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RESEARCH ARTICLE

A Bilevel Mathematical Approach for the Empty
Container Repositioning Problem with a Sharing and
Exchanging Strategy in Liner Shipping

Dung-Ying Lin a, Chieh-Ju Juan b,*

a Department of Industrial Engineering and Engineering Management, National Tsing Hua University, Hsinchu City, 30013, Taiwan
b Department of Aviation Management, Republic of China Air Force Academy, Kaohsiung City, 82047, Taiwan

Abstract

In the maritime industry, the management of empty containers is a significant issue whose costs account for a large
proportion of the total world fleet running costs. To reduce repositioning activities and increase cost effectiveness, this
paper proposes a solution framework considering empty container sharing and exchanging strategies to coordinate the
shipping lines in a maritime transportation network. The proposed solution framework considers an empty container
matching platform company and a group of shipping lines in a given shipping network. Because of the interactive
relationship between the two parties, the proposed problem is formulated as a bilevel programming problem, and the
Karush-Kuhn-Tucker (KKT) is applied. To validate the proposed solution approach, a practical Asia-Europe-Oceania
shipping network is used to conduct numerical experiments. The benefits of the proposed solution framework are
shown in the results.

Keywords: Empty container repositioning, Liner shipping, Bilevel programming, Karush-Kuhn-Tucker conditions

1. Introduction

T he empty container repositioning problem is
a significant challenge in the maritime in-

dustry because the container repositioning costs
account for 27% of the total world fleet running
costs [20]. Furthermore, as the maritime market
rapidly develops, the costs of empty container
repositioning increase simultaneously. From 1990
to 2010, the traffic of empty containers increased
by 657% (from 17.8 million TEUs to 116.9 million
TEUs) while the world traffic increased by 624%
(from 87.9 million TEUs to 548.5 million TEUs)
[26]. The main cause of the empty container
repositioning issue is the imbalance of imports
and exports in world trade. However, because of

the inevitable nature of the issue, the practical
solution is mainly to adopt proper strategies to
minimize the needed repositioning activities for
satisfying traffic demand and thus reduce the
costs for shipping lines.
To deal with the critical issue in the maritime in-

dustry, this paper proposes a bilevel solution
framework considering empty container sharing
and exchanging strategies to coordinate the ship-
ping lines in a maritime transportation network and
thus reduce the repositioning activities and improve
the cost effectiveness. In the proposed solution
framework, an empty container matching platform
company and a group of shipping lines are consid-
ered to address the empty container repositioning
problem in a cooperative manner. The core ideal is
inspired by a company N who provides a platform
to facilitate swaps of leased containers among
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shipping lines. This paper extends this idea by
considering an empty container matching platform
company who provides a service that matches
empty containers for a group of shipping lines and
determines the exchange costs for different deficit
ports to achieve a win-win situation where the
matching platform company can maximize its
profits and the shipping lines can satisfy their de-
mands with the minimum costs. Based on the pro-
posed solution structure, there is a pricing problem
where a matching platform company aims to
determine the proper exchange costs at different
ports to maximize profits and the repositioning
plans of empty containers made by shipping lines to
maximize the cost effectiveness.
In the general traffic assignment problem, the

different prices (i.e., costs) for roads affect the be-
haviors of the users in the network. Similarly,
shipping lines change their empty container repo-
sitioning plans according to the exchange costs
determined by the matching platform company that
forms the interactive relationship between the two
parties. Therefore, the proposed problem is formu-
lated as a bilevel programming problem, and a
Karush-Kuhn-Tucker (KKT)-based approach is
applied to solve the problem. In the numerical ex-
periments, a practical Asia-Europe-Oceania ship-
ping network that consists of 46 major ports in Asia
and Europe is applied to validate the proposed so-
lution framework for empty container repositioning.
The results show the benefits of adopting the sharing
and exchanging strategies in repositioning plans.
Moreover, the results of the exchange costs at
different deficit ports are discussed. This research
can provide a new idea and helpful insights
regarding the empty container repositioning issue for
shipping lines in the competitive shipping market.

2. Literature review

Since the issue of empty container repositioning is
significant in the maritime industry, there have been
a great number of papers related to this topic. Kuz-
micz and Pesch [12] analyzed a variety of models and
solution approaches for empty container reposition-
ing problems, and they classified the approaches for
empty container repositioning problems into tech-
nical and optimization methods.
In the optimization methods, mixed integer and

continuous models constructed for the empty
container repositioning problem were solved by
exact algorithms or heuristic approaches. Further-
more, a variety of forms of models were developed,
e.g., assignment, flow, location, routing, and

inventory control models, but the main tendency
was the network flow models that captured the na-
ture of empty container repositioning [12].
Crainic et al. [5] studied the problem of allocating

