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Abstract

Underwater vehicles are equipped with a device for discharging projectiles, called the underwater discharge system.
Because these vehicles have limited space, many studies have attempted to reduce the volume of the underwater
discharge system while improving its performance. However, owing to the characteristics of the system, the occupied
volume and performance conflict with each other. Therefore, minimizing the occupied volume while satisfying the
required performance criteria is the most significant requirement in the design stage. To address this, an optimization
problem for the underwater discharge system was mathematically formulated and solved using multi-objective genetic
algorithms. Additionally, we proposed a method of using the surrogate modeling technique to find an optimum solution
quickly. Linear regression, radial basis functions, and artificial neural networks were compared to generate an appro-
priate surrogate model. To evaluate the applicability of the proposed method, it was applied to optimize the design of an
underwater discharge system. The results demonstrate that the proposed method can be effectively utilized to obtain the
optimum design of an underwater discharge system within an acceptable time.

Keywords: Underwater discharge system, Optimum design, Surrogate modeling, Multi-objective optimization

1. Introduction

1.1. Research background

U nderwater vehicles are equipped with a de-
vice for discharging projectiles in marine en-

vironments; this device is called the underwater
discharge system (hereafter, discharge system).
When an engineer designs the discharge system of
underwater vehicles, the following issues are
important: minimizing the volume occupied by the
system, reducing the noise and vibration, and
achieving the required performance.

Owing to the large number of design variables
associated with discharge systems, it is difficult to
manually select a design alternative that minimizes
the occupied volume while satisfying the perfor-
mance requirements. Therefore, optimization has
been employed to determine an excellent design
alternative for the discharge system.
To determine a design alternative through the

optimization process, the formulation of an optimi-
zation problem and mathematical model of the
discharge system are required. In this study, we
formulated an optimization problem for a discharge
system that comprises design variables, objective
functions, and constraints. In addition, we
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constructed a mathematical model of the discharge
system. However, the mathematical model requires
significant processing time to calculate the projectile
motion by solving the equations of motion. Because
the mathematical model is calculated more than a
thousand times during the optimization, the process
is very time-consuming. One solution for this is to
use surrogate modeling, which is a type of simpli-
fied model. The surrogate model allows us to obtain
an optimum design within a shorter amount of time
while maintaining accuracy. In the following sec-
tions, the mathematical model, the formulation of
an optimization problem, and the surrogate models
for the discharge system are described.

1.2. Related work

Several studies have been conducted on the
mathematical model of the discharge system. Wang
[1] presented theories and techniques for the
discharge system of the linear pump type, including
hydraulic accumulators. Tian [2] used genetic algo-
rithms (GAs) to optimize the configuration of the
discharge system introduced by Wang. In his opti-
mization formulation, he used 10 design variables.
However, some dependent variables were also set to
design the variables, which further complicated the
problem. Additionally, the discharge valve-opening
profile, which had a significant influence on the
results, was assumed to be fixed.
Meanwhile, owing to the complexity of mathe-

matical models, it is challenging to calculate them

accurately in the optimization problem. To solve
this, several studies have been conducted in the
engineering field to simplify and accelerate complex
calculations through surrogate modeling. Surrogate
modeling is a method that uses a simplified model,
called a surrogate model, instead of a mathematical
model, to derive the results with reduced compu-
tational cost while maintaining as much accuracy as
possible. Table 1 shows several studies conducted in
the engineering field to predict outcomes quickly
using surrogate modeling.
Prebeg et al. [3] used surrogate models, such as

polynomial regression, kriging, and radial basis
function (RBF), to design the ship's structure. Bar-
outaji et al. [4] obtained a better design of a circular
tube under quasi-static lateral loading using the
response surface methodology. Patnaik et al. [5]
used regression and artificial neural networks
(ANNs) to develop surrogate models for the design
of subsonic aircraft. Mengistu and Ghaly [6] opti-
mized turbomachinery blades using the GA and
surrogate modeling with an ANN to reduce the
calculation time for computational fluid dynamics
(CFD) analysis. Gunnu and Moan [7] proposed an
ANN to develop a surrogate model for anchor-
handling operations.
In this study, we formulated an optimization

problem, including the mathematical model, for
designing the discharge system and solved it with
multi-objective GA. However, finding an optimized
design using the mathematical model has a limita-
tion in that it requires considerable computation

Table 1. Related work

Related work Optimization Surrogate modeling method Application

Prebeg et al. [3] X Polynomial regression, Kriging, Radial
basis function

Ship structural design

Baroutaji et al. [4] X Response surface Design of circular tube
Patnaik et al. [5] X Regression, Artificial neural network Subsonic aircraft design
Mengistu and Ghaly [6] O (Genetic algorithms) Artificial neural network Design of turbomachinery

blades
Gunnu and Moan [7] X Artificial neural network Anchor-handling operation

Table 2. Classification of underwater discharge systems.

