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Jaw-Ren Lin1, Li-Ming Chu2, Long-Jin Liang1, and Shu-Ting Hu1 

 
 

Key words: rotating disks, ferrofluids, non-Newtonian couple stresses, 
squeeze films. 

ABSTRACT 

This paper aims to investigate the effects of rotational inertia 
force on the squeeze film characteristics between two circular 
disks lubricated with a non-Newtonian ferrofluid.  Based on the 
Shliomis ferromagnetic fluid model incorporating with the Stokes 
couple stress fluid model, we have derived a non-Newtonian fer- 
romagnetic Reynolds equation including the rotational inertia 
force effects for the study of squeeze film performances.  From 
the results, the effects of rotational inertia forces of the upper 
disk yield a lower load capacity and a shorter squeezing time as 
compared to the non-rotating case.  In addition, the influences 
of the related parameters on the squeeze film characteristics 
are also included in Table 1 for engineering applications. 

I. INTRODUCTION 

Squeeze film techniques arises between two fluid-contained 
surfaces approaching each other with a normal velocity.  The 
load-carrying capacity and the separated gap are then measured.  
Owing to the gap cushion, squeeze film mechanisms are widely 
applied in many areas of engineering practices, such as the arti- 
ficial lubricated joints, molding injection machinery, hydrody- 
namic dampers, automatic transmission units, clutch pads, and 
machine tool systems.  With the development of modern engi- 
neering, the increasing use of ferrofluids, also named magnetic 
fluids, has received international attention.  Based on the contri- 
butions of Shliomis (1972, 1974), ferrofluids are prepared by 
suspending ferromagnetic particles coated with surfactant dis- 
persing in a liquid carrier.  Under the action of an external mag- 
netic field, each ferromagnetic particle can experience a body 

force which causes it to move to some preferred locations.  
Because of their peculiar characteristics, ferrofluids possess a 
variety of engineering applications, such as the magnetic drug 
targeting for tumour treatment of Odenbach and Gitter (2011), 
the novel optical devices of Zhal et al. (2011), the micro- 
fluidic pumps and valves of Hartshorne et al. (2004), and the 
servo-valve torque motors of Li and Song (2007).  Furthermore, 
ferrofluids can also be applied to hydrodynamic squeeze film 
bearings.  For example, Shah and Bhat (2005) investigated the 
squeeze film between exponential curved plates.  The effects of 
ferrofluids and the curvature of plates on the squeeze film per- 
formances are discussed by Shah and Bhat (2005).  Lin (2013) 
studied the squeeze film characteristics between a sphere and a 
plate lubricated with a ferrofluid.  The influences of convective 
fluid inertia forces are also included in the discussion.  From the 
results obtained by Lin (2013), the effects of ferrofluids in the 
presence of external magnetic fields provide a higher load ca- 
pacity as well as a longer response time for the squeeze film.  
In order to adjust some physical and chemical properties, the 
lubricants in squeeze films often contain small amount of ad- 
ditives of long-chain organic compounds.  In this situation, the 
Newtonian postulate neglecting the size of fluid particles is no 
longer a satisfactory approach to the non-Newtonian lubricants 
in squeeze films.  In order to describe the peculiar behaviors of 
these kinds of non-Newtonian fluids, a micro-continuum theory 
has been proposed by Stokes (1966).  The Stokes micro-continuum 
theory is the simplest generation that takes into account the pre- 
sence of couple stresses and body couples.  A number of inves- 
tigators have applied the Stokes micro-continuum theory of couple 
stress fluid model to study the squeeze film characteristics between 
approaching surfaces, such as the squeeze films with reference 
to human joints by Bujurke and Jayaraman (1982) and Ahmad 
and Singh (2007), the squeeze films between a non-rotating shaft 
and a cylindrical shell by Lin (1998), and the squeeze films be- 
tween a sphere and a plate by Elsharkawy and AL-Fadhalah 
(2008) and Lin (2000).  According to their results, the influ-
ences of non-Newtonian couple stresses provide an increased 
value in the load capacity and the response time as compared 
to the case with a Newtonian fluid.  Recently, Lin et al. (2013) 
investigated the squeeze film characteristics between non-rotating 
circular disks lubricated with non-Newtonian couple-stress fer- 
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rofluids.  It is found that the effects of non-Newtonian ferrofluids 
provide a higher load capacity and a longer response time as 
compared to the Newtonian non-ferrofluid case.  However, the 
study of squeeze film characteristics between rotating circular 
disks lubricated with non-Newtonian couple-stress ferrofluids 
is still absent.  Therefore, a further investigation on the rotating 
circular squeeze film with non-Newtonian ferrofluids is of interest. 

