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RESEARCH ARTICLE

Free Vibration Analysis of a Free-Free Single-Tapered
Beam Carrying Arbitrary Concentrated Elements
Using Modified Mode-Superposition

Method (MMSM)

Chia-Chin Wu
Department of Mechanical and Energy Engineering, National Chia-Yi University, Chia-Yi, Taiwan

Abstract

The literature contains scant information on the free vibration analyses of the loaded single-tapered beams (STBs) (i.e.,
STBs carrying concentrated elements (CEs)) Furthermore, even when such studies have been performed, they generally
only consider the case of constrained (e.g., free-clamped (F-C)) beams. In other words, the problem of unconstrained
(e.g., free—free (F-F)) loaded STBs has not yet to be addressed. Thus, the present study employs the modified mode-
superposition method (MMSM) to investigate the free vibration characteristics of the F-F loaded STB carrying arbitrary
various CEs. The investigation focuses particularly on the natural frequencies and mode shapes of the rigid-body mo-
tions and elastic vibrations of the STB. The presented MMSM differs from the conventional mode-superposition
method (CMSM) in that the mode shapes of the rigid-body motions of the F-F bare STB are also taken into account,
whereas the CMSM considers only the elastic vibration of the STB. The numerical results show that, for the considered
F-F loaded STB problem, the CMSM provides neither any information regarding the rigid-body motions of the beam,
nor any satisfactory solutions for the elastic vibrations. The correctness of the presented theory and developed computer
code is demonstrated by comparing the numerical results obtained using the proposed MMSM with those obtained from
the finite element method (FEM). It is shown that the two sets of results are in good agreements.

Keywords: Single-tapered beam (STB), Bare beam, Loaded beam, Rigid-body motions, Elastic vibrations, Modified
mode-superposition method (MMSM)

1. Introduction have been presented, most consider only uniform
beams, e.g., [1,14,17,18,26,33]; and [25]. In other
words, the literature contains relatively few

I n engineering, the vibration characteristics of
studies on non-uniform beams. Some of these

some structural systems can be evaluated by

using those of a uniform or non-uniform beam
carrying various concentrated elements (CEs),
such as lumped masses, translational springs,
rotational springs, and/or spring-mass systems.
However, among the many related studies which

studies are briefly reviewed in introduction of the
article presented by [35]. Of those studies which
have been performed on non-uniform beams,
most focus on the problem of bare beams, i.e.,
beams carrying no CEs [2,7,8,13,15,20,21]; and
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[16]. That is, loaded beams carrying only one or
two concentrated elements (CEs) have seldom
been discussed [19,22]; and [12]. For uniform or
non-uniform loaded beams carrying more than
two CEs located at arbitrary positions along the
beam length (such as [3,4,9,33,34]; and [35], the
vibration problem is complex and intractable.
Thus, such problems are most conveniently
solved using the mode-superposition method
(MSM) [33—35].

Generally speaking, non-uniform beams may be
single-tapered or double-tapered, and may have
various constrained boundary conditions (BCs),
including pinned-pinned (P-P), clamped-clamped
(C-C) or free-clamped (F-C). To the best of the au-
thor's knowledge, the free vibration of uncon-
strained free-free (F-F) single-tapered beams (STBs)
has not yet been investigated in the literature. The
present study addresses this gap using the modified
mode-superposition method (MMSM) previously
presented by [31,32]. For the problem considered in
the present study, the MMSM formulation com-
prises three parts: (i) determining the exact solu-
tions for the natural frequencies and normal mode
shapes of the F-F bare STB associated with elastic
vibrations; (ii) determining the exact solutions for
the natural frequencies and normal mode shapes of
the F-F bare STB associated with rigid-body mo-
tions; (iii) obtaining the natural frequencies and
mode shapes associated with the coupled rigid-
body motions and elastic vibrations of the F-F
loaded STB using MSM with the effects of various
CEs and rigid-body motions of the F-F bare STB
taken into account. Notably, conventional MSM
(CMSM) does not consider the effects of rigid-body
motions of the F-F bare STB, and hence cannot
provide any information regarding the rigid-body
motions of the F-F loaded STB or its elastic vibra-
tions. By contrast, all the last drawbacks of the
CMSM have been removed from the MMSM. In
order to confirm the correctness of the MMSM re-
sults, all numerical examples are also solved with
the FEM, and it is found that all numerical results
obtained from MMSM are in good agreements with
those obtained from FEM.

2. Formulation of MMSM

This section derives the detailed formalisms of the
three parts described above, namely: (i) free elastic
vibrations of the F-F bare STB; (ii) free rigid-body
motions of the F-F bare STB; and (iii) free elastic
vibrations coupling with rigid-body motions of the
F-F loaded STB carrying various CEs.

2.1. Free elastic vibrations of F-F bare STB

This subsection derives the exact solutions for the
natural frequencies and associated normal mode
shapes of the F-F bare STB during free elastic vi-
bration. Fig. 1(a)—(c) present the top, front, and left-
side views, respectively, of the considered truncated
F-F STB. As shown, the breadth of the beam is
constant, i.e., by = by = b, while its height at the
small end (located at x = Ly) is hy and that at the
large end (located at x = L;) is h;. Finally, the beam
length is given by L = L; — Lo.

For the non-uniform Euler-Bernoulli bare beam
shown in Fig. 1, the equation of motion is given by
[7,8,35] as

0 lET ) Ouy (x,t)

2
a2 o | TPAN =

0 1)

where u,(x,t) is the transverse deflection of the
beam at axial coordinate x and time f, E is the
Young's modulus of the beam material, p is the mass
density. In addition, A(x) is the cross-sectional area
of the beam and I(x) is the moment of inertia of area
A(x) about the z-axis.

For free vibrations, one has

y (x,£) = W (x) & 2)

where W(x) is the amplitude of the deflection
function u,(x, t), w is the natural frequency of the
bare beam, and j = /1.