Type of discharge system Method Characteristics

Self-discharge system The projectile propels itself and discharges The oldest type

Forced-discharge
system

Direct air Compressed air flows into the tube and discharges the
projectile

Vibration/noise due to the
discharge of compressed air
occurs at the discharge

Hydraulic
discharge

Linear
pump

Using hydraulic pressure to discharge a projectile Occupies a large volume

Air turbine
pump

Using hydraulic pressure generated by an air turbine
pump to discharge a projectile

Requires the highest
technology but lowest
vibration/noise
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time. Therefore, we carried out a literature survey
on the applications of surrogate modeling used to
replace mathematical models. For this purpose, we
analyzed various surrogate models, such as linear
regression, RBF, and ANNs, and selected the most
appropriate one for optimum design of the
discharge system.
The remainder of this paper is organized as fol-

lows. In Section 2, the theoretical background and
mathematical model of the discharge system are
presented. In Section 3, the formulation of the
optimization problem of the discharge system and
the optimization results of the problem based on the
mathematical model are described. In Section 4, the
surrogate modeling of the discharge system and the
optimization results obtained are presented. Finally,
in Section 5, this study is summarized, and the
scope for future work is discussed.

2. Underwater discharge system

2.1. Types of underwater discharge system

The underwater discharge system can be catego-
rized into two types: self-discharge and forced-
discharge systems, as shown in Table 2. In the case
of a self-discharge system, a projectile is discharged
by itself, while in the case of a forced-discharge
system, it is discharged by the force from the
discharge system.
The forced-discharge system can be divided into

direct air and hydraulic discharge types. The direct air
type injects compressed air directly into the discharge
tube, and the projectile is discharged. The hydraulic
discharge type discharges a projectile through hy-
draulic pressure without direct contact with air. The
hydraulic discharge type, which was developed in the
1980s, produces relatively lownoise and small pressure

difference [8], and canbe further divided into the linear
pump type and air turbine pump type. As the linear
pump type is relatively inexpensive and easy to
develop comparedwith the air turbine pump type, it is
currently being widely used. For this reason, the
discharge system of the linear pump type was selected
in this study.
The discharge system mainly comprises two parts:

a pressure part and a discharging part. The pressure
part comprises an oil tank, an oil pump, an accu-
mulator, and a cutoff valve. The discharging part
comprises a discharge valve, oil cylinder, oil cylin-
der piston, piston rod, water cylinder, water cylinder
piston, water tank, and projectile discharge tube.
When the discharge system starts operation, the

accumulated nitrogen expands and pushes the oil (Fig.
1-1). Here, Fig. 1-X means the part ‘X’ in Fig. 1. The
pushed oil flows into the oil cylinder and pushes the
piston to the left (Figs. 1e2). The water cylinder piston
connected by the piston rod also moves to the left,
pushing the water cylinder's water into the water tank
(Figs. 1e3). The water increases the pressure in the
water tank, and the high-pressure water flows into the
discharge tube. Finally, the projectile is discharged
(Figs. 1e4).

2.2. Mathematical model of the underwater
discharge system

The mathematical model of the piston rod and the
projectile used in this study are based on Wang [1]
and Tian [2]. The following five assumptions were
made to calculate the discharging force of the pro-
jectile through the underwater discharge system,
using a linear pump.

(a) All processes are insulation processes.

Fig. 1. Process of the linear pump discharge system.
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(b) Each tank and tube are independent, and the
pressure is uniform.

(c) The pressure difference between the oil cylinder
and accumulator is ignored.

(d) The initial pressure of all parts in contact with
seawater is in equilibrium with the external
water pressure.

(e) External water pressure was constant.

The equations of motion of the piston rod and
projectile are expressed as Eqs. (1) and (2), respec-
tively: The piston rod and the projectile indicated by
the corresponding equations of motion are shown in
Fig. 2. Both equations are defined using Newton's
second law:

mpstapst¼Poc
�
Shydpst �Srod

�� PvShydpst

� Pwc
�
Swtrpst �Srod

�þ PseaSwtrpst � Fpst ð1Þ

mprapr ¼ � ðPtube�PseaÞStube � Ftube �Ax
�
vpr þ vsystem

�2
� Stubervpr2

ð2Þ
In Eq. (1), the piston has a mass (mpst) and

moves with acceleration (apst). The first term on the
right-hand side of Eq. (1) represents the force
exerted by the oil cylinder pressure on the right side
of the oil cylinder piston. Poc is the pressure inside
the oil cylinder, Shydpst is the cross-sectional area of
the oil cylinder piston, and Srod is the cross-sectional
area of the piston rod. The second term is the force
exerted by the oil pressure exiting through the
discharge valve from the left side of the oil cylinder
piston. Pv is the pressure in the space connected to
the discharge valve. The third term refers to the
force exerted by the water pressure inside the water
cylinder. Pwc is the pressure inside the water cylin-
der, and Swtrpst is the cross-sectional area of the
water cylinder piston. The fourth term is the force
inserted by the pressure exerted by the seawater on
the right side of the water cylinder. Psea is the
pressure of seawater at depth H. The last term Fpst is

