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ABSTRACT

This paper presents a strapdown inertial navigation system
(SINS) simulation platform. The numerical simulator solves
the navigation equations in navigation frame where the qua-
ternion vector is employed for attitude calculation. The
measured quantities (angular body rates and specific force) are
generated by the numerical simulator. The results are also
confirmed with the navigation solutions given by a commer-
cia inertial navigation system toolbox using the generated
body angular rates and specific force of the SINS. The paper
can provide the readers with further information for develop-
ing their own SINS simulation tools.

. INTRODUCTION

The strapdown inertial navigation system (SINS) [2, 5, 7,
10, 11] has been widely used for positioning and navigation.
One of the characteristics of the SINS is that there is no entity
platform and the computer is used to complete the function of
navigation platform using the so-called mathematical plat-
form.

The measuring devices of SINS, gyroscopes and acceler-
ometers, measure the data along the direction of three-axis
system in which the navigation system isinstalled. Since they
aredirectly tied up in moving vehicles, what they measure are
physical datain the body frame. The data needs to be trans-
formed to inertial frame and the key point of the conversionis
to calculate real-time attitude to provide mathematical plat-
form, which is called attitude matrix or direction cosine matrix.
Attitude updating is an important part of SINS and two of the
popular algorithms, i.e., the Euler angle based transformation
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and the quaternion approach, are provided.

Working with actual inertial equipment and datais good but
problem exists. Often the process of interfacing with equip-
ment and performing data collection can consume more time
than the development and execution of the algorithms. It is
apparent that the ability to simulate the process on a desktop
computer would be helpful indeed.

The objective of this paper is to present a step-by-step de-
velopment procedure for simulating the SINS.  Some of the
results are compared to those in the commercial software,
Inertial Navigation System Toolbox (INS Toolbox) by GPSoft
LLC[3], for validation.

[I. COORDINATE SYSTEMS

The following coordinate frames [3, 4, 11, 12] are com-
monly used in the strapdown inertial navigation systems.

(1) The body frame (b-frame): the b-frame (Fig. 1) is an or-
thogonal axis set which hasits origin located at the center
of the vehicle, and is aligned with the pitch x, axis, roll y,
axis, and yaw z, axis of the vehicle in which the naviga-
tion systemisinstalled.

(2) The inertia frame (i-frame): the i-frame (Fig. 2) has its
origin located at the center of the Earth and its axes
non-rotating with respect to fixed stars. These axes are
denoted by X, i, and z, with z being coincident with the
Earth polar axis.

(3) The Earth frame (e-frame): the e-frame (Fig. 2) has its
origin at the center of the Earth and axes non-rotating with
respect to the Earth. These axes are denoted by Xe, Ye, and
Z., Where the axis z is the Earth polar axis; the axis X is
along the intersection of the plane of the Greenwich me-
ridian and the Earth equatoria plane; the Earth frame ro-
tates with respect to the inertial frame at a rate w;e about
the axis z.

(4) The navigation frame (n-frame): the n-frame (Fig. 2) isa
local geographic navigation frame which has its origin at
the location of the navigation system, point P (The navi-
gation system isfixed inside the vehicle and it is assumed
that the navigation system is located exactly at the center
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Fig. 2. Thereferenceframes[12].

of the vehicle), and axes aligned with the directions of east,

north and the local vertical down. When defined in this
way, the n-frameiscalled the'NED-frame'. Theturnrate
of the navigation frame with respect to the Earth-fixed
frame, @, is governed by the motion of the point P with
respect to the Earth. This is often referred to as the
transport rate.