From Egs. (1) and (2), one obtains

&2 [ - W)
s [EI (x) 2

If the values of A(x) and I(x) appearing in Eq.
(3) take the forms

} — pAX) W (x) =0 (3)

A(x)=A;(x/L,) and I(x) =TI, (x/L, )" (4a,b)
or

A(§)=Aif" and I(§) =& (5a,b)
with

E=x/L (6)

then the solution of Eq. (3) is given by [35]; and [28]
as

W) =x "2 [c]y (@) + &Yy () + sl (2) + ek (2)| ()

In Egs. (4) and (6), Ly is the length of the com-
plete tapered beam from the sharp end (i.e. the
origin “o” of the axial coordinate x) to the large end,
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Fig. 1. Schematic illustrations of truncated F-F single-tapered beam: (a) top view; (b) front view; (c) left-side view. The distance from the center of
gravity (c.g.) of the bare beam, C, to the large end is given by f = (L1 /3)(1 + & — 25(2)) /(1 + &), where &y = Lo/L4.

while A; and I; denote the cross-sectional area and
moment of inertia of the large end, respectively.
Furthermore, in Eq. (7), ], and Y, are the p-th order
Bessel functions of the first kind and second kind,
respectively, I, and K, are the p-th order modified
Bessel functions of the first kind and second kind,
respectively, and ¢; ~ ¢; are integration constants
determined by the BCs. In addition,

z=20L.£Y? = 2612 (8)

54 = wZPAl/ (Ejl) 9)

From Fig. 1, the height of the sectional area
located at axial position x is given by

hx:hl (.X'/Ll) :h1§ (10)

Thus, the sectional area, A(x), and sectional
moment of inertia, I(x), of the STB are given
respectively as

A(x) =bh, = bhi§ = A& (11)

1(x) == bl = —phP2° = 1,2 (12)
120 12! !

where

(13a,b)

Comparing Eqs. (11) and (12) with Egs. (4a,b) or
(5a,b) one finds that, for a STB, the order of the
Bessel functions is

_ 1
Ar=bh, T = b}

p=1 (14)
Substituting this value of p into Eq. (7) yields

W(x)=x"|ci],(z) + 2, (2) + 631, (2) + K, (2)
(15)
where the constants, c; — c;, are determined by the

BCs of the beam [28], e.g.,

m

(i) M(x) =EI(x) W' (x) =0, Q(x) = —EI(x) W' (x)
=0 atfreeend
(16a,b)

(ii) W(x)=0, W'(x) =0 at clamped end (17a,b)

(iii) W (x) =0, M(x) = EI(x)W" (x) = 0 at pinned end
(18a,b)

For the F-F STB shown in Fig. 1, from Egs.
(16a,b) one has

WH(LO) :0, W///(LO)

0 (19a,b)

"

W'(L1)=0, W'(L;)=0 (20a,b)

Substituting Eq. (15) into Egs. (19a,b) and
(20a,b) produces [28].

c1Js(20) + ©2Y3(20) + cs15(20) + caKs(z0) =0 (21a)
c1)a(z0) + 2 Ya(z0) — csla(z0) + caKa(zo) =0 (21b)
a1fs(z1) +@2Y3(z1) + el (z1) + eKs(z1) =0 (21c)
c1fa(z1) +2Ya(z) — csla(z1) + caKa(z1) =0 (21d)

where
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20=20L:6)%, 7 =26L.&y* =26Ly, & =Lo/L
(22a,b,¢)

The non-trivial solution of Eqgs. (21a—d) re-
quires that

o 3 A
4(20 4(20) —lalZo 4(Z0) | _

Ji(z1) Ys(z1) Li(z1) Ks(z) =0 23)
]4(21) Y4(Zl) —14(21) K4(Zl)

which is the frequency equation for the F-F STB.
From this equation, the values of g=4§,
(r=1,2,3,...) can be obtained using the half-interval
method [11,28], while the corresponding natural
frequencies can be obtained directly from Eq. (9) as

w,:ﬁf,/EL/(pAl) (r=1,2,3,..) (24)

Finally, the corresponding mode shapes are
determined by Eq. (15) as

W, (x) =x {Cl Ii(z) +aY, (z) + el (z) + K, (2)

(25a)

or

W,(6) =L, 211 (z) + 2 Ya(z,) + sl () +caKa (z,)]
(25b)

where

2, =26,L18Y2 =28,L,(x/L;)"/? (26)

The mode shapes W, (£) given by Eq. (25b) are
the natural mode shapes. However, MSM requires
the normal mode shapes rather than the natural
ones and hence the former mode shapes must first
be determined using the following procedure.

The orthonormality conditions for the normal
mode shapes are given by [28] as

/W&wmaﬁMme=% (27)

where 6, is the Kronecker's delta.
For convenience, one sets

W,(£) =AW, (2) (28)

Substituting Egs. (28) and (11) into Eq. (27), with
s = r, produces
1

~ ~2
A=A, [ W,(£)+pAE-W,(£)+Lydt =1 (29)

Intr?o)ducing Eq. (25b) into Eq. (29) leads to

~ ~2 ~
A=A pAB, =1 (30)

where

1 2

B,= / {Clrjl (z0) +cY1(zr) +c3 i (20) + e Ka(z0) | dE
¢o
(31)
From Eq. (30) one obtains

A =1 / pA1B, (32)

Finally, from Eq. (28), one obtains the rth
normal mode shape as

W, (8) =AW, (£) = W,(8) / V pAB, (33)

The analytical integration of Eq. (31) is difficult.
Thus, in the present study, the values of
B,(r=1,2,3,...) are obtained from the numerical
integrations using Simpson's rule [10,27]; and [30]. It
is noted that the integration is performed from
x=Lotox=1L; (or £ =&y to £ = 1.0) with £ =x/L,
and &y = Ly/L, (see Fig. 1).

2.2. Free rigid-body motions of F-F bare STB

This subsection derives the natural frequencies
and associated normal mode shapes of the consid-
ered F-F bare STB during free rigid-body motion.
The location of the center of gravity (c.g.) of the bare
STB, C, is determined as follows (see Figs. 1 and 2):

The total mass of the STB is given by

1 1
Mres :Pboi (ho+h1)(Ly — Lo) = EpAlLl(l +£0)(1—5o)
(34)
Furthermore, the mass moment of the STB

about the origin o is given by
L 1

Mneitc = / pboh(x)xdx = pbo / (1) « £ « Lyds
Lo ‘50

—joaiti(1-2)
(35)

Thus, from Egs. (34) and (35), one obtains the
axial coordinate for the c.g. of the STB as

2 (146 +E
Xc —§L1 (71 T go ) (36)

The distance of the c.g. (C) from the large end
of the STB is given as (see Fig. 1)
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Fig. 2. Schematic illustration of free—free (F-F) STB carrying n + 1 sets of concentrated elements (CEs) with each set of CEs consisting of a lumped
mass m; (with eccentricity e; and rotary inertia J;) and a translational spring with stiffness k;;: (a) top view; (b) front view.