the frictional force that is generated when the piston
moves and acts in the direction opposite to that of
the motion.
In Eq. (2), mpr indicates the projectile mass, and apr

indicates the projectile acceleration. The first term on
the right side of Eq. (2) is the force exerted by the
pressuredifferencebetween thedischarge tubeand the
outside. Ptube is the pressure of the discharge tube. The
second term is the frictional force (Ftube), which causes
the projectile to exit the tube. The third term refers to
the resistance received by seawater, which is propor-
tional to the square of the speed and the resistance
coefficientAx. The speed is expressed as the sum of the
speed of the projectile (vpr) and that of the underwater
discharge system (vsystem). The last term is the force
exerted by the seawater occupying the spacewhere the
projectile went. Stube is the cross-sectional area of the
projectile, r is the density of water, and vpr is the pro-
jectile speed.
Eqs. (1) and (2) can be solved based on the

following thermodynamic and kinetic equations:
The properties of the oil cylinder can be determined
through the adiabatic expansion process of the oil
cylinder and the accumulator.
The volume of the oil cylinder (Voc) can be calcu-

lated as shown in Eq. (3).

Voc¼Voc0 þ
�
Shypdst �Srod

�
xpst ð3Þ

where Voc0 is the initial volume of the oil cylinder,
and xpst is the distance of the piston from the neutral
point.
The relation between the volume of the oil cylin-

der (Voc) and the pressure of the oil cylinder (Poc) can
be expressed using Eq. (4).

PocVoc
k¼Poc0Voc0

k ð4Þ
where Poc0 is the initial pressure of the oil cylinder,
Voc0 is the initial volume of the oil cylinder, and k is
the gas constant.
The slope of the pressure of the discharge valve,

Pv0, can be calculated as shown in Eq. (5).

Fig. 2. The mathematical model for calculation discharging force.
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Pv
0 ¼ �

Shypdstvpst�qv
� ly

Voc0 � Shydpstxpst
ð5Þ

where vpst is the speed of the piston, qv is the flow
rate through the discharge valve, and ly is the vol-
ume elastic modulus of hydraulic oil.
The flow rate through the discharge valve, qv, can

be calculated as shown in Eq. (6).

qv¼CvSv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ry

ðPv � PaccÞ
s

ð6Þ

where Cv is the flow coefficient of the hydraulic oil
through the discharge valve, Sv is the opening area
of the discharge valve, ry is the density of the hy-
draulic oil, and Pacc is the pressure of the
accumulator.
The slope of the pressure of the water cylinder,

Pwc0, can be calculated as shown in Eq. (7).

Pwc
0 ¼ ��

Swtrpst�Spst
�
xpst 0 �qwti

� l

Vwt0 �
�
Swtrps � Spst

�
xp
ð7Þ

where qwti is the flow rate into the water tank, l is
the volume elastic modulus of water, and Vwt0 is the
initial volume of the water tank.
The flow rate into the water tank, qwti, can be

calculated as shown in Eq. (8).

qwti¼CwcSwc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
r
ðPwc � PwtÞ

s
ð8Þ

where Cwc is the water flow coefficient between the
water tank and the water cylinder, Swc is the opening
area from the water cylinder to the water tank, r is
the density of water, and Pwt is the pressure of the
water tank.
The flow rate out of the water tank, qwto, can be

calculated as shown in Eq. (9).

qwto¼CwtSwt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
r
ðPwt � PtubeÞ

s
ð9Þ

where Swt is the opening area between the water
tank and the discharge tube.
The slope of the pressure of the water tank, Pwt0,

can be calculated as shown in Eq. (10).

Pwt
0 ¼ �

qwti�qwto
� l

Vwt
ð10Þ

where qwto is the flow rate out of the water tank, and
Vwt is the volume of the water tank.
The slope of the pressure of the discharge tube,

Ptube0, can be calculated as shown in Eq. (11).

Ptube
0 ¼ �

qtubei�qtubeo�Stubevpr
� l

Stubexpr þVtube0
ð11Þ

where qtubei is the flow rate into the discharge tube,
qtubeo is the flow rate out of the discharge tube, and
Vtube0 is the initial volume of the discharge tube.
The flow rate out of the discharge tube, qtubeo, can

be calculated as shown in Eq. (12).

Table 3. Definition of variables.

