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ABSTRACT 

In this paper, the gain-phase-margin tester method is ap-
plied to analyze the gain-margins (GMs) and phase-margins 
(PMs) of multi-input multi-output (MIMO) control systems 
with time-delays.  The objectives of the proposed method are: 
(1) to present the basic definitions and physical meanings of 
GMs and PMs of MIMO control systems; (2) to give some 
important remarks on how to construct proper block diagrams 
for those systems originally expressed by state equations; (3) 
to analyze the GMs and PMs of a missile autopilot system.  
The analysis results are checked by the use of Nyquist plots 
and computer simulations. 

I. INTRODUCTION 

Stability analysis of multi-input-multi-output (MIMO) time 
delayed systems has been presented in literatures (Liu, 2013; 
Liu, 2013); however, they didn’t take into consideration of the 
quantitative stabil ity margins such as gain-margins and phase- 
margins.  For the design of industrial control systems, gain- 
margins (GMs) and phase-margins (PMs) are the two important 
specifications.  Control systems designed with proper values 
of gain-margins and phase-margins in frequency domain can 
achieve desirable responses in time domain.  In addition, these 
two margins are also the indications of robust characteristics 
(Wang et al., 2003; Parakevopoulos et al., 2006; Liceaga-Castro 
et al., 2012; Wang 2012; Li, 2013) .  In general, the specifications 

of these two margins must be met no matter what other speci-
fications (such as minimization of the integral of squared error) 
are used for design. 

For single-input single-output (SISO) systems, standard 
methods are available for finding gain-margins and phase- 
margins.  But, for multi-input multi-output (MIMO) systems, 
since the physical meanings of these margins are not clearly 
defined as for SISO systems, there are still some doubts in cur- 
rent literature about whether it is reliable to use gain-margins 
(GMs) and phase-margins (PMs) as design criteria, especially 
when the robust characteristics due to parameter variations  
are considered.  Therefore, in the first part of this paper, the 
physical meanings of GMs and PMs for MIMO systems are 
presented. 

Methods of plotting the boundaries of constant gain-margins 
and phase-margins in a parameter plane or a parameter space 
have been proposed for analysis and design of SISO control 
systems (Chang and Han, 1989, 1990; Shenton and Shafiei, 
1994).  The extension of the aforementioned results to MIMO 
control system has been developed ( Tao et al., 1991; Li et al., 
1993).  In these designs, the gain-margins and phase-margins 
of the MIMO control systems are based upon the augmented 
open-loop transfer function which is affected by each open 
feedback of the system.  For control systems originally expressed 
by time domain models, in order to apply the gain-phase-margin 
tester method, the s-domain models (block diagrams) must be 
obtained first (Perng et al., 2006).  Although any block dia-
gram converted from a time-domain model can be used to find 
the GMs and PMs, one cannot make sure whether they are the 
actually required GMs and PMs of the physical system, be-
cause this kind of conversion is not unique.  Therefore, the 
second part of this paper is to show how to construct the re-
quired structure of the block diagram converted from a time- 
domain model.  For illustration, a missile autopilot system 
with time delays is analyzed in the final part of this paper. 

Paper submitted 11/11/14; revised 11/29/15; accepted 03/01/16.  Author for 
correspondence: Chih-Min Lin (e-mail: cml@saturn.yzu.edu.tw). 
1 Department of Electrical Engineering, Yuan Ze University, Taiwan, R.O.C. 
2 Cognitive Science Department, School of Information Science and Engi-
neering, Xiamen University, China. 

3 Department of Electrical Engineering, Tamkang University, Taiwan, R.O.C.
4 Department of Communication and Navigation, National Taiwan Ocean 
University, Taiwan, R.O.C. 

5 Department of Mechanical Engineering, National Chung Hsing University, 
Taiwan, R.O.C. 

II. GAIN-MARGINS AND PHASE-MARGINS 
USING GAIN-PHASE-MARGIN TESTER 

In this section, the basic definitions of GM and PM are 
given as follows (Li et al., 1993): 

http://www.ee.tku.edu.tw/people/bio.php?PID=38
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θAe - j D(s)
N(s)G(s) =

R(s) Y(s)

+
_

 
Fig. 1.  Block diagram of a system with unity-feedback. 

