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ABSTRACT 

This paper develops a fuzzy controller design method via 
estimated state feedback scheme for discrete-time nonlinear 
stochastic time-delay systems which are presented by Takagi– 
Sugeno fuzzy model with multiplicative noises.  The proposed 
design method is accomplished by the concept of parallel 
distributed compensation.  Using the Lyapunov-Krasovskii 
function and passivity theory, the stability conditions are de-
rived to guarantee the stability and attenuation performance.  
An algorithm is proposed in this paper to solve the derived 
stability conditions that belong to non-strict linear matrix ine-
quality problems.  Moreover, the discrete Jensen inequality 
and free-weighting matrix technique are employed to decrease 
the conservatism of the proposed design method.  Finally, the 
control of a nonlinear time-delay pendulum system is provided 
to illustrate the effectiveness and usefulness of the proposed 
fuzzy control method. 

I. INTRODUCTION 

Takagi–Sugeno (T-S) fuzzy model (Tseng and Chen, 2001) 
is a well-known popular tool to describe nonlinear systems in 
terms of fuzzy sets.  In the T-S fuzzy model, the linear sub-
systems in the consequence part of IF-THEN rules are pro-
posed to describe the local dynamics of nonlinear systems.  
Based on the T-S fuzzy model, stability and stabilization prob-
lems of the nonlinear systems have been investigated through 
quadratic Lyapunov function.  According to the Lyapunov 

stability theory, sufficient conditions are derived to guarantee 
the stability of all local subsystems.  These sufficient stability 
conditions depend on the existence of a common positive 
definite matrix.  Moreover, the concept of Parallel Distributed 
Compensation (PDC) (Tanaka and Wang, 2001) is applied to 
design the fuzzy controller for T-S fuzzy model by blending 
several linear subcontrollers with the same premise variable of 
the T-S fuzzy model.  Many literatures (Tanaka and Wang, 
2001; Tseng and Chen, 2001; Hwang and Lin, 2004; Hsiao et 
al., 2005a; Hsiao et al., 2005b; Wang and Lin, 2005; Chang 
and Chang, 2006; Lin et al., 2007; Dong and Yang, 2009; Ma 
and Boukas, 2009; Chang et al., 2012; Chang et al., 2013; 
Chang and Huang, 2014) have discussed the stability and 
stabilization problems of nonlinear systems via T-S fuzzy 
model and PDC technique.  Most of the above literatures are 
state feedback case or output feedback case.  However, both of 
state feedback and output feedback schemes can no longer be 
applied under the conditions of immeasurable states.  Hence, 
several authors have proposed fuzzy observer design method 
(Choi, 2007; Tseng, 2008; Chen and Chang, 2009; Kim and 
Park, 2009; Tseng and Chen, 2009; Gassara et al., 2010; Wen 
and Ren, 2010) for the nonlinear systems represented by T-S 
fuzzy modeling technique.  According to the above-mentioned 
motivations, the fuzzy control via estimated state feedback 
scheme for the discrete-time nonlinear stochastic time-delay 
systems is thus investigated in this paper. 

The stochastic behaviors of systems are usually implied as 
unmeasured signals and considered as disturbance effects on 
systems.  In order to study the stochastic behaviors, the fuzzy 
control of nonlinear stochastic systems has been discussed via 
T-S fuzzy model (Chang et al., 2010; Ku et al., 2010; Chang et 
al., 2011; Chang et al., 2012, Chang and Huang, 2014).  In 
(Chang et al., 2010; Ku et al., 2010; Chang et al., 2011; Chang 
et al., 2012, Chang and Huang, 2014), the consequence part of 
T-S fuzzy model is described as stochastic differential equa-
tions (Eli et al., 2005).  Via stochastic differential equations, 
the stochastic systems are structured as deterministic systems 
with multiplicative noise terms.  The T-S fuzzy model with 
multiplicative noise has been widely employed to propose the 
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stability criteria for the nonlinear stochastic systems.  Besides, 
the time delay and external disturbance are common and 
wicked phenomenon in many industry and engineering sys-
tems.  They are usually the source of instability or poor per-
formance of dynamic control systems (Chang et al., 2010; Ku 
et al., 2010; Liang et al., 2010; Chang et al., 2011; Chang et al., 
2012, Chang and Huang, 2014).  The control issues of non- 
linear time-delay systems have attracted much interest via T-S 
fuzzy model (Chang and Chang, 2005; Hsiao et al., 2005b; 
Yang et al., 2005; Lin et al., 2008).  Moreover, the disturbance 
effects are usually caused by external perturbations in the 
environments.  For attenuating these effects, dissipative theory 
and its special case passivity theory have been used to discuss 
the energy change of external disturbance in the control sys-
tems (Wang et al., 2003; Chang et al., 2010; Ku et al., 2010; 
Liang et al., 2010; Chang and Huang, 2014).  According to the 
results of (Lozano et al., 2001), one can find that the passivity 
theory includes several control schemes such as positive real 
theory, H control scheme, L2 control scheme and so on. 