Item Notation Value

Piston/Cylinder

Diameter of oil cylinder piston Dhydpst Design variable
Cross-sectional area of oil cylinder piston Shydpst Calculated value
Diameter of piston rod Drod Design variable
Cross-sectional area of piston rod Srod Calculated value
Diameter of water cylinder piston Dpw Design variable
Cross-sectional area of water cylinder piston Swtrpst Calculated value
Mass of piston mpst 300.0 kg
Acceleration of piston apst Calculated value
Speed of piston vpst Calculated value
Distance of piston xpst Calculated value
Pressure of oil cylinder Poc Calculated value
Initial pressure of oil cylinder Poc0 Calculated value
Volume of oil cylinder Voc Calculated value
Initial volume of oil cylinder Voc0 Calculated value
Initial pressure inside water cylinder Pwc0 509.4 kPa
Pressure inside water cylinder Pwc Calculated value
Flow coefficient of opening between water cylinder and water tank Cwc 0.9800
Opening area between water cylinder and water tank Swc 0.2265 m2

Frictional force coefficient of piston Cpst 0.3000

(continued on next page)
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qtubeo¼pDtubed
3DPtube

12ultube
ð12Þ where Dtube is the diameter of the discharge tube,

d is the gap between the tube and the projectile,
DPtube is the pressure difference between the
discharge tube and the water tank, u is the seawater

Table 3. (continued)

Item Notation Value

Piston/Cylinder

Water tank

Initial volume of water tank Vwt0 12.50 m3

Opening area between water tank and discharge tube Swt 0.2265 m2

Coefficient of opening between water tank and discharge tube Cwt 0.9800
Flow rate into water tank qwti Calculated value
Flow rate out of water tank qwto Calculated value
Pressure of water tank Pwt Calculated value

Projectile

Mass of projectile mpr 1500 kg
Diameter of projectile Dpr 0.4500 m
Speed of projectile vpr Calculated value
Acceleration of projectile apr Calculated value
Length of projectile lpr 5.500 m
Initial position of projectile xpr0 0.5000 m
Frictional force coefficient of projectile Cfg 4.000 � 10�2

Accumulator

Initial accumulator pressure Pacc0 30.00 MPa
Temperature of accumulator Tc 20.00 �C
Gas constant K 2.000
Correction coefficient of accumulator Ca 1.170
Minimum volume of accumulator V2 Design variable
Maximum volume of accumulator V0 Calculated value

Discharge valve

Coefficient of opening in discharge valve Cv 0.6500
Opening area of discharge valve Sv Calculated value
Pressure of discharge valve Pv Calculated value
Slope of pressure of discharge valve Pv0 Calculated value
Maximum opening area of discharge valve Svmax Design variable

Discharge tube

Length of discharge tube L 7.500 m
Flow rate into discharge tube qtubei Calculated value
Flow rate out of discharge tube qtubeo Calculated value
Cross-sectional area of discharge tube Stube 0.2827 m2

Diameter of discharge tube Dtube 0.6000 m
Initial volume of discharge tube Vtube0 Calculated value
Pressure difference between discharge tube and water tank △Ptube Calculated value
Slope of the pressure of discharge tube Ptube0 Calculated value
Gap between tube and projectile D 2.0 � 10�3 m
Seawater coefficient U 1.003 � 10�6

Opening area between discharge tube and water tank Ctube 0.6500

External force

Speed of underwater discharge system vsystem 5.000 knots
Resistance coefficient Ax 52.52
Volume elastic modulus of seawater L 1.99 � 109

Volume elastic modulus of hydraulic oil ly 1.64 � 109

Density of seawater r 1032.0 kg m�3

Density of hydraulic oil ry 857.0 kg m�3

Activation depth of underwater discharge system H 50.00 m
Pressure of seawater at depth H Psea Calculated value
Frictional force acting on piston Fpst Calculated value
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kinetic viscosity coefficient, and ltube is the length of
the tube.
To solve Eqs. (1)e(12), the basic design specifica-

tions of the discharge system and environmental
information are needed. The input data of the
simulation model are the basic design specifications
of the underwater discharge system, the activation
depth of the discharge system, the resistance coef-
ficient, and the friction force acting on the projectile.
Five of the design specifications (diameter of the oil
cylinder piston (Dhydpst), diameter of the piston rod
(Drod), diameter of the water cylinder piston (Dwtrpst),
discharge valve-opening profile, maximum opening
area of the discharge valve, and initial volume of the
accumulator) are used as design variables. Other
specifications, such as the projectile mass, discharge
tube length, discharge tube specification, and speed
of the underwater discharge system, are assumed
based on the existing design. We assume the resis-
tance coefficient, the frictional force acting on the
projectile, and the initial accumulator pressure as
generally used. The external sea pressure is also

calculated assuming the depth at which the under-
water discharge system is normally active.
The variables introduced in Eqs. (1)e(12) are

summarized in Table 3. Some variables have
already assigned constant values, while others are
design variables or values calculated by the math-
ematical model.
In this study, numerical analysis was used to

calculate the mathematical model. For numerical
analysis, the implicit RungeeKutta method [9] and
variable time steps were used to provide stability in
the calculation.

3. Optimum design of the underwater
discharge system

This study aims to find the optimum design var-
iables of the discharge system to minimize the
occupied volume while satisfying the performance
criteria. This section describes the design variables,
objective functions, and constraints for optimizing
the discharge system.