empty containers in a land distribution and trans-
portation system. This paper was one of the first
studies regarding the repositioning issue and was
often quoted in the literature. In the paper, two
dynamic deterministic formulations for the single
and multicommodity cases were respectively intro-
duced based on practical experience. Moreover, the
various modeling issues related to this problem
were comprehensively explored in the developed
formulations. Shintani et al. [19] provided a simpli-
fied version of the network design problem where
full and empty containers were both considered.
The problem was formulated as a knapsack prob-
lem, and a genetic algorithm-based heuristic was
developed to find the best port calling sequence that
could maximize the profits of shipping lines. Long et
al. [14] developed a time space network model for
the empty container repositioning problem with an
operational level that aimed to minimize the total
empty container repositioning costs. Moreover, a
rolling horizon method was applied to handle un-
certainties in the forecasting data related to the
supply, demand and available ship capacity. The
results showed that the handling costs were the
most sensitive parameter to the total costs. Brouer et
al. [3] studied a cargo allocation problem consid-
ering the repositioning of empty containers for a
shipping line company in which the aim was to
maximize the profits of transported cargo subject to
the costs and availability of empty containers. The
problem was formulated as a multicommodity flow
problem, and a column generation algorithm was
applied to solve the problem.
Moreover, technical approaches solve the empty

container repositioning problem by implementing
foldable containers and connectainers. Zhang et al.
[32] studied the empty container repositioning
problem using foldable containers and considered
the bridge height and water depth constraints in
river-sea intermodal transport. A mathematical
model was constructed to solve the problem, and
the objective was to minimize the total costs. In the
numerical experiments, the near-practical instances
on the Yangtze River in China were used to illus-
trate the effectiveness and efficiency of foldable
containers in container repositioning. There are
other literatures that applied foldable containers to
the empty container repositioning problem, and
interested readers are referred to the following pa-
pers [13,17,18,28,33,35].
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Moreover, according to the classifications pro-
posed by Kuzmicz and Pesch [12], several strategies
are commonly used for the empty container repo-
sitioning problem, e.g., container substitution,
container sharing, and street turn strategies. Among
these strategies, the container sharing strategy is
recommended by several literatures to address the
empty container repositioning issue. In Xu and
Beamon [30], a coordination mechanism was used to
manage the interdependence between organizations
to improve the supply chain performance, and
resource sharing was one of the attributes in the
coordination mechanism. Furtado and Frayret [8]
stated that the concept of resource sharing was a
part of collaborative logistics that could improve the
cost effectiveness and maintain the balance for
companies owning containers in a market. In the
maritime industry, container sharing is a strategy
requiring horizontal cooperation between shipping
lines that results in benefits, such as reduced costs,
improved productivity and strengthened market
positions [6]. Theofanis and Boile [24] examined
empty container logistics at four different levels and
stated that shipping lines could share their empty
containers to match the demands of other shipping
lines.
Some scholars developed a mathematical model

to investigate the coordination mechanism in empty
container repositioning. Song and Carter [21] pro-
posed mathematical programming formulations to
evaluate four strategies depending on whether there
was coordination between shipping lines in the
container flows and whether the sharing strategy
was adopted by them for the empty container
repositioning problem. The numerical results
showed that the route coordination strategy was
better than the container sharing strategy at
decreasing empty container repositioning activities.
Xu et al. [31] studied a sea cargo service chain where
there were one shipping line and two forwarders
providing transportation service between two ports,
and the potential demands were given in advance. A
mathematical model was constructed to analyze
how the pricing and empty equipment repositioning
decisions were made by the shipping lines and
forwarders. The results showed that whether pricing
policies were established, the cargo demands
mainly depended on the potential demand imbal-
ance between the two ports. Regarding the empty
equipment repositioning sharing strategy, the result
showed that there was a threshold determining
which party should undertake the repositioning
costs.

Regarding the issue of container sharing in or
across alliances. Tong and Yan [25] examined the
potential cooperation plans in empty container
repositioning across alliances. An empty pool
repositioning system was proposed in which after
an alliance was established, members could provide
their surplus containers to other members who were
experiencing deficits. Zheng et al. [34] proposed a
two-stage optimization method for studying an
empty container allocation problem considering the
coordination of shipping lines. In the two-stage
approach, the first stage determined a centralized
optimization solution for empty container alloca-
tion, and the exchange costs at different ports were
estimated based on the solution obtained in the first
stage. The numerical experiments showed the
effectiveness of the proposed method.
After reviewing the above literature regarding the

empty container repositioning problem, this paper
summarizes the observations as follows: (1) in most
of the literature, the empty container repositioning
issue is considered as a cargo allocation problem
that is commonly formulated as a network flow
problem; and (2) the container sharing strategy is
seldom discussed in this field. To the best of our
knowledge, there is only one research, which was
published by Zheng et al. [34], that developed an
optimization model for the empty container alloca-
tion problem considering the coordination among
shipping lines. The difference between our work
and the literature [34] is that Zheng et al. [34] pro-
posed a two-phase model to study the empty
container repositioning problem and there were
only the shipping lines considered in the problem
while our work focuses on investigating the rela-
tionship between the empty container matching
platform company and a group of shipping lines.
Further, in our research, a bilevel programming
model is proposed to study the pricing problem of
exchange fee at the deficit ports and the empty
container repositioning problem among shipping
lines.
Therefore, mainly based on the idea of container

sharing, this paper proposes a new solution frame-
work with a bilevel structure for the empty
container repositioning problem considering
sharing and exchanging strategies. In the proposed
framework, a matching platform company
providing empty container matching services and a
group of shipping lines in a given maritime trans-
portation network are considered. The purposes of
the bilevel problem are to maximize the profits of
the matching platform company and to minimize
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the repositioning costs of shipping lines. How the
exchange costs at different ports are determined to
achieve both objectives is the question addressed by
this paper.

