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FOR SOLVING A NONLINEAR BEAM EQUATION
WITH AN INTEGRAL TERM SUBJECTED
TO DIFFERENT BOUNDARY CONDITIONS
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ABSTRACT

In this paper, a nonlinear beam equation containing an inte-
gral term of the deformation energy, which is unknown before
the solution is found, is investigated under different boundary
conditions. First, we set the unknown integral term as a scalar
variable and then develop a weak-form integral equation to solve
the integral. By using the sinusoidal functions as test functions
and bases of the numerical solution, we obtain a fast-convergence
iterative scheme. Due to the orthogonality of the sinusoidal func-
tions, the expansion coefficients of the numerical solution are in
the closed form. The proposed iterative algorithms converge
quickly and provide highly accurate numerical solutions of the
nonlinear beam equation containing the integral term, as con-
firmed using five numerical examples.

I. INTRODUCTION

In engineering design, beams have a role in nonlinear envi-
ronments and when subjected to nonlinear conditions (Ma and
da Silva, 2004; Dang and Luan, 2010; Dang et al., 2010; Dang
and Huong, 2013). Moreover, this problem arises in the study of
the transverse vibration of a hinged beam (Woinowski-Krieger,
1960; Feireisl, 1992; Dang and Luan, 2010):

y(iv)(x) —|:0! +bOJ‘:y’(x)2 dx:|y”(x) = p(x), O<x</, (1)
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»(0)=y(£)=0, )

y'"(0)=y"(0)=0, 3

where « and b are constants and p(x) is an external load. The
boundary conditions (BCs) are the simply supported type. In
this paper, we develop a fast-convergence iterative method for
solving the fourth-order nonlinear ordinary differential equation
(ODE) for a nonlinear beam, with an integral term employed.

In previous studies, weak-form integral equations have been
successfully used with different test functions and trial functions
for solving ODEs. Liu et al. (2017) developed the weak-form
integral equation method (WFIEM) to determine the singular so-
lution to problems. The WFIEM and exponentially and polyno-
mially fitted trial solutions, which are designed to automatically
satisfy the BCs, can provide an accurate numerical solution of
the singular beam equation. Liu et al. (2016) transformed the
linear ODE of motion into a linear parabolic-type partial differ-
ential equation and then used Green’s second identity to derive
a boundary integral equation in terms of the adjoint Trefftz test
functions. The advantages of this transformation to a weak-form
integral formulation were observed when Liu et al. tested some
nonlinear inverse vibration problems with a long time span and
under high noise. Moreover, Liu (2016) utilized the WFIEM
to determine the singular solution. The WFIEM provided ac-
curate and stable solutions for highly singular third-order pro-
blems. Liu and Li (2017) employed a fast iterative method to
solve a nonlinear beam equation under nonlinear BCs of mo-
ments and obtained highly accurate results. In this paper, we
extend this idea by using the sinusoidal functions as test func-
tions and bases for developing a powerful beam solver for a
nonlinear beam equation containing an integral term of the de-
formation energy.

II. TEST FUNCTIONS

To solve Egs. (1)-(3), our first step is to define the integral
term as an unknown variable:
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fi=h, ], y(0}ar. @)

Then, we derive an iterative sequence to determine /3, which
converges to f.

Thus, we have a new linear-like fourth-order ODE, which is
given as follows:

Y ()= (a+B)y"(x) = p(x),0<x < L. ®)
Let

v(x, j)::sin%,jeN (6)

be the test functions.
By multiplying Eq. (5) by v(x, j) and integrating the resul-
tant from x = 0 to ¢, we obtain the following equation:

J.oﬁy(iv) (x)v(x, j)dx—(a+pB) J.: Y (v(x, jd
/ (7
= v s

Integrating by parts the first integral term on the left-hand side
four times and using Egs. (2) and (3), we obtain the following:

f(f Y™ ()v(x, j)dx

= vt s~ [, 70 s

= [ YV (. j)dx due to w0, j) = v(L, /) =0
= [ V"V, j)dx due to y"(0) = (1) =0
}ﬂf@WUJMMmmW@ﬂ:wmﬂ:O

- j; P (x, j)dx due to y(0) = y (¢) = 0.