3.1. Design variables

Design variables represent the design specifica-
tions of the discharge system. Other variables of the
design specifications, aside from the design

Fig. 3. Design variables and properties of the discharge system design.

Fig. 4. Discharge valve-opening profile.

Table 4. Design variables for optimum design.

Design variables Description

Dhydpst Diameter of oil cylinder piston
Drod Diameter of piston rod
Dpw Diameter of water cylinder piston
Sv1 Opening area at time tv/3
Sv2 Opening area at time 2tv/3
Svmax Maximum opening area of discharge valve
V2 Minimum volume of accumulator
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variables, are dependent values that can be deter-
mined by design variables or are determined by the
environment. In this study, the diameter of the oil
cylinder piston (Dhydpst), diameter of the piston rod
(Drod), diameter of the water cylinder piston (Dwtrpst),
opening profile of the discharge valve, maximum
opening area of the discharge valve, and initial
volume of the accumulator are selected as design
variables, as shown in Fig. 3. In this figure, Fig. 3-X
means the part ‘X’ in Fig. 3.
In the case of the discharge valve-opening profile

(Figs. 3e4), we assume that the profile of the valve is
a polynomial. To represent the valve profile, we take
two points of the valve's polynomial profile as a
design variable. The movement of the piston (Figs.
3e6), discharge speed (Figs. 3e7), maximum accel-
eration of the projectile (Figs. 3e8), discharge time
(Figs. 3e9), maximum pressure difference between
the tube and tank (Figs. 3e10), and maximum vol-
ume of the accumulator (Figs. 3e11) are properties
that are used to determine the layout and perfor-
mance of the underwater discharge system.
The layout of the system is closely related to the

design variables. In terms of the layout of the un-
derwater discharge system, the smaller the design
variables (except Drod), the more advantages the
layout has. However, if the design variables are too
small, they will not satisfy the required perfor-
mance. Because the design variables have different
scales, they should be normalized according to the
following equation:

xi¼xi � a
b� a

ð13Þ

where xi is the normalized value of the design var-
iables xi, a is the minimum value of the parameter,
and b is the maximum value of the parameter. The
maximum value was determined by considering the
layout of the system, and the minimum value was
determined by considering the durability.
The conventional design assumes that the

discharge valve opens linearly. Therefore, the
opening area of the discharge valve is expressed
using Eq. (14).

Sv¼Svmax � t=tv ð14Þ
where t is the current time, tv is the time required for
maximum opening, and Svmax is the maximum
opening area of the discharge valve.
Unlike in the manual design, the opening profile

is assumed to be modified because it has a signifi-
cant influence on the motions of the piston rod and
the projectile. In this study, the opening area (Sv1,
Sv2) of two of the free points and Svmax were deter-
mined as design variables of the discharge valve-
opening profile, as shown in Fig. 4.
The opening profile should be able to express

bends sufficiently and should have minimal
complexity to perform the optimization process
efficiently. Since the start and end points and their
slopes are given, the simplest curve, having three
design variables, is the fifth-order polynomial.
Therefore, we assume that the opening profile is a
fifth-order polynomial, as shown in Eq. (15).

Sv¼Svmax �
�
At5þBt4þCt3þDt2þEtþF

��
tv ð15Þ

The design variables used for the optimum
design are listed in Table 4.

Fig. 5. Three states of the accumulator.
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3.2. Objective functions

Theobjective functions are important forminimizing
the vibration related to the maximum acceleration of
the profile and the volumeoccupiedby theunderwater
dischargesystem.Therefore, theobjective function is to
minimize themaximumvalue of the acceleration of the
projectile calculated by Eq. (2). The second objective
function is to minimize the maximum volume of the
accumulator, which constitutes a large portion of the
systemsize.The following twoobjective functionswere
formulated:
Fig. 5 shows three different states of the accumu-

lator, where P0, V0, P1, V1, P2, and V2 are the pres-
sures and volumes of the accumulator at stages 0, 1,
and 2, respectively. Stage 0 represents the most
massive volume of the accumulator. To calculate V0,
it is assumed that the process of changing between
states is an adiabatic process. The minimum volume
of the accumulator, V2, and the pressure of the
accumulator at that stage, P2, are given. In the
adiabatic process, Eqs. (16) and (17) can be used [10].

V1¼V0ðP0=P1Þ1=k ð16Þ

V2¼V0ðP0=P2Þ1=k ð17Þ
For the energy storage purpose of the accu-

mulator, we assumed that the pressure of the
accumulator at state 0 is 90% of the pressure at state
1, as shown in Eq. (18) [10]:

P0¼0:9P1 ð18Þ
The volume change of the accumulator due to

the piston motion is shown in Eq. (19).

DV¼Shydpst � Stroke ð19Þ
In the adiabatic process, the maximum volume

of the accumulator can be calculated as shown in
Eq. (20).