In this paper, a fuzzy control via estimated state feedback 
scheme for the discrete-time nonlinear stochastic systems with 
time delay is discussed and investigated by using the T-S fuzzy 
model.  Applying passivity theory and Lyapunov theory, the 
sufficient conditions are derived to guarantee the stability of 
the considered T-S fuzzy systems.  Besides, the discrete Jensen 
inequality (Zhu and Yang., 2008) and free-weighting matrix 
technique (Souza et al., 2009) are employed to reduce the con-
servatism of the proposed stability conditions.  Since the de-
rived stability conditions do not belong to strict Linear Matrix 
Inequality (LMI) problems, cone complementarity (Ghaoui et 
al., 1997) is used to provide a sub-optimal algorithm to solve 
the non-strict LMI conditions.  After solving the non-strict 
LMI stability conditions, an observer-based fuzzy controller 
can be constructed to stabilize the closed-loop system based 
on the PDC technique.  Finally, a numerical example for the 
control of a nonlinear pendulum system is provided to dem-
onstrate the application and effectiveness of proposed ob-
server-based fuzzy controller design method. 

II. CONTROL PROBLEM FORMULATIONS 

The discrete-time nonlinear stochastic time-delay systems 
considered in this paper could be approximated by the fol-
lowing T-S fuzzy model in the IF-THEN form. 

Plant part 

Rule i: IF  1z k  is i1M  and  2z k  is i2M  and … and 

 nz k  is inM  THEN 

         i i i di1 τx k x k u k w k x k     A B E A  

        i i di τx k u k x k k    A B A  (1a) 

        m mi mdi miτy k x k x k w k   C C D  (1b) 

        c ci cdi ciτy k x k x k w k   C C D  (1c) 

      , τ  0x k k k     for i  = 1, 2, …, r (1d) 

where ijM  is the fuzzy set, 1,z  2 ,z  …, nz are the premise 

variables and r is the number of fuzzy rules.  And  x k nx 

is the state vector,   xnτx k    is the time delay vector 

which satisfies τ 0,   k  is the initial state of the system 

for τ 0,k     unu k  is the control input vector,  w k   

yn  is the disturbance vector,   yn
cy k   is the controlled 

output vector,   yn
my k   is the measured output vector,  

denotes the integer representing the time delay of the fuzzy 
model and  k  is a scalar discrete type Brownian motion.  

Besides, x xn n
i ,A x un n

i ,B x yn n
i ,E x xn n

di
A , 

x xn n
i ,A x un n

i ,B x xn n
di ,A y xn n

mi ,C mdi C  

y xn n , y yn n
mi ,D y xn n

ci ,C y xn n
cdi

C and ci D  

y yn n  are known constant matrices.  Here, it is assumed that 

 k satisfies the properties:    0,E k      E x k k  = 0 

and      1.E k k     Note that  E   stands the mathe-

matical expectation operator. 
The final output of the fuzzy system can be inferred as 

follows. 

    
r

i
i=1

1x k h z k    

        i i i dix k u k w k x k     A B E A  

        i i dix k u k x k k     A B A  (2a) 

           
r

m i mi mdi mi
i=1

τy k h z k x k x k w k    C C D (2b) 

           
r

c i ci cdi ci
i=1

τy k h z k x k x k w k    C C D  (2c) 

where 

        T

1 2 nz k z k z k z k    ,  

     
ij

n

i j
j=1

Mz k z k  ,      
  

i

i r

i
i=1

z k
h z k

z k







,  

  i 0,z k     i 0h z k   and   
r

i
i=1

1.h z k   



100 Journal of Marine Science and Technology, Vol. 23, No. 1 (2015 ) 

 

And,   
ij jM z k  is the grade of membership function cor-

responding to the fuzzy set ij.M  

In practice, not every state of the real systems is available to 
measure.  Under the condition of immeasurable states, it is 
essential to design an observer for the systems.  In this paper, 
the following fuzzy observer is proposed to deal with the state 
estimation for the nonlinear discrete-time stochastic time-delay 
systems (1). 