2
o3 <M) (37)

f=li—xc=3 145,

From [31,32]; the two natural mode shapes for
the rigid-body (heave and pitch) motions of the F-F
bare STB are obtained as

Wi(x)=C; (heave), W,(x)=Cy(x—xc) (pitch)
(for Lo <x<L)
(38a,b)

or

Ws (‘E) =G (heave), Wz(S) =1,G, (E — EC) (pltCh)
(for£,<£<1.0)
(39a,b)

where

g:.X'/Lh gc :.X'C/Ll, 50:L0/L1 (40a,b,c)
According to the xyz coordinate system shown
in Fig. 1, Eq. (38a) represents the translation of the
entire F-F STB in the transverse y-direction, while
Eq. (38b) represents the rotation of the entire F-F
STB about its c.g. (C).
In order to determine the associated normaliza-
tion factors, one sets (see Egs. (27) and (38a,b))

~ ~

Wa(x)=Cr, Wi(x) = Co(x —xc) (41a,b)

Ly

/

Lo

~2

PAX)W, (x)dx=1 (for r=1,2,...) (41c)

Substituting Egs. (11) and (41a) into Eq. (41c¢) for
r =1 yields

Ly 1
~ 2 ~2
/ PAG) W, (x)dx— / pALEC, Ly
Lo o
1 2
= pALi(1-8)C =1 (42a)

Thus, the normalization factor for the first
rigid-body mode shape is given by

Ci=1 / %pAlLl(l—gg) (heave) (42b)

Similarly, substituting Eqs. (11) and (41b) into
Eq. (41c) for r = 2 gives

L] Ll
~2 ~2
/,oA(x)Wz(x)alxzLl,oAlc2 x(x — xc)dx
Ly ! Lo
32 1 4 2 3 1 2 2
= A LG |3 (1-8) ~35c(1-8) +52(1-8) | =1

(43a)
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Thus, the normalization factor for the second
rigid-body mode shape has the form

1

Co=
\/ pA, L3 [ﬁ(l—%) —%sc(1—53>+%5%<1—63>}

(pitch)

(43b)

From Egs. (41a,b), (42b) and (43b), one ob-
tains the normal mode shapes and their deriva-
tions for the rigid-body motions of the F-F bare
STB as

n

WRl(x):Ela W (X)ZW ri (x)=0 (heave)
(for Ly<x<L)
(44a,b,c)
Wia(r) =Calx—xc), W ra (1) =Ca, W za (x)=0 (pitch)
(forLy<x<L,)
(45a,b,c)
or
IX/Rl(g) :Eh IX/m(é’) -W r1(£) =0 (heave)
(for <& 1.0)
(46a,b,c)
I’NVRz(E):Llaz(E—EC)7 I/NVRz (5)=L152, W r (£)=0
(pitch) (for&,<£<1.0)
(47a,b,¢)

The corresponding natural frequencies are

WR1 = WR2 = 0 (48&,]3)

Note that in Eqs. (44)—(48), the subscript “R”
denotes rigid-body motion of the beam.

2.3. Free elastic vibration coupled with rigid-body
motions of F-F loaded STB

This subsection determines the natural frequencies
and mode shapes of coupled rigid-body motion and
elastic vibrations of the F-F (loaded) STB carrying
various CEs. As shown in Fig. 2, the F-F STB is
assumed to carry n + 1 sets of CEs, where each set of
CEs consists of a lumped mass m; (possessing ec-
centricity ¢; and rotary inertia J;) and a translational
spring with stiffness k;;. From Eq. (1) of this paper

and Eq. (35) of [31]; the equation of motion of the F-F
loaded STB, with u,=u,(x,t), is obtained as

o? *u
% e

- Z?T{ - <miﬁy + kt,i”y)

N (]i+mief>ii;}6(x—x,-)

where §( ) denotes the Dirac delta function and the
other symbols are as defined previously for Eq. (1).

According to the mode-superposition method
(MSM)and the expansion theorem of [6,23], onemay set

=3 W@ (0)

where Wi(x) is the s-th normal mode shape of the F-
F bare STB, n,(t) is the associated generalized co-
ordinate, and n’ is the total number of modes
considered.

Substituting Eq. (50) into Eq. (49), pre-multiplying
the resulting expression by Zr 1Wi(x)dx, and then
integrating each term over the whole length of the
STB (i.e., x = Ly to Lq) gives

0*u

(49)

(50)

Zr 125 1/W ;_ ( )d I;\Sz(x):|dx"7s(t)
B 1/w x)Wedx » i, (£)

miI/N\/s + (Ji+mje})

DN / W, -
x W } o (F) — K W - ns(t)}dx - 8(x—x;)
(51)

For free vibrations, the transverse displacement
term uy(x,t) in Eq. (1) may take the form

uy(x’t):

where W;(x) is the s-th normal mode shape and o is
the corresponding s-th natural frequency of the bare
STB.

From Egs. (1) and (52), one obtains

~

W, (x)et (52)

— PAX)W? W, (x) =0
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Pre-multiplying Eq. (53) by W, (x)dx, integrating
each term over the whole beam length (from x = L,
to L1) and then introducing the orthonormality con-
ditions for normal mode shapes, one has

7 dZW (x)
/ dx2 1) dx? ]dx

(54)
- / W, () pA ()W ()l = 026,
Ly
It is noted that, according to Eq. (27), one has
Ly
/ W, () pA (x) W (x)dx = 6,5 (55)
Lo

Introducing the relationships given in Egs. (54)
and (55) into Eq. (51) yields

Zr 1Zs 1‘05?6'S ms(t +an Zzl1érs'ﬁ5t
Zn+er lZs I/W

"

+ (it mie) W ] ()—kt_inS-ns(t)}dx-é(x—x,-)

(56a)
or
( n’><n/ +Zu+1kt1 xl n’><n/> {TI( )}n/xl
+ <[\1\ o +Z”“m, [SP™(x)]., ..
=3 e i) [S2 <xi>],,,x,,,) {1(8)}ysq =0
(56b)

where the symbols [ «w?\] and [M.] denote a di-
agonal matrix and an identity matrix, respectively,
while the other symbols are defined as follows:

Ly

~

SWW () = / T, ()W (x) 6 (x — ) =W, (s V. (1)

(57a)

[S'I;VV(xi)}n’xn’
Wa(x)Va(x:)  Wa(x:)Va(x:) Wi (x:) Ve (x:)
Ix/2(xi)vl(xi) Wz(xi)vz(xi) VNVz(xi)Vn/(xz)

W (6) Vi) Wi (x)Va(x,)

"

(forV:I/NVorI/A\J/ )

(57¢)

For convenience, let Eq. (56b) be rewritten as
[m}n’xn’{ﬁ(t) }n’xl + [k]n’xn’ {n(t) }n’xl = O (58)

where

[m}n’xn’ = [ I\ n'xn’ + Zn+1 SWW( )]n’xn’ (59 )

a

n+1
- Zizl ]i + miei) [SYVSVW (xi)} n' xn'

[k} wxn = n’><n’ + Zn+1kt 1 n’><n’ (59b)

For the presented MMSM, the lowest two nat-
ural frequencies in Eq. (59b) are equal to those for
the rigid-body motions of the F-F bare STB, i.e,
w1 =wr1 =0 and wy; = wry = 0. Meanwhile, the
other natural frequencies are equal to those for the
elastic vibrations of the F-F bare STB.