V0;ideal¼ DVn
ðP0=P1Þ1=k � ðP0=P2Þ1=k

o ð20Þ

To correct the differences between the ideal
and actual conditions, we use Eq. (21).

V0;real¼Ca �V0;ideal ð21Þ

where Ca is the correction coefficient of the
accumulator.

3.3. Constraints

The performance requirements of the projectile
should be considered as constraints. If the discharge
speed does not satisfy the requirements, the design
variables must be changed. The maximum acceler-
ation of the projectile and the pressure difference
between the discharge tube and water tank should
be below a specific value to prevent damage caused
to the projectile. Additionally, the discharge valve
should have a reasonable profile. The following
constraints are formulated to consider these aspects.
To satisfy the required performance, the discharge

speed determined by Eq. (2) should not be less than
the required value. We set the constraint to limit the
projectile discharge speed to a specific range, as
shown in Eq. (22) [11]:

vpr <11 ½m= s� ð22Þ
It is necessary to prevent projectile damage and

noise/vibration during discharge from the discharge
system. The constraint uses the maximum value of
the acceleration determined by Eq. (2). We set the
constraint to limit the maximum acceleration of the
projectile to a specific range, as shown in Eq. (23)
[11]:

max
�
apr

�
<8g

�¼78:4
�
m
�
s2
�� ð23Þ

The pressure difference in the discharge tube is
also indicated as a cause of noise and vibration. To
prevent noise and vibration, we set the constraint to
limit the maximum pressure difference to a specific
range, as shown in Eq. (24) [2]:

Table 5. Objective functions.

Objective functions Type Mathematical representation

Maximum projectile acceleration Minimize F1 ¼ max(apr(t))
Maximum volume of the accumulator Minimize F2 ¼ V0

The maximum volume of the accumulator can be calculated as follows.

Table 6. Comparison of design variables between manual and optimum
designs.

Design variables Manual design Optimization

Dhydpst 0.2173 m 0.1500 m
Drod 0.1959 m 0.1007 m
Dpw 1.026 m 1.100 m
Sv1 e 0.2020
Sv2 e 0.6390
Svmax 7.900 � 10�3 m2 1.000 � 10�4 m2

V2 2.209 � 10�2 m3 8.887 � 10�4 m3
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maxðDPÞ<0:6 ½MPa� ð24Þ
The discharge valve must be opened in a suit-

able area. The slope of the discharge valve-opening
profile formulated in this study must be positive.

dðSvÞ
dt

>0 ð25Þ

3.4. Optimization algorithm

Many optimization algorithms are available for
solving the optimization problem [12,13]. However,
as the mathematical model of the discharge system
comprises nonlinear equations and computes stiff
results, we need to use the algorithm to find the
global optimum. GA [14] is a commonly used al-
gorithm for the optimization problem. Among the
various variations of a GA, we used the NSGA-II
algorithm to solve the multi-objective optimization
problem. The NSGA-II algorithm is a type of multi-
objective optimization algorithm and an improved
algorithm for the non-dominated sorting GA [15],

which is suitable for solving the stiff optimization
problem in this study.

3.5. Optimization result using the mathematical
model

The optimization results are compared with the
manual results, which are the empirically designed
values before the optimization process. The opti-
mization results obtained through the described
method are as follows. For the manual design, there
are no points of discharge valve-opening profile
because the valve-opening profile is linear.
Table 6 shows the design variables of the manual

and optimum designs. The values of the design
variables decreased overall. Fig. 6 shows the
discharge valve-opening profile of the manual and
optimum designs.
As shown in Fig. 6, the opening profile of the

manual design was linear. We assumed that the
profile is a form of a curve and optimized it. In the
case of a profile having the form of a curve, it is
possible to design a discharge system with a smaller
opening area while satisfying all constraints.
Through optimization, the maximum opening area
of the discharge valve decreased from 7.900 � 10�3

m2 to 1.000 � 10�3 m2.
Table 7 shows an improvement in the objective

functions of the optimum design compared to the
manual design. The maximum projectile acceleration
(max(apr)) and maximum volume of the accumulator
(V0) arebothdecreased,wheremax(apr) decreased from
24.45 m/s2 to 24.29 m/s2 and V0 decreased from 0.1078
m3 to 0.0458 m3. This has the effect of reducing the
system volume occupied while satisfying system per-
formance. Table 8 shows the constraints of the manual
and optimum cases.We can confirm that the optimum
design satisfies all constraints.

4. Surrogate modeling of the underwater
discharge system

Surrogate modeling is used in fields such as
model approximation, design space exploration,
problem formulation, and optimization [16]. In this
study, we solved this problem using a surrogate

Fig. 6. Opening profile of the discharge valve of the manual and opti-
mum designs.

Table 7. Comparison of objective functions between manual and opti-
mum designs.

Objective functions Manual design Optimization

max(apr) 25.45 m/s2 24.31 m/s2

V0 0.1078 m3 0.0458 m3

Table 8. Comparison of constraints between manual and optimum designs.