Observer part 

Rule i: IF  1z k  is i1M  and  2z k  is i2M  and … and 

 nz k  is inM  THEN  

        i i diˆ ˆ ˆ1 τx k x k u k x k    A B A  

    i m
ˆy k y k L  (3a) 

      mi mdiˆ ˆ ˆ τy k x k x k  C C  (3b) 

      ˆˆ , τ  0x k k k     for i = 1, 2, …, r (3c) 

where   xnx̂ k   is an estimate of   ,x k    xnˆ τx k    is 

an estimate of  τ ,x k    ˆ k  is the initial state of the fuzzy 

observer for τ 0,k      ynŷ k   is the output of the fuzzy 

observer and x yn n
i

L  is the observer gain.  The overall 

fuzzy observer is thus inferred as follows. 

    
r

i
i=1

ˆ 1x k h z k    

           i i di i mˆ ˆ ˆx k u k x k y k y k      A B A L  (4a) 

          
r

i mi mdi
i=1

ˆ ˆ ˆ τy k h z k x k x k   C C  (4b) 

In this paper, the design of observer-based fuzzy control-
lers is performed through the concept of PDC.  Hence, the 
observer-based fuzzy controller can be proposed as follows. 

Controller part 

Rule i: IF  1z k  is i1M  and  2z k  is i2M  and … and 

 nz k  is inM  THEN 

    i ˆu k x k F  for i = 1, …, r (5) 

where u xn n
i

F  is the observer-based fuzzy controller gain. 

The observer-based fuzzy controller (5) can be also repre-

sented as follows. 

        
r

i i
i=1

ˆu k h z k x k F  (6) 

Let us define the estimation error as follows. 

      ˆe x x k x k   (7a) 

      ˆ1 1 1e x x k x k      (7b) 

      ˆτ τ τe x x k x k      (7c) 

Substituting (6) into (2a), one can obtain the following 
closed-loop system from (7a). 

       
r r

i j
i=1 j=1

1x k h z k h z k    

        ij i j i dix k e k w k x k     A B F E A  

        ij i j dix k e k x k k     A B F A  (8) 

where ij i i j A A B F  and ij i i j. A A B F   From (7b) and 

(7c), one can infer the following estimation error equation. 

       
r r

i j
i=1 j=1

1e k h z k h z k    

      Lij Lij dije k w k e k    A E A  

        ij i j dix k e k x k k     A B F A  (9) 

where Lij i i mj , A A L C  Lij i i mj E E L D  and dij di A A  

i mdjL C .  Then, the augmented closed-loop system can be 

expressed as the following form. 

       
r r

i j
i=1 j=1

1x k h z k h z k    

     ij di Eijx k x k w k    G G G  

      ij dix k x k k    G G  (10a) 

            
r

c i ci cdi ci
i=1

τy k h z k x k x k w k     C C D  

  (10b) 
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where  

   
 

1
1

1

x k
x k

e k

 
     

,    
 

x k
x k

e k

 
  
  

,  

   
 

τ
τ

τ

x k
x k

e k

 
     

, ij i j
ij

Lij

 
  
 

A B F
G

0 A
,  

di
di

dij

 
  
 

A 0
G

0 A
, i

Eij
Lij

 
  
 

E
G

E
, ij i j

ij
ij i j

 
  

  

A B F
G

A B F
,  

di
di

di

 
  
 

A 0
G

A 0
, ci ci   C C 0  and cdi cdi   C C 0 . 

In this paper, the passivity theory is employed to discuss the 
effect of external disturbance on systems.  The passivity per-
formance considered in this paper is introduced by the fol-
lowing definition for the augmented system (10). 

 
Definition 1 (Chang et al., 2010) 

If there exist constant matrices 1,S  2 S 0  and 3S  for sat-

isfying the following inequality, then the augmented system 
(10) is called passive with the disturbance  w k  and the output 

 cy k  for all terminal time q 0k  . 

   
q

T
c 1

0

2
k

k

E y k w k


  
 
  
 S  

       
q q

T
c 2 c 3

0 0

k k
T

k k

E y k y k w k w k
 

    
  
 S S  (11) 

 # 
 
The passivity theory includes several performance con-

straints that can be obtained by setting matrices S1, S2 and S3 
via the well-known mathematical definition of power supply 
function.  In this paper, the generalization power supply func-
tion (11) is proposed to be the constraint index.  For illustrat-
ing the stability of closed-loop system (10), the following 
definition is introduced. 

 
Definition 2 (Eli et al., 2005) 

For the augmented system (10) without external distur-
bance input, i.e.,   0,w k  , the system is asymptotically 

mean square stable if   E x k  and     TE x k x k  are both 

converged to zero as k  . # 
 
For the discrete-time systems, the discrete Jensen inequality 

is usually used to develop the less conservative stability cri-
terion.  The discrete Jensen inequality introduced by the fol-

lowing lemma is also employed in this paper to derive the less 
conservative stability conditions. 