 
 

Gain-margin (GM): The amount of increase (denoted by “”) 
or decrease (denoted by “”) of gain which will make an 
originally stable system on its stability limit. 
Phase-margin (PM): The amount of increase (denoted by “”) 
or decrease (denoted by “”) of phase-lag which will make an 
originally stable system on its stability limit. 

 
Gain-phase-margin tester method (Chang and Han, 1989, 

1990; Perng et al., 2006): 
Consider a feedback system shown in Fig. 1, where Ae-j is 

the gain-phase-margin tester and G(s) = 
 
 

N s

D s
 is the open 

loop transfer function, then the characteristic equation of this 
system can be expressed as 

 

 
 
 

1

1

0,

j

j

Ae G s

N s
Ae

D s











 



 (1) 

which is equivalent to 

        0jf s D s Ae N s   , (2) 

Let s j , one has  

 , (3)        , , 0jf j f A j D j Ae N j       

Let 0   ; (3) is rearranged as follows. 

  (4)    , , 0f j f A j E A F      

where E and F are functions of  and , and they are assumed 

to be known as the open loop transfer function G(s) = 
 
 

N s

D s
 

is given. 
Partitioning (4) into real and imaginary parts yields 

 , (5)   1 1, , 0Rf A j E A F     

and 

 , (6)   2 2, , 0If A j E A F     

where E1, E2, F1 and F2 are functions of  and . 
Thus, A can be determined directly from (5) and (6), which 

yield 

 1

1

  
F

A A
E

    (7) 

and, 

 2

2

 
F

A A
E

   . (8) 

If   iA A A   , the value of iA  and its corresponding 

frequency i  can be found.  For many values of , a set (GM) 

of desired values of A can be obtained.  Alternatively, let A = 0 
dB; (3) is rearranged as follows. 

 

   , ,

cos sin

0

f j f A j

U V

  

 



W    



 (9) 

where U, V and W are functions of A and , and they are as-
sumed to be known as the open loop transfer function G(s) = 

 
 

N s

D s
 is given. 

Also partitioning (9) into real and imaginary parts yields 

   1 1 1, , cos sin 0Rf A j U V W          (10) 

and 

   2 2 2, , cos sin 0If A j U V W         , (11) 

where U1, V1, W1, U2, V2, and W2 are functions of A and .  
Hence,  can be determined directly from (10) and (11), which 
yield 

 1 1 2 2 1

1 2 2 1

cos ( )  
V W V W

U V U V
      

  
 (12) 

and 

 1 1 2 2 1

1 2 2 1

sin ( )  
U W U W

U V U V
     

  
 . (13) 

If i     , the value of i  and its corresponding fre-

quency i  can be found.  For many values of , a set (PM) of 

desired values for  can be obtained. 
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Fig. 2.  Block diagram of a MIMO system with unity-feedback. 

 

III. BASIC DEFINITIONS AND PHYSICAL 
MEANINGS OF GAIN-MARGINS AND 

PHASE-MARGINS OF MIMO SYSTEMS 

Consider a MIMO system shown in Fig. 2.  By use of the basic 
concept of gain-phase-margin tester method, the following four 
kinds of GM and PM are defined. 

1. Single-Block GM and PM 

Assuming that a gain-phase-margin tester (Ae-j) is added in 
cascade to any single block (Gi j) of the system as shown in Fig. 
2(b), the physical meaning of single-block GM (PM) is that, 
the permissible amount of change of gain (phase) of a specific 
block before the system becomes unstable.  In other words, 
single-block GM and PM are the indications of robust char-
acteristics of the system due to the variations of a pre-specified 
block. 

2. Multi-Block GM and PM 

After two or more than two blocks in Fig. 2(b) are added 
simultaneously with the same gain-phase-margin testers (Ae-j, 
Ai = A, i = ), the physical meaning of multi-block GM (PM) 
is that the permissible amount of simultaneous changes of 
gains (phases) of all the considered blocks before the system 
becomes unstable. 

3. Simultaneous GM an PM 

In Fig. 2(b), if every block is added simultaneously with the 
same gain-phase-margin tester, the physical meaning of simu- 
ltaneous GM (PM) is that, the permissible amount of simul-
taneous changes of gains (phases) of all the blocks before the 
system becomes unstable. 