®)
Furthermore, we obtain:
[y v, e == y'(0v'(x, j)dx due 0 (0, j)
—w(l, j)=0
o ©)
= jo y(x)V"(x, j)dx due to y(0)
= (0) =0.

Then, we can derive a simple weak-form integral equation
to solve y(x) in Egs. (1)-(3).

Theorem 1. For the nonlinear problem, Egs. (1)-(3), the so-
lution y(x), 5, and the given function p(x) satisfy the following
integral equations:

H%;T+(a+ﬂ{%§f}ﬂy@WUaﬂﬁ

= J.O( v(x, j)p(x)dx, j € N.

(10)

Proof:
From Eq. (6), we obtain the following:

‘Wnﬂ:{%qvaLWW&ﬂ=PfjWnﬂ

Substituting Eqgs. (8) and (9) into Eq. (7) and using the afore-
mentioned equation, we derive Eq. (10).

III. TWO SIMPLE ITERATIVE ALGORITHMS

For a simply supported beam, the trial functions in Eq. (6)
automatically satisfy the BCs given in Egs. (2) and (3). Hence,
the trial solution of the simply supported beam is as follows:

L kmx
X)= ) ¢, sin—. 11
y(x) ;k ; (1)
To determine the expansion coefficients [¢; (j = 1, ..., m)],

we substitute Eq. (11) into Eq. (10); letj =1, ..., m; and use the
orthogonality of the following equation:

stin%sink—zxdngﬁjk, (12)

0

where Jji is the Kronecker delta symbol. Consequently, we
can derive the following equation:

2
c, =

RGEEG

j=1...,m.

v, peods,
(13)

We can also solve Egs. (1)-(3) by deriving an iterative al-
gorithm to determine f, such that the sequence S, converges to
the true value of S.

Two types of iterative algorithms can be developed. The
first iterative algorithm is extremely simple and is described as
follows:

(i) Define m, &, and an initial estimate of £, for example 4 = 0.
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(i) For k=0, 1, ..., calculate the following:

= v s,

and

y'(x)= ZC —cos%
Jj=1

(iii) Substitute the expression for y'(x) into Eq. (4) and calcu-
late the following:

4
B =by _[0 y'(x) dx.
If the following convergence criterion,

|ﬁk+l_ﬂk|g‘glﬂ (14)

is satisfied, the iteration is stopped. If the criterion is not satis-
fied, step (ii) of the next iteration is performed.

The iterative process of the second iterative algorithm is de-
scribed as follows:

(i) Define m, &, and an initial estimate of ¢, for example ¢, = 0.
(i) For k=0, 1, ..., calculate the following:

y'(x)= Zc —cosﬂ
Jj=1 ¢

and
,3
B=b, jo y'(x) dx.

(iii) Substitute the expression for Finto Eq. (13) and calculate
¢;as follows:

= o ven Dpds,

If the following convergence criterion,

2
k
_C/) <&,

m
_ k+1
e = el = [22(¢

J=1

(15)

is satisfied, the iterations are stopped. If the criterion is not sat-
isfied, perform step (ii) of the next iteration.

The two described algorithms are different. One algorithm
generates the sequence of f; directly, whereas the other gen-
erates the sequence of ¢;. When c; is known, we can substitute
it into Eq. (4) to determine the numerical solution of y(x).

IV. NUMERICAL EXAMPLES OF SIMPLY
SUPPORTED BEAM

1. Example 1

In this example, we consider the simply supported beam ex-
ample of Dang (2010):

=217 ¥’ dx, plx) = ~4sinx. (16)
790

We employ « = 2, the same as that used by Dang (2010).
The exact solution in x €[0, 7] is as follows:
y(x)=—sinux. 17)

The exact value of fis 1.