 
Lemma 1 (Zhu and Yang, 2008) 

For any constant matrix n nx xQ  T 0, Q Q  integers 

min max ,   vector function  min min max: , 1, ...,     nx 

such that the sums in the following are well-defined, then one 
has 

     
max

min

T
max min 1

k

k k




   


    Q  

   
max max

min min

T

k k

k k
 

 

 
 

 
   

 
 Q . (12) 

 # 
 
The purpose of this paper is to find the observer-based 

fuzzy controller (6) such that the closed-loop system (10) is 
asymptotically mean square stable and satisfies the passivity 
constraint (11).  Applying the above definitions and lemma, 
the stability analysis and fuzzy controller design of closed- 
loop system (10) is discussed in the following section. 

III. OBSERVER-BASED FUZZY CONTROLLER 
DESIGN FOR DISCRETE-TIME  

STOCHASTIC TIME-DELAY  
T-S FUZZY MODELS 

Considering the augmented system (10), the stability con-
ditions are derived in this section.  For finding the controller 
gains and observer gains, an algorithm is developed to solve 
the proposed non-LMI stability conditions.  The stability con-
ditions for the observer-based fuzzy controller are first derived 
in the following theorem. 

Theorem 1 

Given performance parameters S1, S2  0, S3 and time delay 
constant  > 0.  The augmented system (10) is passive and 
asymptotically mean square stable if there exist positive defi-
nite matrices P, Q and R; any matrices M, N and U; state 
feedback gains Fi and observer gains Li to satisfy the follow-
ing conditions. 

 ij 0Ω  for i, j r  (13) 

where  

 

T
11 12 13

T
22 23

ij

33
T

*

* *

* * *

  
 

    
 

   

Ω Ω Ω N U

Ω Ω M U
Ω

Ω 0

U U

 (14a) 
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   TT T T
11 ij ij ij ij ij ij ij ijτ τ     Ω G PG G PG G I R G I G RG  

-1 T T
ci 2 ciτ     Q P R N N C S C  (14b) 

 TT T T
12 ij di ij di ij di ij diτ τ    Ω G PG G PG G I RG G RG  

-1 T T
ci 2 cdiτ   R N M C S C  (14c) 

 TT T T
13 ij Eij ij Eij ci 2 ci ci 1τ    Ω G PG G I RG C S D C S  (14d) 

T T T T
22 di di di di di di di diτ τ   Ω G PG G PG G RG G RG  

-1 T T
cdi 2 cdiτ    Q R M M C S C  (14e) 

T T T T
23 di Eij di Eij cdi 2 ci cdi 1τ   Ω G PG G RG C S D C S  (14f) 

T T T
33 Eij Eij Eij Eij ci 2 ciτ  Ω G PG G RG D S D  

T
3 ci 1 1 ci  S D S S D   (14g) 

In symmetric block matrices, the symbol * is used as an 
ellipsis for terms induced by symmetry. 

Proof : 

Let us choose a Lyapunov function as 

            1 2 3V x k V x k V x k V x k    (15) 

where 

       T

1V x k x k x k P  (16) 

       
k-1

T

2
s=k-τ

s sV x k x x  Q  (17) 

       
-1 k-1

T

3
=-τ s=k+

s sV x k    R
 

 (18) 

      1k x k x k     (19) 

Taking the difference of   1 ,V x k   2V x k  and   3V x k  

along to trajectories of (10) and then taking the mathematical 
expectation, one has 

   1E V x k  

        T T
1 1E x k x k x k x k   P P  

     
r r

i j
i=1 j=1

E h z k h z k
 

  

       T

ij Eij dix k w k x k    G G G  

      ij Eij dix k w k x k    P G G G  

    T

ij dix k x k   G G  

        T

ij dix k x k x k x k    P G G P  (20) 

             T T

2 τ τE V x k E x k x k x k x k    Q Q  

  (21) 

             
k-1

T T

3
s=k-τ

τE V x k E k k s s   
 

   
 

R R  

  (22) 

Substituting the (10) into the first term of the right-hand 

side of (22), i.e.,      T
τE k k R , one has 

     T
τE k k R  

     
r r

i j
i=1 j=1

= τE h z k h z k



  

        T

ij di Eijx k x k w k     


G I G G  

        ij di Eijx k x k w k     R G I G G  

    T

ij dix k x k   G G  

    ij dix k x k   R G G  (23) 

Based on the Lemma 1 and (19), the following inequality 
can be obtained from the second term of the right-hand side  

of (22), i.e.,    
k-1

T

s=k-τ

s s  R . 