3. Solution approach

In this section, we first formally define the prob-
lem, followed by a detailed formulation. The solu-
tion approach proposed to tackle this problem is
then presented based on the mathematical features
of the formulation.

3.1. Problem statement

The purpose of this research is to investigate the
pricing in the empty container exchanging and
empty container repositioning problem to address
empty container sharing in the maritime industry.
In the pricing problem, an empty container match-
ing platform company provides matching services
for the shipping lines within a given maritime
network. The matching platform company de-
termines the price of empty container exchange at
each port to maximize the profit of the matching
platform company. In addition, the shipping lines
determine their empty container dispatching stra-
tegies based on the exchange fees and the surplus
and deficit conditions of empty containers at each
port. The goal of the overall framework is to deter-
mine the optimal price for each deficit port to pro-
mote the exchange activities such that the utilization
of empty containers in a group of shipping lines can
be maximized. In such framework, the matching
platform company can maximize its profit while the
shipping lines can be cost-effective based on the
price determined by the platform. The empty
container matching service can effectively increase
the utilization rate of empty containers and reduce
the empty container repositioning costs, which are
beneficial for both exchanges. An example is illus-
trated in Fig. 1. When there is a situation where the

empty container condition for shipping line A at
port 2 is a deficit and shipping line B can transport
surplus containers to port 2 through its shipping
route or shipping line B has the surplus containers
at port 2, through the matching platform service, the
empty containers of shipping line B can be
exchanged with shipping line A at port 2. Shipping
line A has to pay an exchange fee for the matching
platform service while shipping line B gains a
benefit from the exchange activities. Note that the
rental cost is not considered in this problem. The
main idea of this research is to apply the sharing
economy concept to the empty container reposi-
tioning problem. Therefore, the members partici-
pating in a group, which can be considered as a kind
of alliance, share their resources of empty con-
tainers to other members in this group. Based on
this condition, to promote exchange activities, this
paper applies a mechanism, in which a shipping
line (line A in the example) has to pay an exchange
cost to obtain the required containers from the other
lines, and another shipping line (line B in the
example) can gain a benefit from the removal. In
this case, line A chooses to pay the exchange cost to
satisfy its deficit because it is more cost-effective
than transporting containers from its own surplus
ports which is far from the deficit port. With the
container matching services, shipping lines can
achieve more flexible container use and choose a
more cost-effective way to conduct empty container
repositioning.
In this research, the matching platform company

determines the empty container exchange fee at
each port, and the shipping lines determine the
dispatch plan of empty containers according to the
exchange fee and the surplus and deficit conditions
of empty containers at each port. There is a leader
and follower relationship between the matching
platform company and the shipping lines in which
the dispatching plans of shipping lines vary ac-
cording to the exchange fees at each port; therefore,
the matching platform company should consider the
impact of the exchange fees on the shipping lines’
behaviors when the exchange fees are determined
to maximize its profits. The interactive relationship
between the two parties in the studied problem is
the same as the situation of two competitors in a
Stackelberg game where one competitor (i.e., the
leader) moves first and the other (i.e., the follower)
moves after the leader [22]. Consequently, the pro-
posed problem is said to be a Stackelberg game and
formulated as a bilevel programming problem to
connect the interactive relationship between the
matching platform company and the shipping lines
to optimize the overall problem.

Port 1

Port 2

Port 3

Shipping line A has 10 empty

containers demand at port 2 (deficit)

Shipping line B can transport

10 empty containers from

port 3 to port 2 (surplus)

Matching service meets the need

at port 2 (Shipping line A has to

pay an exchanging cost and

shipping line B can gain a benefit)

Fig. 1. An example about how an exchange activity conducted.
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In the bilevel structure, the pricing problem of the
matching platform company is set to be the upper-
level problem (leader) of the model. The objective is
to maximize the profit of the matching platform
company. A set of subproblems in which each
shipping line determines its repositioning plan is
constructed as the lower-level problem (followers)
of the model. It aims to minimize the total dispatch
costs while considering the flow conservation re-
striction of empty container repositioning in a given
maritime transportation network. When the
matching platform company sets the exchange fee
of empty containers in the upper-level problem, the
impact on the empty container repositioning plan of
shipping lines in the lower-level problem should be
considered in the profit maximization of the overall
problem. Therefore, this research constructs this
problem as a bilevel mathematical programming
model and regards the lower-level problem as the
constraint of the upper-level problem. The model
structure is as follows:

Maximize Profits of the matching platform company
subject to Fee setting limit
Minimize Total repositioning costs for shipping line i
subject to Flow conservation restriction for shipping
line i
where i ¼ 1; 2;…; L

3.2. Assumptions

First, the basic hypotheses are established for the
proposed problem to clarify the scope and limita-
tions of this research. The time dimension has to be
considered when an empty container repositioning
model is constructed. However, if the divisions of
time are excessively exact, the complexity of the
problem can increase significantly, which makes the
problem difficult to solve. This research focuses on
exploring the relationship between the pricing and
repositioning problems of the matching platform
company and the shipping lines. Therefore, the
exact time dimension and the constraint for the
available space of container ships are not consid-
ered in the proposed model. Alternatively, accord-
ing to Zheng et al. [34], in a practical ship route, the
service frequency is usually one week. To simplify
the problem, this research assumes that the service
frequency of ship routes is fixed with one week unit.
Moreover, based on Christiansen et al. [4], it is
common for shipping lines and shippers to conduct
business under long-term contracts. For some
shipping lines, long-term contracts account for
80e95% of their overall operations. Therefore, this

research assumes that the shipping demands of
shipping lines at each port are predetermined, fixed
and not affected by uncertain factors. The surplus
and deficit conditions of empty containers then can
be obtained through the given weekly demand of
each shipping line. Moreover, the assumption that
the total supply of empty containers is greater than
the total demand of empty containers is made in this
research to ensure the feasibility of the proposed
model. Furthermore, in the empty container repo-
sitioning model, it is assumed that all the shipping
lines can obtain the complete information of the
given maritime transport network and they will
adopt the repositioning plan that can benefit
themselves the most without being affected by un-
certain factors.

3.3. Mathematical formulation

Before presenting the bilevel mathematical pro-
gramming model, the notations are first defined as
follows.

Based on the definitions of sets, parameters and
decision variables, we present the following upper-
level and lower-level program in the bilevel pro-
gramming formulation.

3.3.1. Upper-level model

Maximize
X
ieL

X
jeL;jsi

X
meSPi

X
neDPj

xijmn �
�
a�yn�b

� ð1Þ

Sets
L Set of shipping lines
P Set of ports
SPl Set of surplus ports of shipping line leL
DPl Set of deficit ports of shipping line leL
DP Set of deficit ports
Parameters
a The percentage of the exchange fee obtained by the

platform company.
glm The number of empty containers at port meP for shipping

line leL. (A positive value represents a surplus while a
negative value is a deficit.)

∁mn The average transportation costs of one empty container
from port meP to port neP.

b The benefit gained by a shipping line that transports
surplus empty containers to a deficit port or exchanges
surplus empty containers at a deficit port.

Decision
variables

xijmn The weekly number of empty containers transported by
shipping line ieL from surplus port meSPi to deficit port
neDPj for shipping line jeL.

yn The exchange fee of port neDP.
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Subject to

yn � 0; cn eDP ð2Þ
The matching platform company aims to

maximize its profits by properly setting prices.
Constraint (1) is the objective function of the upper-
level model. There are two terms in the objective
function. The first one is the revenue generated
from the lines who choose to exchange containers
at their deficit ports so that they should pay
the exchange fees to the platform company
(
P

ieL
P

jeL;jsi
P

meSPi

P
neDPjx

ij
mn � a� yn). The

second term is a negative term
(
P

ieL
P

jeL;jsi
P

meSPi

P
neDPjx

ij
mn � b), which is designed

to promote the exchange activities. The platform
company has to pay the fee, b to lines who conduct
the exchange activities that satisfy the demand at
the deficit ports. Constraint (2) is a non-negative
constraint.

3.3.2. Lower-level model

Minimize
X
jeL

X
meSPi

X
neDPj

xijmn � ∁mnþ
X
jeL;jsi

X
meSPj

X
neDPi

xjimn

� ym �
X
jeL;jsi

X
meSPi

X
neDPj

xijmn � b

ð3Þ
Subject to

X
jeL

X
neDPj

xijmn � gim; cm e SPi ð4Þ

X
jeL

X
meSPj

xjimn¼ � gin; c n eDPi ð5Þ

xijmn � 0; cm;n e P; c i; je L ð6Þ

where i ¼ 1; 2;…; L.
In the lower-level model, the repositioning plans

of the shipping lines for empty containers are
made according to the exchange fee and the sur-
plus and deficit condition at each port. Note that
the decision maker of the lower level problem is a
group of shipping lines in the given shipping
network who make their own plan to make the
supply/demand meet based on the exchange fees
determined by the platform company. Therefore,
there is a set of subproblems (minff ðxÞi : x2Sg;c
i ¼ 1; 2; …; L; where S is the constraint region) in
the lower level problem. The objective function (3)
aims to minimize the total repositioning costs. The
total costs mainly consist of three parts: the