Form=10and & = 10", the first iterative algorithm converges
after 36 iterations, as indicated by the solid line in Fig. 1(a). By
comparing the numerical and exact solutions, the maximum nu-
merical error in y(x) is 9.37 x 10™"%, as indicated by the solid line
in Fig. 1(b), and the absolute error in Bis 3.76 x 107",

For m = 50 and & = 10710, the second iterative algorithm
converges after 35 iterations, as indicated by the dashed line in
Fig. 1(a). By comparing the numerical and exact solutions, the
maximum numerical error in y(x) is 1.88 x 107", as indicated
by the dashed line in Fig. 1(b), and the absolute error in S is
7.51x 10",

2. Example 2

In this example, we consider the following problem (Dang,
2010):

=2 [y dv. pl) =~ (s)
T

Again, we employ o= 2, the same as that used by Dang (2010).
No closed-form solution to the problem exists.

Form=50and & = 10", the first iterative algorithm converges
after 33 iterations, as indicated by the solid line in Fig. 2(a). The
numerical solution is represented by the solid line in Fig. 2(b).
The value of £ is 0.94976254, which is similar to the values
obtained by Dang (2010) and Shin (1998).

V. NUMERICAL ALGORITHM FOR
THE TWO-END FIXED BEAM

Here, we consider a two-end fixed beam subjected to the
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Fig. 1. (a) Convergence rates and (b) numerical errors for the simply supported nonlinear hinged beam.
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following BCs:
y(0) = y(¢) =0, 19)
y'(0)=y'(1)=0. (20)
1. Basic Equations of the Two-End Fixed Beam
Integrating by parts the first integral term on the left-hand

side of Eq. (7) four times and using Egs. (19) and (20), we
obtain the following equation:

_[: y(iv) (X)V(x, ])dx = yr”(x)V(X, ])|g _ J‘:ym(x)v,(x’ j)dx
= _J':yw(x)vl(X, J)dx due to v(0, j)=v(¢, j)=0

==y (WL )+ ¥ OO, )+ [ " (x,

24 27 30 33

y (%)

(b)

(a) Convergence rates and (b) numerical solutions for the simply supported and fixed-end beams of examples 2 and 4, respectively.

==y"(W'(L, j)+y"(0)'(0, /)
- j: V(" (x, j)dx due to v'(0, /)
=V(t, j)=0
==y"(OW'(L, j)+y"(0)'(0, /)
- j: V(W™ (x, j)dx due to v'(0, /)
=v"(¢, j)=0.
(21

Therefore, we can derive a simple weak-form integral equa-

tion for y(x) and p(x) to solve Egs. (1), (19), and (20) for the
fixed-end beam.

Theorem 2. In the problem described by Egs. (1), (19), and
(20), y(x), B, and p(x) satisfy the following integral equations:
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K%} non ﬂ)(’%ﬂ [ yne, jyd

= VOV (L, )=y OO, j)+ [ v(x, )p(o)dx, j e N.

(22)

Proof. .
By substituting v"(x, /) = (jz)*v(x, j)/¢* into Eq. (21) and
equating Eq. (9) to Eq. (7), we prove Theorem 2.

In Eq. (22), we can expand the solution of y(x) as follows:

y(x)=c,, x 1-= +c, X 1-= +ch sinkﬂ, (23)
14 L) = !

which automatically satisfies the first BC [Eq. (19)]. Here, the
expansion coefficients are unknown [¢; (=1, ..., m + 2)] and
must be determined. From Eq. (23), we obtain the following
equation:

Yo FoosE24)

2x 3x?
'X)=c 1-— |+c¢ 2x——
y( ) m+]( / ] m+2[ f } ~

From the second BC [Eq. (20)], we obtain the following
equations:

SR YL ) 25)
k=1 f
&k
Cp ~ Ly + zck 7005(](”) =0. (26)

k=1

To determine the expansion coefficients, we must derive m
other algebraic equations. By substituting Eq. (23) into Eq. (22),
letting j =1, ..., m, and using the orthogonality in Eq. (12), we
can derive the following equation:

4 ¢ X . ¢ X .
36 +¢, IO x(l —?jv(x, Ndx+c,,, jo X (l - Zjv(x, J)dx

= 1 T (V'L )= y"(00v'(0, /)

(7] st 7)

+ I:v(x, N p(o)dxl.