Constraints Manual design Optimization

Discharge speed >11 m/s 11.30 m/s 11.07 m/s
Maximum pressure

difference
<0.6 MPa 0.5274 MPa 0.2360 MPa

Maximum projectile
acceleration

<8g (¼ 78.4 m/s2) 24.45 m/s2 24.31 m/s2
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model for model approximation, to reduce the
computation cost of the complicated discharging
simulation and to find an optimum solution in a
short time. Because of this, we generate a surrogate
model that predicts the results quickly. In this study,
linear regression, three types of RBF, and four types
of ANNs were used to generate surrogate models.
Surrogate models are pre-trained and were called
when used for optimization.

4.1. Optimization process using the surrogate model

The process for optimizing the design of the
discharge system using both mathematical and
surrogate models is shown in Fig. 7. In the case of
optimization using the surrogate model, the calcu-
lation speed improves but certain accuracy loss is
inevitable. Hence, the surrogate model is suitable
when an engineer intends to improve the optimi-
zation speed with some loss of accuracy.
Fig. 8 shows the method of training the surrogate

model and optimization process using the surrogate
model. The surrogate model is constructed based on
the simulation results obtained using a mathemat-
ical model. When the simulation is performed, the
design variables and simulation results are stored in
a database. Once sufficient data have been stored,
training is started. If the accuracy is within an
acceptable range, the surrogate model is finally

obtained. Then, the surrogate model is used instead
of the mathematical model during the optimization.
In the case of “black-box” surrogate models, such

as RBF or ANNs, the sampling method for building
a dataset has no significant effect on the results [16].
Therefore, we used the simulation results obtained
during the optimization process as a dataset. In this
study, 5000 simulation results with randomly
selected design variables were used. The dataset
was divided into validation data and training data;
30% of the dataset was used for validation, and the
rest was used for training.

4.2. Surrogate modeling equations

To increase the accuracy of the surrogate model,
we must select the best regression equation. In this
study, three types of regression equations were
tested: linear regression, RBF networks, and ANNs.
First, linear regression is the most straightforward

and well-known regression technique. It is a
method of modeling a regression equation using a
linear function, which predicts the relationship be-
tween the output y and the independent variables xi
[17]. The prediction results obtained through the
model take the following form:

y¼a0 þ a1x1 þ a2x2 þ…amxm ð26Þ
Second, RBF is a function that predicts the

result with a combination of kernel function and
weight. It is used for function approximation, time-
series prediction, classification, and system control.
RBF, known as kernel-based regression, is a type of
simple neural network that uses kernel functions.
Each element of the RBF is combined in the
following form to calculate the result:

yðxÞ¼
XN

i¼1
uifðrÞ ð27Þ

r¼jjx� xijj ð28Þ
In Eq. (28), ui is the weight, f is a kernel func-

tion, and jjx-xijj is the distance from the center. We
used seven design variables as variable x and each
objective function as variable y. The center xi was
determined to minimize the error by changing the
value. The result of the RBF is a combination of
kernel functions calculated using the distance from
the center. In this study, the following three types of
kernel functions were used:

fðrÞ¼ rk ð29Þ

Fig. 7. Process for the optimum design of the underwater discharge
system.
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fðrÞ¼ e�ðerÞ2 ð30Þ

fðrÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðerÞ2

q
ð31Þ

Eq. (30) is a polyharmonic kernel function, Eq.
(31) is a Gaussian kernel function, and Eq. (32) is a
multiquadric kernel function. In Eqs. (29)e(31), e

and d are constants, and ui can be calculated using
the following method [18].

fij¼f
���xj�xi

��� ð32Þ
2
664
f11 f12 ::: f1N

f21 f22 ::: f2N

« 1 «
fN1 fN2 / fNN

3
775
2
664
u1

u2

«
uN

3
775¼

2
664
b1
b2
«
bN

3
775 ð33Þ

Eq. (33) is established using the given input
data xj and output bj. The dataset proposed in Sec-
tion 4.2 is used for input data xj and output bj. The
following equation can be obtained by calculating
the inverse of fij matrix using the following
equation:

2
664
u1

u2

«
uN

3
775¼

2
664
f11 f12 ::: f1N

f21 f22 ::: f2N

« 1 «
fN1 fN2 / fNN

3
775

�12
664
b1
b2
«
bN

3
775 ð34Þ

Third, an ANN is a network in which neurons
of different layers are connected. Weights are
improved during the learning process, and an acti-
vation function connects the neurons’ weighted in-
puts and outputs. The ANN was developed from the
perceptron proposed by Rosenblatt [19] for pattern
recognition. ANNs are used for classification,
regression, clustering, and anomaly detection.
In this study, we used the surrogate model with a

fully connected ANN for regression to predict the
simulation results. A fully connected ANN is a
network in which all neurons in each layer are
connected to all neurons in the next layer. It is a
basic type of neural network and is used to generate
a regression model. We used various fully con-
nected ANNs with layers ranging from 10 to 160
neurons. We set two or three hidden layers in