The purpose of the present study is to investigate the effects 
of rotational inertia force on the squeeze film characteristics 
between circular disks lubricated with a non-Newtonian ferro- 
fluid in the presence of a transverse magnetic field.  Based on 
the Shliomis ferromagnetic fluid model incorporating with the 
Stokes couple stress fluid model, a non-Newtonian ferromagnetic 
Reynolds equation including the effects of rotational inertia 
force will be derived for the study of squeeze film performances.  
As compared to the Newtonian non-ferrofluid non-inertia case, 
the squeeze film characteristics between rotating circular disks 
lubricated with non-Newtonian ferrofluids are presented and dis- 
cussed through the variation of the non-Newtonian parameter, 
the concentration parameter, the Langevin magnetic parameter 
and the rotational inertia parameter, respectively. 

II. ANALYSIS 

Fig. 1 shows the squeeze film geometry for rotating circular 
disks of radius A under the application of a constant magnetic 
field B


 = (0, 0, B0).  The upper rotating disk with angular speed 

 is approaching the lower one with a squeezing velocity 
(-dh/dt), where t is the time and h denotes the film thickness.  
The lubricant in the film region is taken to be an incompressible 
non-Newtonian ferrofluid.  Based on the ferromagnetic fluid mo- 
del of Shliomis (1972, 1974) incorporating the micro-continuum 
theory of couple stress fluid model of Stokes (1966), the Max- 
well equations, the continuity equation, and the momentum equa- 
tions can be expressed in a vector form. 
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Fig. 1. Rotating circular squeeze film disks lubricated with a non-Newtonian 

ferrofluid in the presence of applied magnetic fields. 

 
 
In the above equations, v


 is the fluid velocity,  is the fluid 

density,  is the viscosity of the suspension, n is a new ma-
terial constant responsible for the non-Newtonian properties of 

couple stress fluids, p is the free space permeability, M


 is 
the magnetization vector, Me is the equilibrium magnetization, 
m is the magnetic moment of a particle, n is the number of par- 
ticles per unit volume, Bc is the Boltzmann constant,  is the 
absolute temperature, C is the volume concentration of ferro- 
magnetic particles, and L is the Langevin magnetic parameter, 
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Assume that the thin-film lubrication theory is applicable for 
the present analysis, the body force and the body couples are 
negligible, but the rotational inertia forces due to the upper ro- 
tational disk are considered.  Substituting Eq. (5) into Eq. (4) and 
performing the analysis of the order of magnitude, the continuity 
equation and the momentum equations for an axially symmetric 
flow can be reduced as follows. 
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where the symbols u, v and w denote the velocity components 
in the r-, - and z- directions, respectively.  According to the re- 
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search of Batchelor (1977), the viscosity of suspension increases 
with the volume fraction of ferromagnetic particles,  = 0. 

 25 31
1

2 5
C C     (12) 

where 0 denotes the viscosity of the liquid carrier.  The non- 
slip velocity conditions and the non-couple stress conditions at 
the solid boundaries are 
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Integrating Eq. (10) with respect to z subject to the conditions 
(14a) and (14b), one can obtain the circumferential velocity com- 
ponent, v. 

 
r
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Substituting the expression of v into Eq. (9) and integrating 
the equation subject to the conditions (13a) and (13b), one can 
obtain the radial velocity component, u. 
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where 
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Integrating the continuity Eq. (8) across the film thickness 
and applying the velocity boundary conditions of u and w, one 
can derive a modified Reynolds equation. 

 02
2

( , , , )
1

12 (1 )
3

( , , , )
10

A n

B n

dp
f h l r

dr dh

r r dt
f h l r


 

 

        
     

 (20) 

where 

2
3 (1 )12 2

tanh
(1 ) 2(1 )

n n
A

n

hl l
f h h

l


 

          
        

 (21) 

 

2
3

3

3/ 2

4

2

5

5 / 2 2

40

3 (1 )

(1 )40
tanh

2[ (1 )]

80 1

[ (1 )]

(1 )160 1
tanh

2[ (1 )]

n

n

n

B

n

n

n

l
h h

hl

l
f

l

h

hl

lh











 
   

 
           

  
    
            

 (22) 

This derived Reynolds equation can be applied to the study of 
rotating circular squeeze films lubricated with a non-Newtonian 
ferrofluid including the fluid inertia force effects due to the up- 
per rotational disk.  Introduce non-dimensional parameter and 
variables as follows. 
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where h0 denotes the initial film thickness.  As a result, the mo- 
dified Reynolds equation can be expressed in a non-dimensional 
form. 
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Once the film pressure is obtained, the squeeze film perfor- 
mances can be evaluated. 

