaller impact to accuracy. 

V. NUMERICAL EXAMPLES 

1. Contact of Three Elastic Cubes 

Consider the contact problem of three elastic cubes.  The 
side length of cubes are respectively 120 mm, 100 mm, 80 mm.  
The computing model and discrete model show as Figs. 1 and 
2.  Body A is fixed constraint on the bottom surface and body 
C is forced a uniform load P = 100 MPa on the upper surface.  
For three bodies, the Young’s modulus is E = 210 GPa, the  
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Fig. 3.  Computed result of contact problem using traditional FM-BEM. 
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Fig. 4.  Computed result of contact problem using improved FM-BEM. 

 
 

Poisson’s ratio is ν = 0.3, the frictional coefficient is f = 0.3, 
the contact limited is 0.001 mm. 

This model is solved by traditional FM-BEM and improved 
FM-BEM. All computations are run on a Windows XP com-
puter equipped with one 2.80 GHz Intel Pentium 4 unit and 
512 MB of core memory.  We mainly discuss the stress and 
pressure distribution in contact boundary.  The calculation 
time of these methods are respectively 19.42 seconds and 9.33 
seconds. 

In order to illustrate the stable and calculation accuracy, 
stress and pressure distribution are discussed about body B.  
Figs. 3 and 4 show that the stress in X direction solved by 
traditional FM-BEM and improved FM-BEM.  Figs. 5 and 6 
show that the pressure distribution on the upper surface in Z 
direction. From the figures, we know that the stress and 
pressure continuity obtained by improved FM-BEM is better 
than traditional FM-BEM.  The result of traditional FM-BEM 
has uneven distribution in center on the surface. This is be-
cause that the iterative error reduced using variable elements 
length. The coefficient matrix is constant in non- contact 
boundary. 
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Fig. 5.  Calculation result of traditional FM-BEM. 
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Fig. 6.  Calculation result of improved FM-BEM. 
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Fig. 7.  Calculation model of cold rolling process. 

 

2. Contact Problem in Strip Cold Rolling Process 

In this case, variable elements length theory is applied in 
engineering problems, such as the strip cold rolling process.  
Consider the simplified model as Fig. 7, A is work roll and B is 
strip. Supposed the zero displacement constraints are forced in 
the thick and horizontal surface, no tension force, namely the 
former and latter tension is zero.  Friction condition obeys the 
Coulomb friction low, and the friction coefficient is constant.  
The calculation parameters of rolling process are given in 
Table 1. 

Figs. 8 and 9 show the element division of strip and work 
roll. In contact boundary, elements are divided according to 
the rule of fast algorithm, namely strip elements in contact 
boundary are divided into l levers, l = 1, 2, ….. Work roll 
elements are divided into ll levels.  The interaction of particles  

Table 1.  Conditions of rolling process. 

Calculation parameters Parameter value 

Diameter (D) 750 mm 

Strip width (B) 1250 mm 

Strip thickness (H) 2 mm 

Depress ratio (ε) 20% 

Shear friction coefficient (m) 0.7 

Young’s modulus (E) 210 GPa 

Yield stress (σS) 250 MPa 

Sliding friction coefficient ( f ) 0.2 

Yield hardening coefficient (h) 0.005 

Poisson ratio (ν ) 0.3 

Angle incremental (∆θ ) 0.002Ra 

Rolling speed (ν) 0.240 m · s-1 
 
 

Z
Y

X
 

Fig. 8.  Element division of strip. 
 
 

Z
Y

X  
Fig. 9.  Element division of work roll. 

 
 

are c
dZ , which d represents the number of element, c repre-

sents the levels of element. 
The rolling process is simulated by four-high reversing cold  
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Fig. 10.  The laboratory mill. 

 
 

 
Fig. 11.  The working status of mill. 

 
 

rolling mill in Taiyuan University of science and technology.  
Fig. 10 shows that the laboratory four-high reversing cold 
rolling mill, Fig. 11 is the working status of mill. 

Through solved by improved FM-BEM, the displacement in 
Y direction shows in Fig. 12. Compared the results solved by 
improved FM-BEM with the results of FEM and experimental 
data measured in laboratory mill, it is concluded that the re-
sults solved by improved FM-BEM is more close to the ex-
perimental data than FEM and improved FM-BEM is more 
suitable for solving contact problems.  It can provide stable 
and accuracy simulation for engineering problems. Fig. 13 
shows the three dimensional image about displacement in Y 
direction solved by improved FM-BEM. 

VI. CONCLUSIONS 

Based on fast multipole boundary element method (FM- 
BEM), variable elements length theory is presented to solve 
the contact problem.  In this theory, the number of elements is 
supposed constant, the element length is changed to illustrate 
the contact boundary change. The coefficient matrix of dis-
placement and stress are only calculated in contact boundary  
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Fig. 12.  Displacement in Y direction. 
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Fig. 13.  Displacement in Y direction. 

 
 

instead of calculating whole coefficient matrix.  Combined 
variable elements length theory with FM-BEM, two numerical 
example about contact problems are solved by improved 
FM-BEM.  Through analysis of the results, the calculation 
time and accuracy are improved.  The continuity of stress and 
pressure are also stable than FEM.  So it illustrates that vari-
able elements length theory is in favor of contact problems and 
improved FM-BEM is more suitable for solving precision 
engineering problems. 
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