C(s) G(s)

controller plant
(missile)

Gd(s)

time-delays

R(s) Y(s)U(s)

−

+ E(s) M(s)

 
Fig. 3.  The block diagram of a missile autopilot system. 

 

4. Augmented Open-Loop Transfer Function GM and PM 

After the matrix G0(s) is pre-multiplied by a diagonal ma-
trix (L) with gain phase- margin tester (Ae-j, i = 1, 2) as its 
elements, if the system is on its stability limit, then Ai (i) are 
the augmented open-loop transfer-function (AOLTF) GMs 
(PMs).  This kind of GMs and PMs, which has been analyzed 
in (Tao et al., 1991; Li et al., 1993), can be regarded as the 
direct extension of the concept of GM and PM for SISO systems 
to MIMO systems.  In fact, this is a special kind of multi-block 
GMs and PMs. 

From the GMs and PMs defined above, it can be seen that a 
proper structure of the block diagram must be defined first; 
then the GMs and PMs of a system can be analyzed. 

IV. ANALYSIS OF GM AND PM OF A MISSILE 
AUTOPILOT SYSTEM EXPRESSED  

BY TIME-DOMAIN MODEL 

A two-input-two-output missile autopilot system had been 
analyzed by using the principal gain and principal phase me- 
thod (Postletheaite et al., 1981).  Here the same system but with 
some time-delays is considered.  The general block diagram of 
the system is shown in Fig. 3, where the dynamic equations of 
the missile are (Postletheaite et al., 1981) 

 
m m m m

m m m

mX A X B u

Y C X

 






 (14) 

where 

 

3.23 20 476 0 228 0 0 0

20 3.23 0 476 0 228 0 0

0.39 0 1.93 16 415 0 0 0

0 0.39 16 1.93 0 415 0 0
,

0 0 0 0 0 0 75 0

0 0 0 0 0 0 0 75

0 0 22.4 0 300 0 150 0

0 0 0 22.4 0 300 0 150

mA

 
    
   
 

     
 

 
   

   

 (15) 

 0 0 0 0 0 0 1 0
,

0 0 0 0 0 0 0 1mB
T

 
   

 (16) 

2.99 0 1.19 2.46 27.64 0 0 0  
0 2.99 2.46 1.19 0 27.64 0 0mC
 

   
, (17) 
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The matrix for time-delays is 

 , (18) 
1

2

0
( )

0

sT

d sT

e
G s

e






 
 




where T1 = 0.03 sec and T2 = 0.02 sec.  For the controller, the 
dynamic equations are 

 c c c c

c c c c

X A X B e

Y C X D e

 

 



  (19) 

where 

 , (20) 

0 1 0 0

0 100 0 0

0 0 0 1

0 0 0 100

cA

 
 
 
 

 




0 0 



12.81 21.28 463.51 30.69    

0.46 0.12 





 , (21) 1 0

0 0

0 1

cB
 

 
 
 

 , (22) 
463.51 30.69 12.81 21.28cC     

 . (23) 
0.12 0.46cD   

The structure of the autopilot block diagram is shown in Fig. 
4.  Since the feedback configuration is clearly defined, the 
GMs and PMs can be analyzed by adding gain-phase-margin 
testers. 

The transfer matrix of the plant is defined by 

 G(s) = Cm (sI - Am)-1 Bm , (24) 

which gives  

 , (25) 11 12

21 22

( ) ( )
( )

( ) ( )

G s G s
G s

G s G s


 
 

where 

4 5 7 4 8 3 11 2 12 14

11

7.657 10 1.119 10 1.231 10 1.674 10 3.575 10 6.810 10
( )

( )

s s s s s
G s

D s

           


 

  (25a) 

4 6 5 5 7 4 9 3 12 2 13 14

12

2.073 10 3.330 10 9.789 10 9.368 10 1.121 10 3.638 10 2.469 10
( )

( )

s s s s s s
G s

D s

            


 

  (25b) 

C22(s)
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e-sT2

e-sT1 v1
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u2

u1
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r2

r1

e2 m2

+

+ +

+

+ +

++

+

+ −

−

 
Fig. 4.  The structure of block diagram of a missile autopilot system. 
 