Fig. 8. Training surrogate model and optimization process using the surrogate model.
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ANNs, where ReLU was used as an activation
function.
The inputs xj are the design variables defined in

Table 4. The outputs bj are the objective functions
defined in Table 5. The dataset, which is explained
in Section 4.1, is used to determine the weights of
each regression equation.
The criteria for the best regression equation were

determined using the function used for validation. In
this study, we used the mean-squared error (MSE) to
verify the model's accuracy. MSE represents the
sample standard deviation of the differences be-
tween the measured and predicted values. The MSE
was calculated using the following equation:

MSE¼ 1
N

X
ðMeasured� PredictionÞ2 ð35Þ

The result of MSE is always non-negative, and
the closer it is to 0, the better. In Eq. (26), Measured
indicates the actual value stored in the dataset,
Prediction indicates the value predicted by the sur-
rogate model, and N indicates the number of values.

4.3. Optimization result obtained using the
surrogate model

Fig. 9 shows the validation results obtained to
train the surrogate model before using it for opti-
mization. Linear regression, three RBF networks,

and ANNs with different hidden layers and neurons
were used.
Tables 9 and 10 show the average MSE of the re-

sults. The best model for each method was selected
to proceed with the optimization process. We
selected the surrogate model for each type with the
smallest average MSE. The optimization results of
LR, RBF (polyharmonic), and ANN (160 � 160 � 40)
surrogate models are as follows.
Tables 11 and 12 show the design variables and

their errors, of optimum designs compared to the
mathematical model. Compared with the optimiza-
tion result of the mathematical model, Drod and V2

exhibit a relatively large error. The design variables
of the ANN (160 � 160 � 40) surrogate model have
smaller errors compared with the design variables
of the mathematical model.
Tables 13 and 14 compare objective functions and

their differences between manual and optimum
designs. The ANN (160 � 160 � 40) surrogate model
has the lowest MSE with the mathematical model,
on average, at objective functions and design vari-
ables. The optimization results obtained by the
ANN (160 � 160 � 40) surrogate model suggest a
better design for the second objective function as
compared to the manual design.
Table 15 presents the constraints of the optimum

design obtained by the surrogate model. As the
model also satisfies the constraints, the ANN (160 �

Fig. 9. Average MSE of objective functions calculated using surrogate models.

Table 9. MSE of LR and RBF surrogate models.

Surrogate model LR RBF (Gaussian) RBF (Polyharmonic) RBF (Multiquadric)

Average MSE of objective
functions

8.056 � 10�4 4.098 � 10�4 3.959 � 10�4 5.832 � 10�4
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160 � 40) surrogate model is the most appropriate
surrogate model for optimization.
Table 16 shows the calculation time difference

between the mathematical and surrogate models.
Using the surrogate model, the optimization results
can be obtained in a short time. The mathematical
model took 246,611 s (68.5 h) to optimize, but the
surrogate model took only 490 s (0.14 h). This result
means that when the design environment or re-
quirements change, the mathematical model takes
about 68.5 h to calculate the optimization result. The
surrogate model is relatively inaccurate, but in ~9
min, a simple optimization result can be obtained.
Surrogate models can be used in conjunction with
mathematical models to aid engineers in preparing
an optimum design in a manner that compensates
for the weaknesses of mathematical models.

5. Conclusions and future work

When minimizing the volume occupied by an
underwater discharge system, there are three pri-
mary engineering issues that need to be dealt:
reducing the noise and vibration, and satisfying the
required performance. To address these issues,
design variables were defined to formulate an
optimization problem. Each issue was also
expressed using objective functions and constraints.
As a result of the optimization, the maximum ac-
celeration of the projectile decreased by 4.5%, from
25.45 m/s2 to 24.31 m/s2, as compared with the
manual design. The maximum volume of the accu-
mulator (V0) decreased by 57.5% from 0.1078 m3 to
0.0458 m3. We also studied an optimization method
based on the surrogate model to obtain faster re-
sults. We used three types of surrogate models to
find the best model. As a result, the ANN model
with three hidden layers and 160 � 160 � 40 neu-
rons showed the highest accuracy. The prediction
with the surrogate model had a 22.36% error in the
first objective function and a 14.19% error in the
second objective function. However, it was 503.2
times faster in the calculation, and it showed the
possibility that the proposed method using the
surrogate model can be used for complex calcula-
tions within a dramatically reduced time.
In the future, the surrogate model will be further

developed to improve its accuracy. In this study, we
experimented with a limited variety of ANN
models. We anticipate the performance of the sur-
rogate model to further improve if ANNs are used.
When calculating through a surrogate model, we
also plan to predict the time-series data calculated
in the simulation. For this purpose, we will develop
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a surrogate model that can estimate the time-series
data to aid the optimization process.
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