       
Tk-1 k-1 k-1

T -1

s=k-τ k-τ k-τ

τ
s s

s s s s   
 

   
      

   
  R R  

         T-1τ τ τx k x k x k x k     R  (24) 

According to (23) and (24), one has 
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   3E V x k  

     
r r

i j
i=1 j=1

τE h z k h z k
 

  

        T

ij di Eijx k x k w k     


G I G G  

        ij di Eijx k x k w k     R G I G G  

         T

ij di ij dix k x k x k x k      G G R G G  

         T-1τ τ τx k x k x k x k    R  (25) 

In order to decrease the conservatism of the proposed sta-
bility criterion, the following equation is introduced with the 
concept of free–weighting matrix technique (Souza et al., 2009).  
For appropriate dimension matrices, the following equation 
always holds. 

     
Tk-1

T T

k-τ

2 τ
s

x k x k s


          
N M U  

     
k-1

k-τ

τ 0
s

x k x k s


 
     
 

  (26) 

Thus, combining (20), (21), (25) and (26), one has 

             1 2 3E V x k E V x k V x k V x k        

          
r r

T
i j ij

i=1 j=1

ξ ξE h z k h z k k k
    
  
 Π  

for i, j r   (27) 

where 

          
Tk-1

T T T T

k-τ

ξ k x k x k w k k 


  
    
   




 

and 

 

T
11 12 13

T
22 23

iijj

33
T

*

* *

* * *

  
 

    
 

   

Π Π Π N U

Π Π M U
Π

Π 0

U U

 (28) 

   TT T T
11 ij ij ij ij ij ij ij ijτ τ     Π G PG G PG G I R G I G RG  

-1 Tτ    Q P R N N  (29a) 

 TT T T
12 ij di ij di ij di ij diτ τ    Π G PG G PG G I RG G RG  

-1 Tτ  R N M   (29b) 

 TT
13 ij Eij ij Eijτ  Π G PG G I RG  (29c) 

T T T T
22 di di di di di di di diτ τ   Π G PG G PG G RG G RG  

-1 Tτ   Q R M M   (29d) 

T T
23 di Eij di Eijτ Π G PG G RG   (29e) 

T T
33 Eij Eij Eij Eijτ Π G PG G RG   (29f) 

Let us introduce the following performance function. 

      
qk

T
c 2 c

k 0

J x k E y k y k


 

 S  

       T T
3 c 12w k w k y k w k S S  (30) 

For all   0w k   with zero initial condition, one has 

          
qk

T T
c 2 c 3

k 0

J x k E y k y k w k w k


 

 S S  

         T
c 1 q2 k 1y k w k V x k V x    S  

       
qk

T T
c 2 c 3

k 0

E y k y k w k w k


 

 S S  

      T
c 12y k w k V x k  S  (31) 

Thus, the following inequality can be obtained by substi-
tuting (10b) into (31). 

             
qk r r

T
i j ij

k=0 i=1 j=1

ξ ξJ x k E h z k h z k k k
    
  

  Ω  

  (32) 

where  

 ij ij i Ω Π Γ  (33) 
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T T T T
ci 2 ci ci 2 cdi ci 2 ci ci 1

T T T
cdi 2 cdi cdi 2 ci cdi 1

i
T T
ci 2 ci 3 ci 1 1 ci

*

* *

* * *

 
 
    

   
 
  

C S C C S C C S D C S 0

C S C C S D C S 0
Γ

D S D S D S S D 0

0

 

  (34) 

Obviously, if the conditions (13) holds then one has 

   0J x k  .  Thus, the following relation can be obtained 

from (30) according to    0J x k  . 

            
qk

T T T
c 2 c 3 c 1

k 0

2 0E y k y k w k w k y k w k


     
  
 S S S  

  (35a) 

or 

   
qk

T
c 1

k=0

2E y k w k
  
 
  
 S  

        
qk

T T
c 2 c 3

k=0

E y k y k w k w k
    
  
 S S  (35b) 

Since (35b) is equivalent to (11) of Definition 1, the aug-
mented system (10) is passive for all nonzero external distur-
bance, i.e.,   0.w k    Then, we need to show that the system 

is asymptotically mean square stable.  By omitting the ex-
ternal disturbance, i.e.,    = 0,w k  if the conditions (13) hold, 

the following inequality can be obtained from (33). 

         T

ij ci cdi 2 ci cdiτ τx k x k x k x k     Π C C S C C  

  (36) 

It can be found that if 2 0S  holds then ij 0.Π   From 

(27), the inequality     < 0E V x k  can be obtained due to 

ij  0.Π   In this case, the augmented system (10) is asymp-

totically mean square stable from Definition 2.  The proof of 
this theorem is completed. 