1. THE NED-FRAME MECHANIZATION
OF STRAPDOWN INERTIAL
NAVIGATION SYSTEM

The velocity derivative expressed in the local-level frame
isgiven by [1, 4]

V" =Cif” ~[Q(0g,) + 22(0p)]V" +g] (1)
where the kinematic velocity is

Vn:[\/N Ve VD]T @)

To solve Eq. (1) the velocity components and Euler’s angles
of avehicle should be available as functions of time and their
first derivatives should be computed. The velocity compo-
nents and Euler’'s angles and their derivatives are used asinput

for the simulator. In addition, the angular rate vectors ( @y,
and @, ) and the gravity vector should be computed:

VE
1.C0Sp RMV+ h
oh=| 9 |=| = ©
. R, +h
—-Asng _VE tang
R,+h |
w,, COSQ
o = 0 4)
_wieSin(D

The specific force vector expressed in b frame computed
by Eq. (1) can be transformed to n frame using the direction
cosine transformation matrix (DCM). The transformations
between the two coordinate frames are written as

f*=Cx" f"=Cpf°® (5
where f" and f° represent the vectors expressed in the local
level navigation coordinate and body coordinate, respectively.
It should be noted that the following relation holds

Ch=(C)™"=(C)

Mathematically the absolute angular velocity is determined

by summing the angular velocity of the b frame relative to n
frame o, and the angular velocity of n frame relative to i

frame o, :

O =0, 0, (6)

The body angular velocity relative to the n frame o, with
componentsin b frameis given by

b b b
0y, =0, —Clof (7)

where
O =0 + 0y, (8)

The relative angular velocity of the b frame to the n frame is
related to the angular rates of Euler’s angles as follows:



D.-J. Jwo et al.: An Inertial Navigation System Simulation Platform

Normal Gravity

— @, h
v .
S e Ul >
A
|
: 2Q:+Q0 [
A : |
v e >
1
A 4 .
b N n Clr;.
Qih Cb .[
- C; hwlﬂ
C;
('0/{:1 m/’lr n

Fig. 3. Block diagram of the strapdown inertial navigation system mech-
anization expressed in the local-level frame.

p & —ysind
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Theinverse transformation is defined by inversion to be

@ 1 tanfsin® tanfcos® || p
6|=|0  cos® —sn® | q (10)
w| |0 sin®/cosf cos®/cosh || r

where C? is the transformation matrix related b frame rela-

tive to n frame; o], is the angular velocity column vector of

n frame relative to i frame expressed in n frame; p, g, r are
standard symbols for, respectively, the roll, pitch, and yaw
rate components of the aircraft angular-velocity vector.

The general block diagram of the strapdown inertial navi-
gation system mechanization expressed in the local-level
frameis shown in Fig. 3. Thetoolbox allows one to simulate
the vehicle dynamics, raw measurements (delta-V's from the
accelerometers and delta- theta's from the gyros) and the data

processing. For a vector o =[w, o, w,]", its corresponding
skew symmetric matrix Q iswritten as

0 -0 o
Q=lw, 0 -w (11)
-0, o 0

Calculation of Latitude ¢, Longitude A, Altitude h are car-
ried out using

383

A
¢ R, +h
G Ve
(R, +h)cose
h=-V, (12)
which can be written in a more compact form
y"=DV" (13)

where y"=[¢ 4 h]" and

1 0
R, +h
D'= _
(Ry +h)cose
0 0 -1

The attitude updating algorithm is performed according to the
following differential equation

CE = CE (Qibb - len) = CEQﬁb

The navigation equations for the strapdown inertial navigation
system expressed in the local-level frameis given by

yn Dfan
V"= Cif? - (22 + Qg )V" + g (14)
R} Co (@, - Q7))

There are two popular types of transformation [3, 6, 8, 9]
approaches commonly used in INS applications.

(1) The Euler angle based transformation: As introduced
before, the DCM is employed as a transition matrix to
describe the transformation of avector quantity defined in
the body frame (denoted by ‘b’) to the geodetic frame

(denoted by ‘n’), f" =Cf°. Thetwo coordinates are re-
lated using a vehicle body-to-navigation frame DCM, C{,

which can be constructed in terms of the Euler’'s angles
or the quaternion parameters.

CQCW Sd)SHCW - Cd,S/, CG)SGCW + 5¢$,,
CHSV, Sq,SGS,/, +C®CW C(bSHSy —S(DCV
_Sa Sd>c€ chca

Cr= (15)

where S = sin(®), Cg = cos(D), Sy=sin(8), Cy= cos(b),
S,=sin(y), and C, = cos(y).
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(2) Quaternion: A quaternion is afour-dimensional extension
to complex numbers, containing four real parameters.
The first is considered a scalar and the other three vector
components in three-dimensional space. It is written as
g=g+€i+6j+ek Unlike the DCM, the relations

between the quaternion of rotation g and the two vectors
f°and f" are nonlinear.