III. SQUEEZE FILM CHARACTERISTICS 

The non-dimensional pressure boundary conditions are: p* = 
0 at r* = 1; and dp*/dr* = 0 at r* = 0.  Integrating the non- 
dimensional Reynolds equation subject to the pressure boundary 
conditions, one can obtain the non-dimensional film pressure. 
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The load capacity is evaluated by integrating the film pressure 
over the disk surface. 
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Introducing the non-dimensional variable, the above equation 
can be written as: 
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Applying the expression of the non-dimensional film pressure 
and performing the integration, one can obtain the non-dimensional 
load capacity. 
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The local film height h at the time t can be obtained by solv- 
ing Eq. (31) for prescribed initial conditions, and prescribed loads 
and angular speeds.  In the present study, a time-independent 
load and a constant rotating speed are considered as Prakash 
and Tiwari (1985).  For a time-independent load and a constant 
rotating speed, the time t = t1  t0 taken by the upper disk to 
move from h0 to h1 is obtained by integrating Eq. (31) with 

respect to time.  Since * 3 4
0 0/ ( / )W Wh A dh dt  , one can intro- 

duce the non-dimensional squeeze film time: 
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Then the time-height relationship can be described as the 
following non-dimensional form. 
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Separating the variables and integrating the equation give 
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The squeeze film time can be numerically calculated by the 
Gaussian Quadrature method. 

IV. RESULTS AND DISCUSSION 

Based on the above analysis, the squeeze film performances 
between rotating circular disks lubricated with non-Newtonian 
ferrofluids are characterized by the rotational inertia parameter 
R, the non-Newtonian parameter N, the volume concentration 
of ferromagnetic particles C, and the Langevin magnetic para- 
meter L.  Several special cases can be included from the limiting 
values of these parameters. 

Case 1: R = 0, N = 0, C = 0, L = 0: 

The non-dimensional film pressure in Eq. (29) reduces to 
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It is the case of squeeze films between non-rotating disks with 
Newtonian non-ferrofluids by Hamrock (1994). 

Case 2: R  0, N  0, C = 0, L = 0: 

The non-dimensional Reynolds equation in Eq. (26) reduces to 
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Fig. 2. Non-dimensional squeeze film pressure p* as a function of the non- 

dimensional radial position r* at the non-dimensional film height 
h* = 0.25 for various N, C, L and R. 
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It is the case of squeeze films between non-rotating disks 
with non-Newtonian non-ferrofluids by Lin and Hung (2008). 

Case 3: R = 0, N  0, C  0, L  0: 

The non-dimensional load capacity in Eq. (32) reduces to 
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It is the case of squeeze films between non-rotating disks 
with non-Newtonian ferrofluids of Lin et al. (2013). 

In the present study, the parameters for the squeeze film cha- 
racteristics are illustrated as follows: R = 0  25, N = 0  0.05, 
C = 0  0.05, L = 0  10. 

Fig. 2 shows the non-dimensional squeeze film pressure p* 
as a function of the non-dimensional radial position r* at the 
film height h* = 0.25 for various values of N, C, L and R.  In 
the situation of non-rotating disks (R = 0), the squeeze film with 
a Newtonian ferrofluid under the action of an external magnetic 
field (N = 0, C = 0.05, L = 10) is observed to provide a higher 
film pressure as compared to the case of a Newtonian non- 
ferrofluid without magnetic fields (N = 0, C = 0, L = 0).  When 
the effects of non-Newtonian rheology (N = 0.05, C = 0.05, L = 

0 5 10 15 20 25
0

50

100

150

200

250

W
*

W
*

0 5 10 15
R R

20 25
0

50

100

150

200

250

N = 0, C = 0, L = 0

N = 0, C = 0.05, L = 10

N = 0.05, C = 0.05, L = 10

h* = 0.35

0 5 10 15 20 25
250

300

350

400

450

500

0 5 10 15 20 25
250

300

350

400

450

500

N = 0, C = 0, L = 0

N = 0, C = 0.05, L = 10

N = 0.05, C = 0.05, L = 10

h* = 0.25

 
Fig. 3. Non-dimensional load capacity W* as a function of the rotational 

inertia parameter R at the non-dimensional film height h* = 0.35 
and 0.25 for various N, C and L. 
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Fig. 4. Non-dimensional squeeze film time Δt* as a function of N under  

h = 0.25 without rotational inertia (R = 0) and with rotational inertia 
(R = 25) 

 
 

10) are included, further higher values of the pressure are ob- 
tained.  In addition, the effects of rotational inertia force (R = 25) 
due to the upper rotating disk result in a decreased film pressure 
as compared to the non-rotating case (R =0). 