 # 

Remark 1 

In Theorem 1, the Lemma 1 and free-weighting matrix 
technique are employed to derive stability conditions (13).  In 
Zhu and Yang (2008), the Lemma 1 is applied to derived less 
conservative stability conditions of nonlinear system with time 
delay.  The reasons for discrete Jensen inequality reducing the 

conservatism have been illustrated and proven in Zhu and 
Yang (2008).  Besides, the free-weighting matrix technique 
(Souza et al., 2009) is a famous technique that can also derive 
the conservative stability conditions of delay systems by 
adding extra variables without any limitation. 

# 
 
The stability conditions stated in (13) developed in Theo-

rem 1 are of the form of Bilinear Matrix Inequality (BMI) that 
cannot be directly calculated by LMI technique.  For this 
reason, the modified stability conditions are derived from the 
BMI conditions (13) in the following theorem. 

Theorem 2 

Given performance parameters S1, S2  0, S3 and time delay 
constant  > 0.  The augmented system (10) is passive and 
asymptotically mean square stable if there exists positive 
definite matrices P, Q and R; any matrices M, N and U; state 
feedback gains Fi and observer gains Li to satisfy the follow-
ing conditions. 

 

T T T T
11 12 13 14 15

1

1

1

1

*

0 for i, j r* *

* * *

* * * *









 
 

 
    
  
  

Θ Θ Θ Θ Θ

P 0 0 0

P 0 0

R 0

R

 (37) 

where 

T -1 T T
11 ci 2 ci ci 2 cdi

-1 T T
cdi 2 cdi

11

τ

* τ

* *

* *

    


    
 




Ψ C S C R N M C S C

Q R M M C S C
Θ  

T T T
ci 2 ci ci 1

T T T
cdi 2 ci cdi 1

T T
ci 2 ci 3 ci 1 1 ci

T*

  


   
   
  

C S D C S N U

C S D C S M U

D S D S D S S D 0

U U

,  

12 ij di Eij 13 ij di, ,      Θ G G G 0 Θ G G 0 0  

14 ij di Eij 15 13τ , τ    Θ G I G G 0 Θ Θ  

and 

-1 T
11 τ .    Ψ Q P R N N  

Proof : 

The stability conditions (13) can be rewritten as follows. 
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T -1 T T
11 ci 2 ci ci 2 cdi

-1 T T
cdi 2 cdi

τ

* τ

* *

* *

    


    




Ψ C S C R N M C S C

Q R M M C S C
 

T T T
ci 2 ci ci 1

T T T
cdi 2 ci cdi 1

T T
ci 2 ci 3 ci 1 1 ci

T*

  


   
  


  

C S D C S N U

C S D C S M U

D S D S D S S D 0

U U

 

T T
ij ij
T T
di di

ij di Eij ij diT
Eij

  
  
           
  

      

G G

G G
P G G G 0 P G G 0 0

G 0

0 0

 

T
ij

T
di

ij di Eij
T
Eij

τ

τ
τ τ τ

τ

 
 
       
 
  

G

G
R G G G 0

G

0

 

T
ij

T
di

ij di

τ

τ τ τ 0

 
 
       
 
  

G

G R G G 0 0
0

0

 (38) 

From the definitions of the matrices below (37), the ine-
quality (38) can also be rewritten in the following form. 

 T T T T
11 12 12 13 13 14 14 15 15 0    Θ Θ PΘ Θ PΘ Θ RΘ Θ RΘ  (39) 

Applying the Schur complement (Boyd, 1994), one can 
obtain the following inequality from (39). 

 

T T T T
11 12 13 14 15

1

1

1

1

*

0* *

* * *

* * * *









 
 

 
  
 

 
  

Θ Θ Θ Θ Θ

P 0 0 0

P 0 0

R 0

R

 

Obviously, one can find that if the stability conditions (37) of 
Theorem 2 hold then the stability conditions (13) of Theorem 1 
also hold.  Thus, if the conditions (37) of Theorem 2 hold then 
the augmented system (10) is passive and asymptotically mean 
square stable.  The proof of this theorem is complete. 

 # 
 
In Theorem 2, the conditions of (37) simultaneously in-

cludes variables P, P-1, R and R-1 such that the condition (37) 

is still not a LMI problem.  For applying the LMI technique, 
let us introduce two new variables, i.e, X and T, such that  

 PX I  and RT I  (40) 

Hence, (37) becomes 

 

T T T T
11 12 13 14 15

*

0 for i, j r* *

* * *

* * * *

 
 

 
   
 

 
  

Θ Θ Θ Θ Θ

X 0 0 0

X 0 0

T 0

T

 (41) 

Based on the cone complementarity technique (Ghaoui et 
al., 1997), the following nonlinear minimization problem can 
be proposed by replacing P-1 and R-1 as X and T in (37). 