There are four parameters used to describe the orientation
while only three are necessary, where a constant equation
exists of the form

g+ef+e+e€=1

These equations have advantages over the equivalent Euler
angle based transformation, since

1. They apply to all attitudes.

2. Theerror equations are bounded by the constraint egquation.

3. The numerical value of each parameter always lies in the
range -1 to 1, so that the scaling problemsin the computing
mechanization can be easily handled.

The rotation matrix in terms of the unit quaternion pa-
rameters ¢, can be written as

g+ef-g-€ 2ee-ae) 2ee+ee)
Uh=| 2(ee+ee) &+&-e-€¢ 2ee-ag)
2ee-ee) 2ee+eg) &+e-€-¢€

(16)

where e;~e; are the quaternion vector components. The fol-
lowing relationships with Euler angles can be derived [10]

sinf = 2(&e, —€8)

2 +
tany = 2(60% ezl%)z
&§+te €€
2
tng = 285788) (17)
& -6 -6 +§
It can be shown that
& -6 -6 —§ 0
NE R (18)
€ & & —§ "
& e & &

which can be re-arranged into the form

2 2 2 2
e te te tey =1

Ortho-normalization

AP “

Roll [
Gyr() ey Euler Bank
AQ Euler Parameters Angle ®
Pitch [ Parameter )
Gyro w-ﬁ-#- Integration 4,\ Covert Pitch
/] to Euler Anele 6
AR e Angles g
Yaw [
Gyro w'ﬁ' o e Heading
i e Angle y
U U Ex
Initial Coordinate
Values Frame
t=0 Rotation
Fig. 4. Attitude derivation using the quaternion [10].
& 0 -p -q —rle
8 p 0O r -q|g
Tl=1/2 (19)
& qa -r 0 p|e
& r-a -p 0]e

The quaternion is propagated according to the differential
equation

AT (20)

where g=[e, & e, &]" denotesthe quaternion vector, and

o), =[p g r]" denotesthe body angular rate vector. Fig. 4
provides the attitude derivation using the quaternion [10].

IV.CALCULATION OF THE
ACCELEROMETER AND GYRO OUTPUTS

The specific forces and angular rates are used as inputs to
the navigation algorithms. The numerical simulator used for
generating the input data of the specific forces was devel oped
by solving the navigation equation expressed in n frame

f"=V"+[Q(0])+2Q(@!)IV"-g' (21)

Fig. 5 shows the agorithm for generating the measured vehi-
cle angular rates and specific forces. The flow chart for cal-
culation of the accelerometer and gyro outputs is shown as
in Fig. 6 [1]. An alternative methods for generating the body
angular rates and specific forces using the INS Toolbox by
GPSoft LLC [3] isshown in Fig. 7.
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Fig. 6. Flow chart for calculation of the accelerometer and gyro outputs.

V.ILLUSTRATIVE EXAMPLES

Several tests have been implemented to confirm the validity
of the simulation platform. The fourth order Runge-Kutta
(RK) integration method is employed for solving the equations.

(1) Example 1 - the ballistic trajectory [1]

An example on the ballistic trajectory, asshownin Fig. 8, is
presented as the first example. In the case of a pure balistic
trajectory, the gravitational acceleration is constant and the
specific forces equal zero. The angular rate is produced only

Accelerometers
Outputs:
Specific forces

v gendv A
—>(Toolbox) N

C(y, 0, ®)

Fig. 7. The block diagram for generating the body angular rates and
specific forces using the INS toolbox.

w BN
{ {
\
\
\
\

[\S)
g

Up (meters)

x 10°

East (meters)

North (meters)

Fig. 8. Theballistictrajectory.

in pitch plane due to the gravity. It should be mentioned that
for solving navigation equations the gravitational acceleration
isvariable and it depends on the atitude. Also thereisthe ef-
fect of Coriolis acceleration due to Earth rotation. Therefore,
in order to produce a pure ballistic trajectory in the navigation
frame under these conditions it is necessary to generate spe-
cific force and angular rate to compensate variable gravita-
tional and the Coriolis accelerations. The body angular rate
components for this example are shown in Fig. 9; the specific
force profiles are shown in Fig. 10.