For free vibrations of the F-F loaded beam (car-
rying various CEs), one has

{n(t)} = {7}

where {7} is the amplitude of {n(t)}, @ is the natural
frequency of the F-F loaded STB, ¢ is time, and j =

v-1.
Substituting Eq. (60) into Eq. (58) gives

([k] = @*[m]) {7} =0

or

(k{m} =

(60)

(61a)

m]{m} @] (61b)

which is the characteristic equation. From Eq. (61b),
the natural frequencies w, (r = 1 ~ #) and associ-
ated generalized coordinate vectors {7}, (r =1 ~ n’)
can be obtained using the Jacobi method [5,28].
Meanwhile, the r-th mode shape of the F-F loaded
STB can be determined by

W.(x)= [W)| (@}, (r=1r~on) (62)
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Fig. 3. Finite element model of free—free (F-F) single-tapered beam composed of n beam elements: (a) top view; (b) front view. Note that (1), (2),
..., (i),(i + 1), ... represent the numberings of nodes and 1, 2, ...,i,i+ 1, ... represent the numberings of beam elements.

where
{VA\J/(x)} = [I/Nvl(x) ﬁ/2(x) ﬁ/ﬂ,(x)} (63a)
{n},= [ﬁl M2 Ny LT (63b)

For the presented MMSM, the lowest two
normal mode shapesin Eq. (63a) are equal to those for
the rigid-body motions of the F-F bare STB, i.e,
Wi(x) = Wri(x) and Wjy(x) = Wga(x), while the
other mode shapes are equal to those for the elastic
vibrations of the F-F bare STB. It is noted that the
order of Eq. (61a) or (61b) derived from MMSM,, i.e.,
n’, is much smaller than that of Eq. (74) derived from
FEM (see Section 3), i.e., 2(n + 1). Consequently, the
CPU time required by MMSM is much smaller than
that of FEM, and hence MMSM is better suited to the
development of real-time-demonstration technology.

3. Free vibration analysis of F-F single-tapered
beam by FEM

In order to determine the natural frequencies
and associated mode shapes of the bare STB or the
loaded STB with FEM, one must firstly replace the
tapered beam shown in Fig. 1 or 2 by an equivalent
multi-step non-uniform beam composed of multiple
uniform beam elements, as shown in Fig. 3. Ac-
cording to Egs. (6) and (10), the height h; and area A;
of the cross-section located at node i are given
respectively by

hi=§h1, A; = b;h; (67a,b)
where
& :xi/Ll (68)

Thus, the average height h;, average area A,
and average moment of inertia I; of the i-th beam
element between nodes i and i + 1 are determined
respectively by

hi=(hi+hisa)/2, A=bih;, T, = b / 12 (6%,b,c)

Based on the average parameters given in Egs.
(69a—c) and the material constants (mass density p
and Young's modulus E) of the beam, the stiffness
matrix [k]; and mass matrix [m]; of the i-th bare
(uniform) beam element are obtained respectively

as

[k]; = ’
ka1 ks ksz ks
ki ki ki ks (70a,b)
My My Myz My 7
M1 My My Moy

[m]; =

M3z Mgy M3z Mzy

My Mgy Mgz Mgy

Meanwhile, the corresponding matrices for the
i-th loaded beam element are given as

ki +kii ki kis ks

— ko1 ka ko ko4

k| = 71

[ L k31 kzo ks +kiivn ks (71a)
ka ki ka ks

The coefficients k;; and m;i(i,j = 1— 4) in the

stiffness matrices, [k]; and [k], and mass matrices,
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(71b)

myy +m My + em, M3 My
7], My +em; myp+Ji+em  my Moy
=
M3 M3y M3z + Mg M3 + €11 Mg
My My Maz + €My Mag + Jip1 + € Miq
[m]; and [m], of the bare beam element in Egs. For free vibrations, one has

(70a,b) and (71a,b) can be obtained from the existing
literature [24,28]; and [29], while the additional
terms (such as k;j, mj, J; + e?mj and ejm;, withj = i,
i+ 1) appearing in Eqs. (71a,b) for the loaded beam
element reflect the contributions of the CEs to the
relevant stiffnesses, masses and mass moments of
inertia, and can be obtained from [28].

Once the property matrices for each beam
element have been determined from Egs. (70) or
(71), the general assembly method can be used to
obtain the overall stiffness matrix [K] and overall
mass matrix [M)] for the entire bare beam or loaded
beam. The equation of motion for the entire
vibrating system is then given by

[M]{ii() } + [K[{u(t)} =0 (72)

For a F-F beam such as that shown in Figs. 1 or
2, no constrained DOF must be eliminated. Thus,
assuming that the entire beam is composed of n.(=
n) beam elements, the order of [K] or [M] in Eq. (72)
is2(n, + 1) x 2(n, + 1).

{u(t)}={U}e" (73)

where {U} denotes the amplitude of the node-
displacement vector {u(t)}, w is the natural fre-
quency of the bare beam or loaded beam (and is
dependent on the property matrices [K] and [M)), t is
the time, and j = /—1. Substituting Eq. (73) into Eq.
(72) leads to

[K][U] = [M][U] [ 2\ ] (74)
where
[U}2(ne+l)><2(ne+l):|—{u}l {us, - {U}JZ(ne+1> (75a)
AN
[ wz\}z(nﬁl)xz(nﬁl) = r‘*’% Wy o wi(ml) J2<"e+l>x2(ne+l>
(75b)

in which the symbol [ ] denoting a diagonal matrix.
Eq. (74) is a standard eigenproblem equation, and
hence the natural frequencies w, and the associated

- . -@'eC. @ ﬁ._i.b_w.:_o-.‘m
O 5@ @ - W0, ™

Fig. 4. Truncated F-C STB (with p = 7850kg/m>and E = 2.051 x 10"'N/m?) carrying five identical lumped masses (each with m; = m;/my,; =
0.2) at x; = 0.6m (node 11), x, = 0.9m (node 26), x3 = 1.2m (node 41), x4 = 1.5m (node 56) and x5 = 1.8m (node 71): (a) top view; (b) front view;

(c) left side view.
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Table 1. Lowest several natural frequencies of truncated F-C STB (Fig. 4)
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obtained from MMSM (with n' = 6 and Nsiypson = 400) and FEM (with

n, = 80) for: (a) bare beam (no attachments), (b) loaded beam (carrying five identical lumped masses each with m; = m;/myy = 0.2).

(a) Bare beam

Methods Natural frequencies of bare STB, w, (rad/sec) Remarks
w1 (@] w3 Wy Ws We

MMSM 989.6626 3629.5821 8503.9741 15,704.6849 25,267.5120 37,202.5661 * Exact

[35] 989.6626 3629.5821 8503.9741 15,704.6849 25,267.5120 — Exact

FEM 989.5017 3628.6310 8501.3306 15,699.4684 25,258.8576 37,189.6462 bne =80

(b) Loaded beam

Methods Natural frequencies of loaded STB, @, (rad/sec) Remarks

61 az 63 64 65

MMSM 613.2201 2525.5385 6366.5029 12,184.0385 16,089.9902 ‘n =6

[35] 613.2201 2525.5381 6366.4999 12,184.0282 16,089.9494 n =6

FEM 613.1226 2524.3388 6353.4961 12,105.9353 15,885.0954 n, = 80

@ Obtained from exact solution for bare STB.
b 1. = Total number of beam elements in FEM.
€ 1’ = Total number of modes considered in MMSM.

natural mode shapes {U},,r =1,2,3,...,2(n. +1) can
be obtained using the Jacobi method [5,28].