Minimize trace  PX  and trace  RT  

 Subject to (41), 0
 

 
 

P I

I X
 and 0

 
 

 

R I

I T
 (42) 

Although the above minimization problem gives sub-optimal 
solutions for (41), it is much easier to find feasible solutions 
than the original non-convex conditions (13).  Based on the 
nonlinear minimization problem stated in (42), the feasible 
solutions of stability condition (37) can be solved by using the 
following algorithm. 

Algorithm 1 

Step 1. Choose performance matrices 1S , 2 0S  and 3S .  

Find the feasible solutions t-1,P  t-1,R  t-1X  and t-1T  
for satisfying the (41).  Set t =1 and the obtained 

variables to be initial variables set  0 0 0 0, , ,P R X T . 

Step 2. Solve the parameters  t t t t, , ,P R X T  from the fol-

lowing LMI problem with obtained variables 

 t-1 t-1 t-1 t-1, , ,P R X T . 

 Minimize  

  t t-1 t t-1trace P X X P  and  t t-1 t t-1trace R T T R . 

 Subject to (41), 
t

t
0

 
 

 

P I

I X
 and 

t

t
0

 
 

 

R I

I T
. 

Step 3. Substitute the obtained solutions from Step 2 into (37).  
If the inequality (37) is satisfied, then stop and quit the 
algorithm.  Otherwise, Set t = t + 1 and go to Step 2. 

 
In the following section, a numerical example for the con-

trol of nonlinear pendulum system with time delay is provided 
to illustrate the application of proposed observer-based fuzzy 
controller design method. 
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IV. NUMERICAL EXAMPLE FOR THE 
CONTROL OF NONLINEAR  

PENDULUM SYSTEMS 

According to the design method developed in this paper, the 
observer-based fuzzy controller for nonlinear pendulum sys-
tem with time delay is designed in this section.  Referring to 
Feng (2006), the dynamic equation of continuous-time nonlin-
ear time-delay pendulum system is described as follows. 

       1 2 21x t x t x t       

 
          

   
1 2 2

2 2
1

sin 2 / 1

4 / 3 cos

g x t b lm x t x t
x t

l aml x t

     
 


  

           
   

2

2 2 1

2
1

/ 2 1 sin 2

4 / 3 cos

aml x t x t x t

l aml x t

    



 

 w t  

           1 2 2sin 1 ty t x t x t x t w         (43) 

where x1(t) denotes the angle of the pendulum from the ver-
tical, x2(t) is the angular velocity and w(t) is a zero-mean white 
noise with variance 1.  Besides, g is the gravity constant, m is 
the mass of the pendulum, M is the mass of the cart, a = 1/(m + 
M), 2l is the length of the pendulum and b is the damping 
coefficient of the pendulum around the pivot.  In this example, 
the pendulum parameters are chosen as g = 9.8 m/s2, m = 2 kg, 
M = 8 kg, l = 0.5 m, b = 0.7 Nm/s and the retarded coefficient 
is given as  = 0.9.  In order to consider the stochastic be-
haviors, the multiplicative noise term is added in the system.  
By linearizing the plant around the operation points, i.e., xop1 = 
(0, 0), xop2 = ( 3,0)  and xop3 = ( 2,0),  and discretizing 
it with the sampling period T = 0.1 s, then the discrete-time 
T-S fuzzy model with multiplicative noise can be obtained as 
follows. 
 
Rule i : IF  1 kx  is about 1iM  THEN 

         i i i di1x k x k u k w k x k      A B E A  

        i i dix k u k x k k     A B A  (44a) 

        m mi mdi miτy k x k x k w k   C C D  (44b) 

        c ci cdi ciτy k x k x k w k   C C D  (44c) 

for i = 1, 2, 3 

where 

M11

M21

0 π/18-π/18 π/3-π/3-π/2 π/2

1

M31

 
Fig. 1.  Membership functions of x1(k). 

 
 

1

1 0.045

0.8558 0.7894

 
   

A , 2

1 0.045

0.6315 0.8018

 
   

A ,  

3

1 0.045

0.4679 0.8055

 
   

A , i

0

1

 
   

 
B B ,  

d1

0 0.005

0 0.0877

 
  
 

A , d2

0 0.005

0 0.0891

 
  
 

A ,  

d3

0 0.005

0 0.0895

 
  
 

A , i

0

0.1

 
   

 
E E ,  

 m1 c1 0.9949 1 C C ,  m2 c2 0.8270 1 C C ,  

 m3 c3 0.6366 1 C C ,  cd cdi 0 0.1 C C ,  

 md mdi 0 0.1 C C , mi ci 1  D D D , 1 1= 0.01A A ,  

2 2= 0.02A A , 3 3= 0.03A A , d1 d1= 0.01A A , d2 d2= 0.02A A , 

d3 d3= 0.03 ,A A 1 1= 0.01 ,B B 2 2= 0.02B B  and 3 3= 0.03 .B B  

The membership functions of  1 kx  are shown in Fig. 1. 