This example represents a simple motion where the object
has apure ballistic trajectory without any disturbance and with
the gravitational acceleration whichisequal to g =9.81m/s”.
The velocity vector in North, East and Down directions is
given by

(22)
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The following three examples are adopted from the INS

lected to have maximum down range. The derivative of the
Toolbox [3]. Fig. 11 showsthe 2D automobile trajectory where
pitch and roll are assumed to stay constant at zero degrees and

The numerical value for the launch angle 6, = 45° was se-
pitch angleis obtained as

(2) Example 2- the 2D automobile trajectory

(23)

Time (s)
0 and hg =0 m. The vaues of the yaw and roll

The calculated numerical value of the initial velocity is
1200 m/s. Theinitial latitude, longitude and altitude are: ¢

1 radian, Ay

Fig. 9. Body angular rate components - the ballistic trajectory.

Thefirst derivative of the velocity vector is
angles and their derivatives are set to equal zero
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Table 1. Description of the motion for the 2D automobile
trajectory (initial position: [0, 0, O meters] in
NED frame).
Segment number Description of the motion
1 Level acceleration to 30 m/s
Straight for 61 sec
Turn right 90 degrees
Straight for 61 sec
Turn right 90 degrees
Straight for 61 sec
180 degree turn
Straight for 61 sec

0O ~NOoO O WDN

1000

500

-500

North (meters)

-1000

-1500

0 500 1000 1500 2000 2500 3000 3500
East (meters)

Fig. 11. The 2D automobiletrajectory.

the yaw angle follows the heading of the vehicle. The level
paths consists of straight segments and constant-radius turns.
The results are generated in an east-north-up coordinate sys-
tem. The INS toolbox can also be employed to generate the
simplified 2D automobile trajectory. Description of the mo-
tionfor the 2D automobiletrajectory issummarizedin Table 1.
The body angular rate components and specific force profiles
aredepicted in Fig. 12 and Fig. 13, respectively.

(3) Example 3 - the 3D simple flight path

Adopted from the INS toolbox [3], the 3D simple flight
path is shown asin Fig. 14. Table 2 provides the description
of the motion for the flight path. The body angular rates and
specific force profiles for this example are depicted in Fig. 15
and Fig. 16, respectively.

(4) Example 4 - F-16 flight trgjectory

The F-16 flight trajectory shown in Fig. 17 is also adopted
from the INS toolbox. Description of the motion for the F-16
flight trajectory is summarized in Table 3. The body angular
rates and specific force profilesfor the F-16 flight are depicted
in Fig. 18 and Fig. 19, respectively.

6 x 10

oy (rad/s)

oy (rad/s)

0 50 100 150 200 250 300

, (rad/s)

0 50 100 150
Time (s)

Fig. 12. Body angular rate components - the 2D automobile trajectory.

(5) Example 5 —Ancther 3D flight trajectory

For this example, a 3D flight trgjectory designed by the
authors is presented. In the example, 10 segments involving
time-varying dynamic characteristics are arranged, as shown
in Fig. 20. Description of the motion for the 3D flight tra-
jectory is summarized in Table 4. The corresponding body
angular body rates and specific force profiles for the motion
aredepicted in Fig. 21 and Fig. 22, respectively.
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Fig. 14. The 3D simpleflight path.
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Fig. 21. Body angular rate components - 3D flight trajectory for Ex-
ample5.
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Fig. 22. Specific force profiles- 3D flight trajectory for Example 5.

VI. CONCLUSIONS

This paper presents a strapdown inertial navigation system
(SINS) simulation platform. The numerical simulator solves

the navigation equations in navigation frame where the qua-
ternion vector is employed for attitude calculation. Five ex-
amples were presented to examine the simulator. These ex-
amples covered a wide variety of dynamic characteristics,
including the ballistic trajectory, the 2D automobile trajectory,
the 3D simpleflight path, the F-16 flight trajectory, and amore
complicated 3D flight trgjectory. The results confirm the
validity of the simulation platform and provide the readers
with further information for developing their own SINS
simulation tool.
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