4. Numerical examples and discussions

4.1. Comparison with existing literature and FEM

This section considers the truncated F-C STB
given by [35]. The dimensions and material con-
stants of the beam are set as follows (see Fig. 4):
widths by = b; = 0.1m, depths hy = 0.08m and hy
0.4m, lengths Ly = 0.4m and Ly 2.0m, mass
density p = 7850kg/m?, and Young's modulus E =
2.051 x 10"'N/m2. Table 1(a) lists the lowest six
natural frequencies of the bare STB, while Table 1(b)
lists the lowest five ones of the loaded STB carrying

*

m; = m;/Myes = 0.2 (i =1— 5), located at x; = 0.6m
(node 11), 0.9m (node 26), 1.2m (node 41), 1.5m
(node 56) and 1.8m (node 71), respectively. (Note
that the reference mass is equal to the total mass of
the STB, i.e., mys = pAwel = 301.44kg). It is seen
that the lowest six natural frequencies of the bare
STB, w,(r = 1 ~ 6), obtained from MMSM are very
close to those obtained from FEM based on n,=80. A
similar observation is noted for the natural fre-
quencies of the loaded STB w,(r = 1 ~ 5) obtained
from MMSM (based on n' = 6 and #fgimpson = 400)
and FEM (based on n,=80), respectively. Further-
more, all of the above-mentioned frequencies (w,
and w,) are very close to the corresponding fre-
quencies given by [35]. Overall, the results confirm
that the presented MMSM can be applied to the free

five  identical point masses, each with  vibration analysis of the constrained (e.g., clamped-
5 =0.03m
by 1 2 3 4 5¥
Ly P~ ® - - - - - - - — ® - - - - - - - »
; K} I 210 (41) (61) @y ¥
~— L,=2.0m ‘ =2.0m
L =40m
-t (@
g
! m,e,J, m,,e,,J, my,e;,J; mg,e,,J, h =0.06m
[}
| 7y 008 / ¢/ P ) ;
O mcmccsz=i =N 0 =0.03 M@= - —- =+ -9 --=-=-@ - = @P-— == -
I o m_ﬁ. = > x
',k i‘k <k . ‘>k/ . lj
L‘ 1 1.2 “L‘ t,3 “L‘ 5 1,5
<—x1:2.0m—j m.,e. .‘]
le———— X, =25Mm ————»| 32Ty
x=30m—
x,=3.5m
x;=4.0m ‘
(b)

Fig. 5. Truncated F-F STB (with p = 7850kg/m> and E = 2.068 x 10'XN/m?) carrying five sets of CEs at x; = 2.0m, x, = 2.5m, x3 = 3.0m, x4 =

3.5m and x5 = 4.0m: (a) top view; (b) front view.



Table 2. (a) Lowest six natural frequencies of F-F bare elastic STB (see Fig.5); (b) Effects of various CEs on lowest five natural frequencies of F-F loaded rigid-and-elastic-coupled STB carrying five sets of
CEs (see Fig. 5) located at x; = 2.0m (node 1), x, = 2.5m (node 21), x3 = 3.0m (node 41), x4 = 3.5m (node 61) and x5 = 4.0m (node 81), based on n' = 6 (or 8, including 2 rigid-body modes),

NSimpson = 400 and n,=80.

(a) Bare elastic beam

Methods Natural frequencies of bare elastic beam, w, (rad/sec) Remarks
w1 [3))] w3 Wy W5 We

MMSM 371.6938 1011.2936 1971.6003 3250.7771 4849.3266 6767.3386 * Exact

FEM 371.6795 1011.2537 1971.5221 3250.6491 4849.1424 6767.1099 n, = 80

(b) Loaded rigid-and-elastic-coupled beam

Cases " Concentrated Methods Rigid-body motions considered? Natural fregs. of loaded rigid-and-elastic-coupled beam, ,(rad/s)

elements
m; e I K, w1(Wr1) @2(Wgy) @3(@E1) [PA@) @s(Wg3)
1 02 0 0 0 °CMSM No (7' = 6) - - 204.9123 548.4417 (—6.076%) 1174.4789 (—0.851%)
& (—3.763%)

4 MMSM Yes (n' = 8) 0 (0.000%) 0 (0.000%) 213.0365 (0.052%) 585.0049 (0.185%) 1188.5136 (0.334%)
© Egs. (78a,b) Yes 0 (0.000%) 0 (0.000%) - - -
fFEM - 0 0 212.9253 583.9231 1184.5574

2 02 001 02 0 CMSM No (' = 6) - - 204.8738 (—4.612%) 547.8347 (—6.964%) 1170.5148 (—1.816%)
MMSM Yes (n' = 8) 0 (0.000%) 0 (0.000%) 212.9371 (—0.858%) 583.8691 (—0.844%) 1184.1815 (—0.669%)
Egs. (78a,b)  Yes 0 (0.000%) 0 (0.000%) - - -
FEM - 0 0 214.7798 588.8421 1192.1632

3 0 0 0 1 CMSM No (' = 6) - - 375.7881 (0.0013%) 1013.0331 (0.004%) 1972.6116 (0.004%)
MMSM Yes (n' = 8) 36.1323 (0.001%) 47.8585 (0.003%) 375.7978 (0.004%) 1013.0343 (0.004%) 1972.6117 (0.004%)
Egs. (78ab)  Yes 37.2724 (3.156%) 47.0896 (—1.603%) — - -
FEM - 36.1319 47.8569 375.7831 1012.9942 1972.5332

4 02 001 02 1 CMSM No (' = 6) - - 207.2458 (—4.454%) 548.6993 (—6.933%) 1170.8479 (—1.815%)
MMSM Yes (' = 8) 25.9482 (0.490%) 29.4192 (—0.588%) 215.0288 (—0.866%) 584.5770 (—0.847%) 1184.5023 (—0.670%)
Egs. (78a,b)  Yes 26.3556 (2.068%) 29.2154 (—1.276%) — - -
FEM - 25.8217 29.5931 216.9077 589.5717 1192.4962

@ Obtained from exact solution.

b oml = mi/meet, € = ei/L, ]} = Ji/Trets Ki; = Kui/Kret (0 =1~ 5).

¢ CMSM = Conventional MSM.