27

Eqgs. (25)-(27) can be arranged into an (m + 2)-dimensional linear

system as follows:

G €
A B '

¢, |=|e, (28)
C D

Cm+1 0

_Cm+2 _0_

This system can be used to determine the expansion coef-
ficients [c; (k= 1,..., m + 2)], where

) 1
€= i 2 i 2
| +(a+ o
7] ten( )
The dimensions of A, B, C,and Dare m x m, m x 2,2 x m,

and 2 x 2, respectively. The components of these matrices are
as follows:

[ vee Dpedr. (29)

14 )
Ay :Edjk,j,kzl,...m,

B, = j:x(l —%jv(x, j)dx

+—F . 4 ] 2_[v’(f,j)—v'(0,j)],
[T-eont
J=L..,m,
14 X .
B, :I x° (1—;}(x,])dx
2 ’ . ’ .
+ . \4 K 2[2‘}((7])_‘)(09‘])]’
(Jj +(a+p) %
J=L..,m,
Cl_/:j%,jzl,...,m,
Czj.:w,jzl,...,m,

D, =1,D,=0,D, =—1,D,, =—.

(30)

We can exactly solve Eq. (28) by using the Drazin inversion
formula.

-1 -1
) EIM +iZB(D—zCBJ C —EB(D—ECBJ

A B _ L ¢ 4 L 4 (31)

C D ) '

o -1
- D—ECB C D—ECB
l l l
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Fig. 3. (a) Convergence rates and (b) displacement and numerical errors for the fixed-end nonlinear hinged beam.

From the Drazin inversion formula, we obtain the following:

2 4 2 ! 2 2 !
?IM+Z—2B(D—?CB] C 7?B[D7?CBJ (32)
CVII = 1 -1 em M
Cun i[DiCBj c [DiCB) -
/ 14 14
Cm+2 em+2
Because e,,,1 = €2 = 0, Eq. (32) can be simplified to
_ . _ )
2 4 2
zIM +€_2B(D_ZCBJ Cl|l g
Cm = 1 (33)
Consl _% D _ECB C €,
/ Y4
_cm+2 a

The two types of iterative algorithms thus described are si-
milar to the algorithms described in Section 3.

2. Example 3

In this example, we consider the following equation:

p(x) =—12x" +12x +22. (34)
The exact solution inx € [0, 1] is
y(x)=x*—2x° + X% (35)

In this example, the values of « and b, in Eq. (1) are taken
as 103/105 and 1, respectively. The exact value of S obtained
is 2/105.

For m =100 and & = 10 '°, the iterative scheme converges
after four iterations, as displayed in Fig. 3(a). The numerical er-
ror is represented by the dashed line in Fig. 3(b), and its maxi-
mum value is 4.02 x 10, The absolute error inf Bis 2.07 x 10,

3. Example 4

In this example, we consider the following equation:

=2y, plx) = . (36)
T

We employ a = 2, the same as that used by Dang (2010).
No close-form solution exists. For m = 50 and & = 107", the
first iterative algorithm converges after 10 iterations, as indi-
cated by the dashed line in Fig. 2(a). The numerical solution is
represented by a dashed line in Fig. 2(b), and = 0.222553 is
determined. Under the same load, the deflection of the fixed-
end beam is much smaller than that of the simply supported beam.