average transportation costs of repositioning, the
exchange fees paid to the matching company, and
the benefits gained from conducting the exchange
activities. Constraints (4) and (5) ensure the flow
conservation restriction of empty container repo-
sitioning in a given maritime transportation
network. Constraint (4) establishes that the total
number of empty containers transported from a
surplus port cannot exceed its surplus. Constraint
(5) ensures that the demand for empty containers
at a deficit port can be met after repositioning.
Constraint (6) is a non-negative constraint. As
constraints (1) to (6) correspond to a bilevel pro-
gramming problem, which is difficult to solve
directly, we attempt to transform it into a single
level program in the following. Note that in a
general traffic assignment problem, to explore the
core strategy of the research, the traffic flow is
usually considered as a continuous decision vari-
able instead of a discrete one. This research fo-
cuses on exploring the interactive relationship
between the pricing of container exchanging and
container repositioning. Under this consideration,
the empty container transportation volume in the
maritime transportation network is considered to
be a continuous variable.

3.4. Karush-Kuhn-Tucker (KKT) conditions

In a bilevel programming problem, the KKT-
based approach is one of the most successful solu-
tion methods. As indicated in Gumus and Floudas
[10], in a bilevel programming problem, the lower-
level problem can be replaced with its equivalent
KKT conditions and become the constraints of the
upper-level problem. Consequently, the resulting
formulation is a single level problem and can be
solved efficiently by developing a proper algorithm.
The bilevel model proposed in Section 3 shows that
there is a set of multiple sub problems (followers)
contained in the lower-level problem. This research
applies an extended KKT approach based on Lu et
al. [15] to the bilevel problem with multiple fol-
lowers. To deal with the bilevel decision problem,
the fundamental idea of the extended KuhneTucker
approach is to replace each follower's problem with
its equivalent KKT conditions and add the gener-
ated conditions into the leader's problem [15].
Furthermore, only when the lower-level problem

is convex are the KKT optimality conditions neces-
sary and sufficient for guaranteeing the optimum in
the lower-level problem. We next show the con-
vexity of the lower-level problem in the proposed
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bilevel formulation. To show the convexity, the
objective function of the lower-level problem
constraint (3) has to be proven to be convex. We can
derive the Hessian matrix of the objective function
of the lower-level problem as follows.

H¼

2
6666664

v2f

vx1111
2 /

v2f
vx1111vx

ij
mn

« 1 «

v2f
vxijmnvx

11
11

/
v2f

vxijmn
2

3
7777775

ð7Þ

Since the first-order derivative of the lower-
level objective function with respect to each variable
is constant (∁mn þ yn � b;cm;n; i; j), the determinants
of any submatrix in the Hessian equals zero and the
Hessian is positive semidefinite. Based on Arora [1],
if the objective function is a convex function defined
on a convex feasible set, the KKT conditions are
sufficient and necessary for a global optimum so-
lution. Since the objective function of the lower-
level problem is proven to be convex and the con-
straints are linear, the KKT conditions are equiva-
lent to the lower-level optimization problem, and
the KKT optimality conditions for the lower-level
problem proposed in Section 3.3 are derived as
follows. We first dualize the lower-level constraints
into the following function.

where i ¼ 1; 2;…; L.
Constraint (8) is the Lagrangian function corre-

sponding to the lower-level problem, where ui;m; vj;n;
and u

ij
mn are the KKT multiplier variables associ-

ated with constraints (4), (5) and (6), respectively. To
ensure an optimal solution for the original bilevel
problem, ðyn; xijmn; ui;m; vi;n; u

ij
mnÞ, the following

necessary and sufficient conditions must to be
satisfied by ðxijmn; ui;m; vi;n;u

ij
mnÞ at a fixed yn.

Vxijmn
$Li

�
yn;xijmn;ui;m;vi;n;u

ij
mn

�¼0; cm; n e P;ci; j e L

ð9Þ

X
jeL

X
neDPj

xijmn � gim � 0; c ie L;cm e SPi ð10Þ

X
jeL

X
meSPj

xjimn þ gin ¼ 0;ci e L; cn eDPi ð11Þ

�xijmn � 0; cm;n; i; j ð12Þ

ui;m�
0
@X

jeL

X
neDPj

xijmn�gim

1
A¼0; cie L;cme SPi ð13Þ

uij
mn�

��xijmn

�¼0; cm;n; i; j ð14Þ

ui;m � 0;cie L; cm e SPi ð15Þ

uij
mn � 0; cm;n; i; j ð16Þ

Constraint (9) is the stationarity condition cor-
responding to the decision variables in the lower-
level problem. Constraints (10)e(12) ensure the
primal feasibility. Constraints (13) and (14) are the
complementary slackness conditions. Constraints
(15) and (16) hold the dual feasibility. Constraints
(9)e(16) are equivalent to the KKT optimality con-
dition of the lower level program and hence can
replace constraints (3)e(6) in the original
formulation.
After the lower problem is transformed as the