4 MMSM = Modified MSM.

¢ Egs. (78a,b) based on theory for SDOF spring-mass system shown in Appendix.

f FEM with n, = 80.

& Percentage differences determined by € = (@,x — @ rem) X 100% /@, pppr(with X = MMSM, CMSM or Eqgs.(78a,b)).

78€—59€:62°1207 ADOTONHIAL ANV ONHAIDS ANRIVIA 40 TVNINO[

GLE
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The lowest six unit-amplitude mode shapes for "elastic" vibrations of F-F bare STB
1st mode shape from MMSM - «9-- 1st mode shape from FEM
2nd mode shape from MMSM ==>-- 2nd mode shape from FEM
3rd mode shape from MMSM = =/~=- 3rd mode shape from FEM
4th mode shape from MMSM - -El— - 4th mode shape from FEM
5th mode shape from MMSM - =% =+ 5th mode shape from FEM
6th mode shape from MMSM - —r=—- 6th mode shape from FEM

Unit-amplitude mode displacements, Y/, (x)

2.0 22 24 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0
Axial coordinates, x(m)

Fig. 6. Lowest six unit-amplitude mode shapes for elastic vibrations of F-F bare STB (Fig. 5) with natural frequencies shown in Table 2(a), as obtained
from MMSM (-=) and FEM (— — —).

In MSM, the normal mode shapes originate from
the bare beam. Thus, the lowest six natural fre-
quencies and associated mode shapes for the F-F
bare STB are studied first. The results are shown in
Table 2(a) for natural frequencies w, (rad/s, r =1 —

clamped, pinned-pinned or free-clamped) loaded
STBs.

4.2. Free vibration analysis of F-F bare STB

Since the dimensions of the tapered beam in the
previous section resemble those of a trapezoidal
plate, the dimensions of the STB studied in this
subsection are set as shown in Fig. 5, i.e., by = b1 =
0.03m, hy = 0.03m, h; = 0.06m, Ly =2m, [; = 4m
and L = L; — Ly = 2m. Furthermore, the material
constants of the beam are specified as p=
7850kg/m3 and E = 2.068 x 10N /m?.

6), Fig. 6 for the unit-amplitude (natural) mode
shapes and, Fig. 7 for the normal mode shapes.
Referring to Table 2(a), it is seen that the values of w,
(r = 1— 6) obtained from MMSM are very close to
those obtained from FEM. The corresponding unit-
amplitude mode shapes obtained by the two
methods are also in good agreement, as shown in
Fig. 6. In other words, the multi-step non-uniform
beam shown in Fig. 3 represents an appropriate

The lowest 8 normal mode
shapes of the F-F bare STB

1st rigid mode
2nd rigid mode
1st elastic mode

2nd elastic mode

Normal mode displacements, Y/(x)

3rd elastic mode
4th elastic mode

5th elastic mode

LA EE:

6th elastic mode

2.0 22 24 26 28 3.0
Axial coordinates, x (m)

34 3.6 3.8 4.0

Fig. 7. Lowest eight normal mode shapes for rigid-body motions (— — —) coupled with elastic vibrations (—) of F-F bare STB (Fig. 5) obtained from

MMSM.
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discrete model of the continuous STB required for
the finite element analysis purposes.

From Egs. (54) and (55), one sees that the ortho-
normality conditions for the normal mode shapes of
rigid-body motions and elastic vibrations of the F-F
bare STB are the key requirements for the MMSM.
Thus, the Kronecker delta matrix [d] for the lowest
eight normal mode shapes of the F-F bare STB is
obtained numerically as

In Eq. (76), the 1st and 2nd normal mode shapes
are obtained from rigid-body motions of the bare

[ 0.100E + 01
—0.108E - 15  0.100E + 01
0.281E — 08 0.181E—-07  0.100E + 01

[6]= 0.186E — 08 0.478E — 07 —0.294E — 07 0.100E + 01

0.160E — 07 0.749E — 07 —0.162E — 07 —0.162E — 07
—0.811E-07 —0.361E—-07 —0.628E —07 —0.669E — 07
0.134E — 06 0.421E — 07 —0.255E — 06 0.469E — 06

| —0.436E—-06  0.235E—-06  0.117E — 05 —0.235E — 05

beam, while the 3rd to 8th normal mode shapes are
obtained from elastic vibrations, as shown in Fig. 7,
in which the two rigid-body mode shapes are
denoted by the dashed lines, while the six elastic
mode shapes are denoted by the solid lines.

4.3. Influence of various CEs on F-F loaded STB

This subsection examines the free vibration
characteristics of the previous STB (Fig. 5) carrying 5
identical sets of CEs located at x; = 2.0m (node 1),
X, = 2.5m (node 21), x3 = 3.0m (node 41), x4 = 3.5m
(node 61) and x5 = 4.0m (node 81). For convenience,
the following non-dimensional parameters for the
CEs are introduced:

"lt ml/mref> el/L ] ]l/]ref7
k, —ktl/ktref(for i=1-5 (77a —d)
where m.s and ki are the reference mass and
reference translational stiffness for each set of CEs
and have values of mys = pAael = 21.1950kg and
ki ref = Elye/L® = 5888.953125 N/m, respectively.
Note that Aave = bohaye and Lye = boh3 /12, where

have = (Mo +h1)/2 represents the average height of
the STB. In the finite element model, the STB is
subdivided into 80 beam elements (i.e, n = n, =
80) joined by 81 nodes. Thus, the five sets of CEs are
located at nodes 1, 21, 41, 61 and 81, respectively, as
shown in Fig. 5(a).
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Referring to Table 2(b), four loading conditions
are studied here, namely (1) all of the CEs are equal
to zero except mf =023 =1~ 5); (2) all of the CEs
consisting only of lumped masses with eccentricity
and rotary inertia (m; = 0.2, ¢; = 0.01 and J; = 0.2);
(3) all of the CEs are equal to zero except each
translational spring with k;; = 1.0; and (4) all of the
CEs are attached to the F F beam with m; =02,
e; =0.01, J; =02 and k;;=1.0 (i = 1~5) From
Table 2(b) and the Appendix presented at the end of
this paper, one sees that:

Sym.
~ [\
0.100E + 01 =[]
0.610E — 07  0.100E + 01
—0.911E—06 0.165E — 05 0.100E + 01
0.361E—05  —0.569E — 05 0.962E — 05 0.100E + 01 |
(76)

(a) The lowest two natural frequencies represent
those of the rigid-body motions of the F-F
loaded STB, while the other three natural
frequencies represent those of the elastic vi-
brations. For convenience, the five fre-
quencies are denoted as w1 = Wgr1, W2 = Wry,
w3 = W1, g = wp and ws = wgz, where sub-
scripts “R” and “E” represent rigid-body mo-
tions and the elastic vibration of the F-F STB,
respectively.