Before starting the calculation process, let us set the parame-
ters as 1 1.5,S  2 0.1S   and 3 0.8S   and τ = 2 for design-

ing observer-based fuzzy controller.  Using the LMI Toolbox  
of MATLAB, the following state feedback gains and observer 
gains can be obtained via Theorem 2 and Algorithm 1. 

 1 = -2.7498   -0.8487F ,  2  = -2.9325   -0.8534F ,  

 3 = -2.9253   -0.8221F , 3
1

0.2305
10

101.1767
 

  
 

L ,  

3
2

0.2762
10

101.1041
 

  
 

L , 3
3

0.2905
10

101.0155
 

  
 

L ,  
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3

2.2914 0.3841 0.0000 0.0000

0.3841 0.1038 0.0000 0.0000
 = 10

0.0000 0.0000 72.9209 13.5689

0.0000 0.0000 13.5689 5.6213

 
 
 
 
 
 

P ,  

3

0.7972 0.1954 0.0000 0.0000

0.1954 0.0581 0.0000 0.0000
 = 10

0.0000 0.0000 6.6579 1.5105

0.0000 0.0000 1.5105 0.8153

 
 
 
 
 
 

Q , 

6

8.3269 -8.7031 0.0000 0.0000

-8.7031 11.9025 0.0000 0.0000
 = 10

0.0000 0.0000 1.6983 -0.1113

0.0000 0.0000 -0.1113 0.6728



 
 
 
 
 
 

R ,  

-57.9341 -18.3108 -2.1159 -0.7236

-11.2313 -4.3747 -8.8851 -3.3178
 = 

-1.2456 -0.3977 -366.5764 -26.1862

-0.4059 -0.1618 -322.5181 -165.8799

 
 
 
 
 
 

M ,  

3

0.0764 0.0242 -0.0129 -0.0044

0.0144 0.0056 -0.0097 -0.0031
 = 10

-0.0129 -0.0035 1.3118 0.6437

-0.0036 -0.0012 0.3719 0.2344

 
 
 
 
 
 

N  and  

3

0.1872 0.0426 -0.0021 -0.0007

0.0513 0.0136 -0.0005 -0.0003
 = 10

-0.0012 -0.0004  1.7713 0.5836

-0.0004 0.00005 0.6076 0.3192

 
 
 
 
 
 

U . 

Based on the above feedback gains, the observer-based 
fuzzy controller can be obtained by PDC concept such as 

        
r

i i
i=1

ˆu k h z k x k F  (45) 

With the designed fuzzy controller (45), the state responses 
of the augmented system are shown in Figs. 2 and 3 with the 

initial conditions    T0 /4 0x   and    Tˆ 0 /6 0 .x    From 

the simulated responses, the following ratio can be introduced 
to check the passivity constraint (11). 

 

       

   

q

q

T
c c

0

T
c

0

0.1 0.8

0.3156

3

k
T

k

k

k

E y k y k w k w k

E y k w k





   
   

  
 
  




 (46) 

It is easy to find that the value of (46) is smaller than one;  
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Fig. 2.  Responses of x1(k) and x̂1(k). 
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Fig. 3.  Responses of x2(k) and x̂2(k). 

 
 

hence, the passivity constraint (11) with 1 1.5,S   2 0.1S   

and 3 0.8S   can be satisfied.  From Figs. 2 and 3 and (46), 

one can find that the system (43) driven by fuzzy controller 
(45) is passive and asymptotically mean square stable. 

V. CONCLUSIONS 

In this paper, the observer-based fuzzy controller design 
method was considered for discrete-time nonlinear stochastic 
systems with time delay.  And, the stochastic T-S fuzzy model 
was proposed to represent the nonlinear stochastic systems via 
T-S fuzzy model approach.  For discussing the stability and 
stabilization problems, the sufficient conditions have been 
derived via the Lyapunov stability criterion and the passivity 
theorem.  Besides, the discrete Jensen inequality and the 
free-weighting matrix technique were employed to reduce the 
conservatism of the proposed stability criterion.  In order to 
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calculate the non-LMI problems, an algorithm was proposed 
in this paper by using cone complementarity technique.  Via 
the proposed design methods, the observer-based fuzzy con-
troller can be designed for stabilizing the discrete-time sto-
chastic T-S fuzzy model with time delay. 
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