KKT optimality conditions, the active set strategy

technique can be employed to replace the comple-
mentary slackness constraints in the KKT condi-
tions. The complementary slackness constraints are
the most difficult parts in solving the KKT condi-
tions. Based on Grossmann and Floudas [9], in the
active set strategy, a binary variable, Zk, that is
associated with each complementary constraint k
and chooses which set of constraints in the com-
plementary conditions would be active is intro-
duced. The complementary slackness constraints
ðuk ,qk ¼ 0; ckÞ can be transformed as follows.

uk�M$Zk � 0; ck ð17Þ

Li
�
yn;xijmn;ui;m;vi;n;u

ij
mn

�¼
X
jeL

X
meSPi

X
neDPj

xjimn� ∁mnþ
X
jeL;jsi

X
meSPj

X
neDPi

xjimn�ym�
X
jeL;jsi

X
meSPi

X
neDPj

xijmn�bþui;m

�
0
@X

jeL

X
neDPj

xijmn�gim

1
Aþvi;n�

0
@X

jeL

X
meSPj

xjimnþgin

1
Aþuij

mn �
��xijmn

� ð8Þ
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qk�M$ð1�ZkÞ � 0; ck ð18Þ

uk;qk � 0; ck ð19Þ

Zk2f0;1g; ck ð20Þ
where uk is the multiplier of constraint qk in the
lower problem, and M is a large number.
By employing the KKT approach and the active set

strategy, we can transform the original bilevel
formulation (constraints (1)e(6)) into a single level
mix-integer quadratic problem (constraints (1)e(2)
and constraints (9)e(16)) where the objective func-
tion is second order polynomial terms and the
constraints are linear. The complete single level
problem is showed as follows.

Maximize
X
ieL

X
jeL;jsi

X
meSPi

X
neDPj

xijmn �
�
a�yn�b

� ð21Þ

Subject to

yn � 0; cn eDP ð22Þ

Vxijmn
$Li

�
yn;xijmn;ui;m;vi;n;u

ij
mn

�¼0; cm;n e P;ci; j e L

ð23Þ
X
jeL

X
neDPj

xijmn�gim � 0;cie L; cm e SPi ð24Þ

X
jeL

X
meSPj

xjimnþgin ¼ 0; cie L; cn eDPi ð25Þ

�xijmn � 0; cm;n; i; j ð26Þ

uk�M,Zi;m � 0; ci;m ð27Þ
0
@�

X
jeL

X
neDPj

xijmnþgim

1
A�M, ð1�Zi;mÞ � 0; ci;m ð28Þ

uij
mn�M,Qi;j;m;n � 0; ci; j;m;n ð29Þ

xijmn�M,
�
1�Qi;j;m;n

�
� 0; ci; j;m;n ð30Þ

Zi;m;Qi;j;m;nef0;1g ð31Þ

ui;m � 0; ci e L;cm e SPi ð32Þ

uij
mn � 0;cm;n; i; j ð33Þ

Note that in the primal bilevel problem, there is
no quadratic formulation since the decision vari-
ables of the upper-level (lower-level) problem are

the parameters of the lower-level (upper-level)
problem. Note that the quadratic formulation is
formed only when the bilevel problem is trans-
formed into a single level problem. The decision
variables of the upper-level and lower-level prob-
lems (i.e., xijmn and yn, respectively) form the
quadratic formulation in the objective function of
the upper-level problem.

4. Numerical experiment

In this section, the proposed solution framework
is empirically applied to the instance revised from
the realistic data. The proposed bilevel program-
ming model is solved by using the commercial
optimization package Gurobi® 9.0.3, and all the
procedures are implemented in the C# program-
ming language and performed on a Windows-based
machine with a 1.8 GHz CPU processor and 8 GB of
RAM.

4.1. Data description

To validate the proposed empty container sharing
strategy, a practical Asia-Europe-Oceania shipping
network that consists of 46 major ports in Asia and
Europe [16] is applied to the numerical experiments,
as shown in Fig. 2.
Furthermore, there are three shipping lines

(shipping line 1, shipping line 2, and shipping line 3)
considered in the numerical experiment to estimate
the effectiveness of the proposed solution strategy.
The origin-destination pairs of weekly shipping
demands for the shipping lines are generated based
on the data provided by Zheng et al. [34]. To obtain
the average transportation costs between two ports,
this research simply considers the container ships
with a capacity of 5000 TEUs used by the shipping
lines. According to Stopford [23], the bunker costs
account for most of the ship operating costs; there-
fore, this research assumes that the bunker costs
between two ports represent the average trans-
portation cost, ∁mn, from port m to port n; and based
on Brouer et al. [2], the bunker costs can be calcu-
lated as ∁mn ¼ 0:03� Distancemnðn mileÞ. Moreover,
in this study, to promote exchange activities, we
assume that there is an exchange benefit, b for
shipping lines who conduct exchange activities that
satisfy the demand at the deficit ports. Therefore,
the price of deficit ports is affected by the value of b.
That means when the value of b is greater, the price
of deficit ports becomes greater. In current research,
we focus on studying the relationship between the
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pricing and repositioning problems. Therefore, this
study only sets a constant value for b (600$/
container) which can make the resulting price sen-
sible. Furthermore, the percentage of the exchange
fee obtained by the platform company, a is set as 1.4
in this numerical experiment.