(b) From the previous work on the F-F uniform
beams presented by [31,32], one finds that the
natural frequencies for the rigid-body motion
of an elastic F-F loaded beam (i.e., wr; and
Wr2) are very close to those for the heave and
pitch motions of an elastically supported rigid
F-F loaded beam given by Egs. (A.1a,b) of the
Appendix at the end of this paper, i.e.,

©hiy = \/ Kniy /My, Opin = \/M

where ky;y and my;, are the effective stiffness and
mass, respectively, of the loaded beam for heave
motion given by Egs. (A.2a,b) of the Appendix,
while kpin and [, are the effective stiffness and
mass moment of inertia, respectively, of the
loaded beam for pitch motion given by Egs.
(A.3a,b) of the Appendix.

(78a,b)



JOURNAL OF MARINE SCIENCE AND TECHNOLOGY 2021;29:365—382

The following discussions examine the appli-
cability of Egs. (78a,b) to the case of a F-F single-
tapered (non-uniform) beam.

(c) For Case 1 in Table 2(b), the attached CEs consist

only of five lumped masses with m; = 0.2. Since
these masses provide no contribution to the
stiffness kpiy or kpin, one has kyiy = kpin = 0 and
Whiy = Wpih = 0 according to Egs. (78a,b). This
finding is consistent with the results obtained
from MMSM (wr1 = wgo> = 0), as shown in Table
2(b). It is additionally seen in Fig. 2(b) that
CMSM provides no information regarding the
rigid-body motion of the F-F loaded STB.
Furthermore, the maximum percentage differ-
ence between the CMSM results and the FEM
results (€ = — 6.076%) is much larger than that
between the MMSM results and the FEM results
(e = 0.334%), where € is computed as

€= (Er,X _Er,FEM) X 100%/6,«7ng (79)

in which @, gy is the r-th natural frequency of
the loaded STB obtained from FEM, and w,x
(with X = MMSM, CMSM or Eqgs.(78a,b)) is the
corresponding natural frequency obtained from
modified MSM (MMSM), conventional MSM
(CMSM), or Egs. (78a,b).

Comparing the results presented in Table 2(b)
with those given in Table 2(a), one sees that
W< <w, (for r = 1,2,3). This is reasonable
since the lumped masses, m; (i = 1— 5), inevi-
tably reduce the natural frequencies of the
loaded STB.

(d) For Case 2 in Table 2(b), the attached CEs have

the form of only lumped masses, each with m; =
0.2, ¢; = 0.01 and J; = 0.2. Since these CEs also
provide no contribution to the stiffness kp;, or
kpin, one again has kniy = kpin =0 and @y, =
wpih = 0 from Egs. (78a,b). Consequently, wr; =
wgr2 = 0, as one may see from Table 2(b). All of
the natural frequencies @, (r = 1— 5) obtained
from MMSM are very close to those obtained
from FEM (maximum percentage difference € =
— 0.858%). However, for CMSM, the maximum
percentage difference is much larger (e= —

6.964%). It is seen that, compared to Case 1, the
values of w, (r = 1— 5) for Case 2 are smaller.
This result is reasonable since the eccentricities
e; and rotary inertias J; of the lumped masses m;
(i = 1— 5) inevitably reduce the natural fre-
quencies of the loaded STB.

(e) For Case 3 in Table 2(b), the attached CEs have

the form of translational springs, each with k;; =
1.0. According to Egs. (A.2a) and (A.3a) of the
Appendix, the contributions of k;; (i =1— 5) to
the stiffnesses of the heave and pitch motions
are given respectively as

knip = Zis:lk“ (for heave motion),
kpin = 215: eei(xi — xc)? (for pitch motion)
(80a,b)

Furthermore, the values of my;, and [, are
given by Egs. (A.2b) and (A.3b), respectively.
Thus, the values of kyy, kpih, Mhiv and Jpin can be
obtained from Egs. (80a,b), (A.2b) and (A.3b)
and then substituted into Eqgs. (78a,b) to give

Whiv ="/ kniv/Mniy = 37.2724 rad/sec,

/ (81a,b)
Wpih = |/ Kpin / Jpin =47.0896 rad /sec

Comparing these results with those obtained
from MMSM,, i.e., wr; = 36.1323 rad/s and wgr, =
47.8585 rad/s, it is seen that the percentage dif-
ference for wy;, is € = 3.156%, while that of wp
is € = -1.603%, according to Eq. (79). In other
words, Eqgs. (78a,b) derived for the uniform
beam (with € <1.0%) are also applicable for a
non-uniform STB, albeit with a greater per-
centage difference (e.g., € =3.0%) due to the
effects of the un-symmetrical configuration of
the heave and pitch motions of the entire STB
with respect to its center of gravity. It is addi-
tionally noted that the values of @, (r = 1— 5)
obtained from MMSM are very close to those
obtained from FEM with a maximum percent-
age difference of just € = 0.004%.

(f) For Case 4 in Table 2(b), the attached CEs

comprise five identical sets of CEs, each con-
sisting of a lumped mass with m; = 0.2 (with
e; =0.01 and J; = 0.2) and a translational spring
with k;; = 1.0 (i =1 ~ 5). Referring to Table 2(b),
one sees that the natural frequencies for heave
and pitch motions obtained from Egs. (78a,b) are
given respectively as

Whiv = \/ kniv/Mniy = 26.3556 rad /sec,

(82a,b)
Wpih = 4/ kpih/]pih =29.2154 rad/sec

The corresponding values obtained from
MMSM  are wg; =25.9482 rad/s and
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The lowest 5 unit-amplitude mode shapes of the F-F loaded STB carrying
5 identical sets of CEs at x= 2.0, 2.5, 3.0, 3.5 and 4.0m
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Axial coordinates, x(m)
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Axial coordinates, x(m)
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Axial coordinates, x(m)
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(d) .

20 21 22 23 24 25 26 27 28 29 3.0 3.1 32 33 34 35 36 3.7 3.8 39 4.0
Axial coordinates, x(m)

Fig. 8. Lowest five unit-amplitude mode shapes for F-F loaded STB shown in Fig. 5 with: (a) attached lumped masses only (Case 1 in Table 2(b)); (b)
attached lumped masses with eccentricities and rotary inertias (Case 2 in Table 2(b)); (c) attached translational springs only (Case 3 in Table 2(b)); (d)
attached various CEs (Case 4 in Table 2(b)). Note that the mode shapes obtained from MMSM are denoted by solid lines (—) while those obtained
from FEM are denoted by dashed lines (— — —).
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Wr2 =29.4192 rad/s, respectively. In other
words, the percentage difference of wp;y, is € =
2.068%, while that of w;, is € = —1.276%, ac-
cording to Eq. (79). Furthermore, the values of
o, (r = 1— 5) obtained from MMSM are very
close to those obtained from FEM with a
maximum percentage difference of juste= —
0.866%.