VI. CANTILEVER BEAM AND EXAMPLES

1. Basic Equations for a Cantilever Beam

For the cantilever beam, we have the following BCs:

(0)=y"(0)=0, (37)
y'(0)=y"(£)=0. (33)
The trial solution for a cantilever beam is as follows:
X L . krx
y(xX)=b,, x+b,.,| ———— [+ b sin—. (39)
2 6) i3 !

In this equation, the conditions y(0) = 0 and y"(¢) = 0 are
automatically satisfied.
Through a simple derivation, we can obtain

[ 3™ v, jdx = y" v, - [} 3" v e,

- —J;y'"(x)v'(x, J)dx due to v(0, j)=v({, j)=0
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,
=y"(0)v'(0, )+ IO Y'(x)V'(x, j)dx due to y"(£) =0

=y"(0W'(0, ) —J-(: V' (x)V"(x, j)dx due to v"(0, /) =v"({, j)=0
= y"(0)v'(0, j) = y(O)v"(L, j)

+ I:y(x)v"v (x, j)dx due to y(0) =0.
Then, we can derive the following result:

Theorem 3. In the problem described by Egs. (1), (37), and
(38), ¥(x), B, and p(x) satisfy the following integral equations:

K%;TQ(a+ﬂ{¥§T}ﬂy@WUaﬂﬁ

+(a+B) vy, j) (40)
= (V" (L, )= y"(0)v'(0, j)
+ j; v(x, j)p(x)dx, j e N.
From Eq. (39), we obtain the following:
y,(x):bmﬂ +bm+2 [éx__] zb ﬂ.coskﬂa (41)
e . kmx
y'(x)= bm+2 f x Zbk( j 1n7, (42)
k=1
. 3
Y"(xX) = by~ Db, (%”j cos KX (43)
k=1

Because the conditions y(0) = 0 and y"({) = 0 are automa-
tically satisfied, we only impose two other BCs [y'(0) = 0 and
V(€)= 0]

m

Zb (44)
Zbk [—j cos(kz)=0. (45)
=1
By the same logic, we obtain the following:
4] 2 4 2 )
: <1, +—2B(D——CB) Clle
l L 4
b, |= . ,  (46)
by —%(D—%CBJ C e,
1 1
L "m+2 |

where

(
X = [, Ve NP, j =1, m,

("”T*wﬂ)("ﬂ

T ir) L \2 J.(:vm('&j)—(a‘*'ﬂ)v'(ﬂ,j),
[(’ZJ sern(2]]

B, = J.O([fx—xsjv(x J)dx

2
[ ' . Zz "m . ’ .
e —| O N[ D@t AV D],
(#T-nl]
J=l..,m,
j ( '7r)3 cos jr
¢, =%, ¢, =My m D=1,
14 0
(47)
2. Example 5
In example 5, we consider the following:
p(x) =48x—24x". (48)
The exact solution in x € [0, 1] is as follows:
y(x)=x* —4x’ +6x°. 49)

Here, the values of « and b, in Eq. (1) are taken as 1 and
7/72, respectively. The exact value of fis determined to be 1.

For m =150 and & = 10’, the iterative scheme converges after
11 iterations, as displayed in Fig. 4(a). The numerical error is
represented by a dashed line in Fig. 4(b), and its maximum er-
ror is 1.49 x 1072 The absolute error in Bis 9.98 x 10>

VII. CONCLUSIONS

In this paper, we derived simple and effective iterative me-
thods for numerically solving nonlinear beam problems that in-
clude an unknown deformation energy term in the governing
equation. We introduced different linear systems in the solutions
by subjecting the simply supported beam, two-end fixed beam,
and cantilever beam to different BCs. The closed-form coeffi-
cients in the numerical solution were obtained by using the
orthogonal property of test functions and the Drazin inversion
formula. These coefficients reduced the computational com-
plexity of the problems and increased the speed of convergence
of the proposed algorithm. Five numerical examples were used
to examine the stability and accuracy of the presented iterative
algorithms.
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