4.2. Numerical results

In the first numerical experiment, two scenarios
(Scenario 1 and Scenario 2) are set to validate the
effectiveness of the proposed container sharing
strategy and explore the advantage of container
exchanging within the maritime transportation
network. In Scenario 1, the shipping lines apply the
container sharing strategy; and in Scenario 2, the
shipping lines do not apply the container sharing
strategy that means each shipping line has to meet
its demand by transporting empty containers from
its own surplus ports to its deficit ports. If the deficit
is greater than the surplus, a penalty is given per
container (600$/container). The results are shown in
Table 1.

Since the total costs for the shipping lines in the
lower-level problem mainly consist of three parts,
including the transportation costs of repositioning,
the exchange fees paid for the matching company,
and the benefits gained from conducting the ex-
change activities, the total empty container repo-
sitioning costs for shipping lines is the sum of
the three terms. In Scenario 1, the total empty
container repositioning costs for shipping lines 1, 2,
and 3 are 15.98, 16.23 and 6.23 (105$), respectively.
However, for Scenario 2, the shipping lines do not
adopt the sharing strategy, and thus the shipping
lines have to transport their empty containers from
the surplus port to the deficit port by themselves or
lease containers, which considerably increases the
costs. Although the transportation costs of shipping
lines 1 and 3 in Scenario 1 (15.98 and 6.23) are
greater than the costs in Scenario 2 (14.30 and 3.11),
the total empty container repositioning costs are
lower by considering the sharing strategy (10.41
and 2.65). Moreover, the total transportation cost of
all the shipping lines in Scenario 1 (38.44) is lower
than the cost in Scenario 2 (59.81). The results show

Fig. 2. Asia-Europe-Oceania shipping network [16].

Table 1. Comparison between two scenarios.

Scenario 1 Scenario 2

Shipping line 1 Shipping line 2 Shipping line 3 Shipping line 1 Shipping line 2 Shipping line 3

Transportation cost, Cmn (105$) 15.98 16.23 6.23 14.30 42.42 3.11
Exchange cost, yn (105$) 23.51 26.22 15.67 e e e

Exchange benefit, b(105$) 29.08 32.77 19.28 e e e

Total cost (105$) (Cmn þ yn � b) 10.41 9.68 2.65 14.30 42.42 3.11

Objective value (105$) 3.92 e
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Table 2. The assignment of empty containers between the shipping lines.

i j m n xijmn i j m n xijmn i j m n xijmn

0 0 2 20 583 1 0 4 37 107 2 0 2 15 69
0 0 2 29 22 1 0 7 17 759 2 0 3 12 42
0 0 3 13 98 1 0 7 21 24 2 0 3 35 48
0 0 3 17 97 1 0 8 16 201 2 0 7 15 324
0 0 3 39 186 1 0 10 13 218 2 0 12 10 119
0 0 4 11 5 1 0 12 41 39 2 0 14 19 95
0 0 4 15 337 1 0 14 17 463 2 0 16 18 358
0 0 4 18 166 1 0 16 18 69 2 0 23 24 5
0 0 5 13 128 1 0 16 30 18 2 0 23 45 151
0 0 6 15 87 1 0 16 43 262 2 1 0 21 71
0 0 23 34 48 1 0 22 11 392 2 1 4 17 288
0 0 25 11 31 1 0 22 12 17 2 1 4 40 361
0 0 25 14 249 1 0 22 45 73 2 1 12 9 187
0 0 26 11 652 1 0 25 17 418 2 1 13 30 14
0 0 26 27 4 1 0 25 34 28 2 1 22 37 261
0 0 32 41 121 1 0 26 17 22 2 1 24 32 171
0 0 38 7 19 1 0 26 18 271 2 1 25 19 148
0 1 0 6 299 1 0 29 36 5 2 1 26 5 227
0 1 0 45 90 1 0 35 34 86 2 1 29 30 138
0 1 1 15 385 1 0 43 10 105 2 1 34 41 61
0 1 4 1 136 1 1 0 21 165 2 1 35 33 28
0 1 4 9 194 1 1 0 30 48 2 1 43 17 43
0 1 4 13 9 1 1 2 36 172 2 2 8 17 205
0 1 4 20 200 1 1 3 13 35 2 2 10 11 72
0 1 5 28 64 1 1 3 19 236 2 2 12 5 177
0 1 8 9 202 1 1 4 21 335 2 2 14 37 119
0 1 23 6 65 1 1 4 37 63 2 2 23 31 64
0 1 23 33 409 1 1 4 39 104 2 2 24 18 79
0 1 26 17 1029 1 1 4 44 538 2 2 26 20 66
0 1 28 42 107 1 1 8 11 216 2 2 26 36 66
0 1 33 37 96 1 1 8 18 5 2 2 38 32 13
0 1 38 9 93 1 1 8 31 194 e e e e e