Based on the discussions above and Table 2(b),
one finds that the natural frequencies for the
heave and pitch motions of the rigid loaded
beam (wpi, and wpn) obtained from Egs. (78a,b)
are reasonably close to those for the quasi rigid-
body motions of the elastic loaded beam (@r1
and wgy) obtained from the MMSM to some
degree. Moreover, the values of wr; and wgy
obtained from MMSM are very close to those
obtained from FEM.

A comparison of Tables 2(a) and 2(b) reveals that
the lumped masses with (or without) eccentric-
ities and rotary inertias reduce the natural fre-
quencies for elastic vibrations of the loaded
beam, while the translational springs increase
the natural frequencies. For Case 4 in Table 2(b),
the combined effect of all the CEs is to reduce
the natural frequencies of the elastic vibration of
the loaded beam. However, it is evident that the
combined effect of all the CEs is dependent on
both the locations of the CEs and their relative
magnitudes.

Besides the lowest five natural frequencies of the
F-F loaded STB listed in Table 2(b), Figs. 8(a)—(d)
show the unit-amplitude mode shapes for Cases
1—4, respectively. It is seen that the mode shapes
obtained from MMSM (shown by the solid lines) are
in good agreement with those obtained from FEM
(denoted by the dashed lines) in every case.

5. Conclusions

1.

For a free-free (F-F) bare single-tapered beam
(STB), the normal mode shapes for rigid-body
motion and elastic vibration satisfy the ortho-
normality conditions. Consequently, the modi-
fied mode-superposition method (MMSM)
presented in this paper is capable of determining
the lowest several natural frequencies and mode
shapes (of rigid-and-elastic-coupled vibrations)
of the associated F-F loaded STB carrying mul-
tiple various concentrated elements (CEs). By
contrast, the conventional mode-superposition
method (CMSM) is incapable of solving this

problem since it neglects the effects of rigid-body
motions of the F-F bare STB in its formulation.

. The good agreement observed between the re-

sults obtained from MMSM and those obtained
from FEM indicates that, for the title problem
considered in the present study, replacing the
rigid-body motion responses of a F-F STB with
both the transverse displacement of its center of
gravity (c.g.) and the rotational angle about the
c.g., and evaluating the elastic vibration
response of a continuous STB with that of a
discrete multi-step non-uniform beam are the
efficient approaches.

. Previous studies have indicated that, for a uni-

form beam, the natural frequencies for rigid-
body (heave and pitch) motions of a F-F rigid
loaded beam (whyy and @py,) obtained from
SDOF spring-mass system theory are close to
those of a F-F elastic loaded beam (wg; and wg»)
obtained from MMSM (with a percentage dif-
ference € <1.0%). The same conclusion also ap-
plies for the STB problem studied in this paper.
However, the percentage difference is larger
(€=3.0%) due to the effects of un-symmetrical
configuration of the heave and pitch motions of
the entire rigid STB with respect to its c.g.

. For the various CEs studied in this paper, the

lumped masses reduce the natural frequencies
of the F-F loaded STB, the translational springs
increase the natural frequencies, and the com-
bined effects of all the CEs are dependent on the
particular locations and magnitudes of the
various CEs. Thus, one may change the natural
frequencies and mode shapes of the F-F loaded
beam to avoid serious vibration responses due to
resonance by simply adjusting the distributions
and proportions of the different CEs. Therefore,
in addition to its theoretical contributions, this
study also provides a useful source of reference
for practical applications.

. For the title problem considered in this study,

the order of the characteristic equation derived
from MMSM, i.e., n/, is much smaller than that
of the equation derived from FEM, i.e., 2(n + 1).
Consequently, the CPU time required by
MMSM is far lower than that for FEM, and
hence it is much better suited to the develop-
ment of real-time demonstration technology.

Appendix.

Natural frequencies for heave and pitch motions of F-F
rigid loaded STB
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If the F-F loaded STB is rigid, then the entire
loaded beam may be modeled as a single-degree-of-
freedom (SDOF) spring-mass (S-M) system with its
natural frequency for the translational (heave) mo-
tion, wpiy, and that for the rotational (pitch) motion,
wpin, determined by [31,32] as

Ohiv = \/ kniv /Mhiv, Opin = 1/ Kpin / Jpin

where ky;, and my,;, are the effective stiffness and
mass for heave motion, respectively, while k,;, and
Jpin are the effective stiffness and mass moment of
inertia for pitch motion of the loaded STB, respec-
tively. For a F-F loaded STB carrying n + 1 sets of
CEs, where each set of CEs consists of a lumped
mass m; (with eccentricity e; and rotary inertia J;)
and a translational spring with stiffness k;; as shown
in Fig. 2, the values of kyy, kpin, Mniy and Jpin are
given by [31,32] as

(A.la,b)

n+1

kniv = Z:{:kt‘n Mpiy =My + ) . M (A.2a,b)
1 n
ko= kit Jon=Jo+ > o (i Ji+mic?)
(A.3a,b)

In Egs. (A.3ab), r; denotes the distance be-
tween the attaching point of the ith set of CEs and
the center of gravity (c.g.) of the bare STB, C. Thus,
from Fig. 2, one has

Tei=X;i —XC (A4)
where xc is the axial coordinate of point C.
Furthermore, in Eqgs. (A.2b) and (A.3b), m;, and Jj
denote the mass and mass moment of inertia of the
bare STB, respectively, and are given by

Ly
m— [ A= / pAE-LidE = pAiLy (1-£)
iy é
% bL(ho+hy)
(A.5a)
L ; L,
Jr= /pA(x)rfdx:EpAl/x(x xc)“dx
Lo Ly
1 2 1
— B[ 8) - e -8) + 3202
(A.5b)

where

T.=X —Xc (A.5¢)

From Egs. (A.2a) and (A.3a), one sees that the
translational springs (each with stiffness k;;) have
contributions to both the heave stiffness ky;, and the
pitch stiffness k. Similarly, Eqs. (A.2b) and (A.3b)
indicate that the lumped masses m; also have con-
tributions to both the heave mass my;, and the pitch
mass moment of inertia [,;,. However, the eccen-
tricity e; and rotary inertia J; of the lumped masses m;
have contributions only to the pitch mass moment of
inertia Jpin. It is noted that Egs. (A.2) and (A.3) are
applicable for various loading conditions. For
example, if the STB carries n + 1 lumped masses m;
only (each with ¢; =0 and J; = 0), then from Egs.

(A.2) and (A 3), one obtains ky;y, 710 f‘h =0, mpyy =
n+

my + > 'm; and Jpin = Jo+ >_i_y mirZ;. Substitution
of the latter parameters into Eqgs. (A. 1a, ) produces
@hiy = Wr1 = 0 and Wy = wWgry = 0. This result is
reasonable since the lumped masses m; (i=1—n+ 1)
have no contribution to either the heave stiffness ky;y
or the pitch stiffness kp;p.
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