4 6 5 5 7 4 9 3 12 2 13 14

21

2.073 10 3.330 10 9.756 10 9.031 10 1.069 10 2.957 10 2.417 10
( )

( )

s s s s s s
G s

D s

            


 

  (25c) 

4 5 7 4 8 3 11 2 13 14

22

7.657 10 1.119 10 1.230 10 1.629 10 3.508 10 5.838 10
( )

( )

s s s s s
G s

D s

          


 

  (25d) 

 

8 2 7

6 5 8 4

10 3 12 2

13 14

( ) 3.039 10 6.968 10

8.713 10 8.134 10  

4.153 10 s 1.194 10 s

1.923 10 s 2.224 10 . 

D s s s s4 6

s s

    

   

   

   

 (25e) 

The transfer matrix of the controller is defined by 

 C(s) = Cc (sI - Ac)
-1 Bc  Dc , (26) 

which gives 

11 12

21 22

2 2

2 2

2 2

2 2

( ) ( )
( )

( ) ( )

0.46 24.72 12.81 0.12 18.69 463.51

100 100

0.12 18.69 463.51 0.46 24.72 12.81

100 100

C s C s
C s

C s C s

s s s s

s s s s

s s s s

s s s s

 
  
 
    
   
     
   

 

  (27) 

1. GMs and PMs of Augmented Open-Loop Transfer 
Function 

From Fig. 4, letting r2=0, one of the augmented open-loop 
transfer function (AOLTFs) can be obtained; i.e., 

1
01

1

( )
( )

( )

y s
g s

e s
  

1 2

2 1 1 2 1 2

2 1

11 11 22 22

( ) ( )
12 21 21 12 21 11 12 22 22 21 11 12

22 22 21 12

(1 )

(1 )

1

sT sT

sT sT s T T s T T

sT sT

G C e G C e

G C e G C e G C G C e G C G C e

G C e G C e

 

     

 



   


 
. 

  (28) 
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Fig. 5.  GMs and PMs for AOLTFs. 
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Fig. 6.  Nyquist plots for checking the results in Fig. 5. 

 
 
Similarly, letting r1 = 0, the 2nd AOLTF is 

2
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( )

( )

y s
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  (29) 

After the gain-phase-margin testers (Ai e
-ji, i = 1, 2) are 

added, the GMs and PMs can be found by use of the X-Y plane 
method as shown in Fig. 5, in which, the numerical values of 
GMs, PMs and the cross-over frequencies are indicated.  These 

results can be checked by use of the Nyquist plots as shown in 
Fig. 6. 

Note that the results shown in Figs. 5 and 6 indicate that 
both g01(s) and g02(s) have multiple GMs and PMs due to the 
re-entrant crossings. 

2. Single-Block GMs and PMs 

After a gain-phase-margin tester (Ai e
-ji ) is added, one by 

one, to all the blocks in Fig. 4 (excepting the two blocks for 
time-delays), eight different characteristic equations can be 
found as follows: 
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Fig. 7.  GMs and PMs of four controller blocks. 
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Fig. 8.  GMs and PMs of four plant blocks. 
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Table 1. GMs, PMs and crossover frequencies of four 
controller blocks. 

  ( rad/sec) GM, PM 

C011(s)

cp1 = 21.51 
cp1 = 46.77 
cg1 = 17.22 
cg1 = 25.67 

GM1 = 0.6842 (-3.2963 dB)
GM1 = 3.1471 (9.9582 dB)

PM1 = -42.6446 
PM1 = 25.1345 

C022(s)

cp2 = 21.76 
cp2 = 40.94 
cg2 = 18.16 
cg2 = 25.59 

GM2 = 0.6992 (-3.108 dB)
GM2 = 2.6308 (8.4018 dB)

PM2 = -36.2346 
PM2 = 23.5623 

C012(s)
cp3 = 23.04 
cg3 = 14.99 

GM3 = 1.3125 (2.362 dB)
PM3 = 37.64 

C021(s)

cp4 = 22.01 
cg4 = 15.20 
cg4 = 32.38 

GM4 = 1.2128 (1.6758 dB)
PM4 = 26.6287 
PM4 = -66.4367 

 
 

Table 2. GMs, PMs and crossover frequencies of four 
plant blocks. 