0 1 42 27 66 1 1 12 15 558 e e e e e

0 1 44 30 146 1 1 12 33 13 e e e e e
0 2 0 1 45 1 1 12 41 226 e e e e e

0 2 0 37 87 1 1 16 18 231 e e e e e

0 2 2 6 121 1 1 16 27 161 e e e e e
0 2 4 15 256 1 1 23 32 505 e e e e e

0 2 4 21 130 1 1 24 21 197 e e e e e

0 2 9 15 191 1 1 26 5 263 e e e e e

0 2 23 40 5 1 1 26 30 392 e e e e e
0 2 31 21 126 1 1 26 42 128 e e e e e

0 2 40 17 220 1 1 29 37 199 e e e e e

0 2 40 27 76 1 1 34 6 185 e e e e e

e e e e e 1 1 38 6 38 e e e e e
e e e e e 1 1 43 36 26 e e e e e

e e e e e 1 2 2 39 34 e e e e e

e e e e e 1 2 7 13 15 e e e e e

e e e e e 1 2 7 41 96 e e e e e
e e e e e 1 2 7 42 78 e e e e e

e e e e e 1 2 12 32 212 e e e e e

e e e e e 1 2 13 9 21 e e e e e
e e e e e 1 2 13 28 21 e e e e e

e e e e e 1 2 14 44 179 e e e e e

e e e e e 1 2 16 6 128 e e e e e

e e e e e 1 2 16 9 204 e e e e e
e e e e e 1 2 22 33 150 e e e e e

e e e e e 1 2 22 45 30 e e e e e

e e e e e 1 2 23 40 155 e e e e e

e e e e e 1 2 24 30 353 e e e e e
e e e e e 1 2 29 17 28 e e e e e

e e e e e 1 2 29 19 181 e e e e e
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the advantage of adopting the container sharing
strategy in the shipping market. The detailed
assignment of empty containers between the ship-
ping lines adopting the exchanging strategy is
shown in Table 2.
The following part studies the results of the empty

container exchange costs of the deficit ports. Fig. 3
shows the average empty container exchange costs
of the deficit ports in different regions.
By comparing the exchange costs of the deficit

ports in different regions, it can be found that the
deficit ports in Asia have higher exchange costs, e.g.,
the average exchange costs of the ports in China,
Japan, and Southeast Asia are 472.91, 433.88, and 498
($), respectively, while the average exchange costs of
the ports in Europe are 178.83 ($). The considerable
difference is caused by the imbalance of the imports
and the exports in the trade between Asia and
Europe. Most of the empty containers are accumu-
lated at the ports in Europe, which leads to the
lower empty container exchange costs compared
with the ports in Asia.

5. Conclusions

This paper investigates an empty container
repositioning problem where a matching platform
company provides empty container matching
services for shipping lines within a given mari-
time transportation network. Because there is a
leader and follower relationship between the
matching platform company and the shipping
lines, the studied problem is formulated as a
bilevel programming problem. To solve the bile-
vel problem, a mathematical formulation with a
bilevel structure is constructed, and a KKT
approach is applied.

The results of numerical experiments show that
(1) the shipping lines that adopt the container
sharing strategy can decrease the costs of empty
container repositioning comparing to the shipping
lines without sharing strategy; (2) although two of
the shipping lines get greater transportation costs by
adopting the sharing strategy, the total trans-
portation cost of all the shipping lines is lower than
the cost of shipping lines without the sharing
strategy; (3) the exchange costs for empty containers
at the deficit ports are estimated; and (4) the
imbalance condition of imports and exports be-
tween the trade of Asia and Europe can also be
observed according to the exchange costs.
Since this paper focuses on demonstrating the

core idea of the bilevel structure between a match-
ing platform company and shipping lines for the
coordination in empty container repositioning,
there are some limitations in the proposed work. For
example, the time dimension issue is simplified, the
shipping demand is fixed, and only the bunker costs
are considered in the operating costs in the pro-
posed model. In future work, this research can be
extended in many ways. First, there are several costs
that have to be considered in the total operating
costs, e.g., the bunker costs, the inventory costs, and
the container handling costs. Second, the laden
container routing problem and the capacities of
ships have to be considered in the shipping
network. Third, the setting of the benefit, b is an
important issue which should be considered as a
decision variable which will be affected by the price
of deficit ports, the exchange activities among lines,
and the transportation cost. Finally, this research
can also be extended by establishing a long-term
repositioning plan considering the shipping routes
with time windows to make the proposed strategy
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more practical for empty container repositioning in
the maritime industry.
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