  ( rad/sec) GM, PM 

G011(s)

cp1 = 19.41 
cp1 = 46.53 
cg1 = 15.12 
cg1 = 24.77 

GM1 = 0.6533 (-3.6977 dB)
GM1 = 3.1550 (9.980 dB )

PM1 = -33.9240 
PM1 = 35.3112 

G022(s)

cp2 = 19.72 
cp2 = 40.90 
cg2 = 15.64 
cg2 = 24.92 

GM2 = 0.6148 (-4.225 dB)
GM2 = 2.6283 (8.393 dB)

PM2 = -34.8358 
PM2 = 32.8279 

G012(s)
cp3 = 20.85 
cg3 = 14.30 

GM3 = 1.2726 (2.0938 dB)
PM3 = 21.7766 

G021(s)
cp4 = 23.34 
cg4 = 13.96 

GM4 = 1.6390 (4.2916 dB)
PM4 = 27.7172 
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By use of the X-Y plane method (Tao et al., 1991), the four 
sets of GMs and PMs of the four controller blocks (Cij(s), i = 1, 
2; j = 1, 2) can be found as shown in Fig. 7.  Similarly, the four 
sets of GMs and PMs of the four blocks in the plant can be 
found as shown in Fig. 8.  Figs. 7 and 8 indicate that some 
blocks (C011(s), C022(s), G011(s), G022(s)) have multiple GMs 
and PMs, and some blocks (C021(s), C012(s), G021(s), G012(s)) 
have two GMs but one PM.  Some of the numerical values of 
GMs, PMs and cross-over frequencies are given in Tables 1 
and 2.  All these results have been checked by use of Nyquist 
plots and computer simulations. 
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Fig. 9.  Stability boundary in the A1 vs. A2 plane. 
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Fig. 10.  Stability boundary in the θ1 vs. θ2 plane. 

 

3. Multi-Block GMs and PMs 

In Fig. 4, if one tester (A1e
-j1) is added to blocks C11(s) and 

C21(s), and another one (A2e
-j2) is added to blocks C12(s) and 

C22(s), the system characteristic equation becomes 
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In order to find the gain-margin, let 1= 2= 0, s = j, and 
 is assumed to change from zero to infinity.  Then, by use of 

the stability-equation method, the stability boundary can be 
plotted in the A1 versus A2 plane as shown in Fig. 9.  Assuming 
that A1 = A2 , point Q1 indicates that the gain-margin is 7.574 
dB, and that the phase cross-over frequency is 27.02 rad/sec. 

Similarly, in order to find the phase-margin, let A1 = A2 = 1, 
and s = j.  By changing  from zero to infinity, the stability 
boundary can be plotted in a 1 vs. 2 plane as shown in Fig. 
10, where point Q2 indicates that the phase-margin for 1 = 2 

is 46.6665, and that the gain cross-over frequency is 18.018 
rad/sec. 

From the results given above, it can be seen that, by use of 
the gain-phase-margin tester method, the GMs and PMs of any 
single block or any number of blocks can be found easily; thus 
the method is a useful tool for analyzing the robust charac-
teristics of control systems. 

4. A Final Remark 

In current literature, the stability conditions of time-delay 
systems expressed by time-domain models have been ana-
lyzed by many authors (Schoen and Geering, 1993; Su, 1995).  
The relative stability characteristics, such as guaranteed gain- 
margin and phase-margin, have been extensively studied (Le-
htomaki et al., 1981; Zhang and Fu, 1996).  From the results 
presented in this paper, it can be seen that the aforementioned 
problems can be analyzed more easily by first converting the 
time-domain models to frequency-domain models (with proper 
feedback structures), and then adding the gain-phase-margin 
testers to the system. 

V. CONCLUSIONS 

The basic definitions and physical meanings of gain-margins 
(GMs) and phase-margins (PMs) of multi-input multi-output 
(MIMO) systems have been presented.  For those systems 
originally expressed by time domain models, while converting 
from state equations to block diagrams, the effects of feedback 
structures on GMs and PMs have been illustrated.  Various 
GMs and PMs of a missile autopilot system with time-delays 
have been analyzed.  The presented results show that the gain- 
phase-margin tester method is useful for robust analysis of 
MIMO systems with time-delays. 
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