Fig. 3 presents the non-dimensional load capacity W* as a func- 
tion of the rotational inertia parameter R at the non-dimensional 
film height h* = 0.35 and 0.25 for various values of N, C and L.  
Since the squeeze film with rotational inertia forces results in a 
lower pressure as compared to the non-inertia case, the integrated 
loads are similarly affected.  At the non-dimensional film height 
h* = 0.35, the load capacity decreases with increasing values 
of the rotational inertia parameter.  Furthermore, the effects of 
rotational inertia force on the load capacity are more pronounced 
for the squeeze film operating at a lower film height h* = 0.25. 
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Table 1. Non-dimensional load capacity W* of non-Newtonian ferrofluid lubricated rotating circular disks for various 
values of N, C, L and R at the non-dimensional film height h* = 0.5. 

Non-dimensional load capacity W* 
L = 0 

N C R = 0 R = 15 R = 25 
37.6991 (Hamrock, 1994) - - 

0 0 
37.6991 34.1648 31.8086 

0 0.02 39.5841 36.0498 33.6936 
0.02 0.02 40.2628 36.7330 34.3798 
0.04 0.02 42.1880 38.6651 36.3165 
0.04 0.04 44.0769 40.5537 38.2049 

L = 5 
N C R = 0 R = 15 R = 25 
0 0 37.6991 34.1648 31.8086 
0 0.02 40.3758 36.8415 34.4853 

0.02 0.02 41.0549 37.5250 35.1718 
0.04 0.02 42.9814 39.4584 37.1097 
0.04 0.04 45.7391 42.2157 39.8667 

L = 10 
N C R = 0 R = 15 R = 25 
0 0 37.6991 34.1648 31.8086 
0 0.02 40.5557 37.0214 34.6652 

0.02 0.02 41.2349 37.7050 35.3517 
0.04 0.02 43.1617 39.6386 37.2899 

46.1168 42.5933 40.2443 
0.04 0.04 

46.1168 (Lin et al., 2013) - - 
 
 
Fig. 4 shows the non-dimensional squeeze film time t* as 

a function of the non-Newtonian parameter N for various C and 
L at the non-dimensional film height h* = 0.25 without rota-
tional inertia (R = 0) and with rotational inertia (R = 25), re-
spectively.  The squeeze film time t* is observed to increase with 
increasing values of the non-Newtonian parameter N.  For the 
non-inertia squeeze film (R = 0), it is observed that the use of 
ferrofluids (C = 0.05 or C = 0.025) with or without magnetic 
fields (L = 5 or L = 0) yields a longer squeeze film time as com- 
pared to the non-ferrofluid case.  However, when the rotation 
of upper disk is included, the effects of rotational inertia force 
(R = 25) predict shorter values of the squeeze film time as com- 
pared to the non-rotating case (R = 0). 

In order to guide the use of the present study, an example of 
calculating the values of the rotational inertia parameter R and 
the non-Newtonian parameter N is illustrated as follows. 

The volume of ferromagnetic particles including surfactants 
is 4.1667  10-5 m3, the volume of the main liquid is 1.00  10-3 
m3; and: 
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According to the definitions in ANALYSIS, the rotational 
inertia parameter, the non-Newtonian parameter, the volume 
concentration of ferromagnetic particles, and the Langevin mag- 
netic parameter can be obtained: 

 25, 0.05, 0.04, 10.R N C L     

Table 1 shows some numerical values of the non-dimensional 
squeeze film load capacity of non-Newtonian ferrofluid lubri- 
cated rotating circular disks at the half film height.  It is observed 
that increasing the rotational inertia parameter decreases the load 
capacity of non-Newtonian ferrofluid lubricated squeeze films. 

V. CONCLUSIONS 

In this paper, we have investigated the effects of rotational 
inertia force on the squeeze film characteristics between two 
circular disks lubricated with a non-Newtonian ferrofluid in the 
presence of a transverse magnetic field.  Based on the Shliomis 
ferromagnetic fluid model incorporating with the Stokes couple 
stress fluid model, a non-Newtonian ferromagnetic Reynolds 
equation including the effects of rotational inertia force has been 
derived for the study of squeeze film performances.  Several 
special cases can be included from the limiting values of these 
parameters.  It is shown that the effects of rotational inertia force 
of circular disks lubricated with a non-Newtonian ferrofluid 
result in a lower load capacity and a shorter squeeze film time 
as compared to the non-inertia case.  Some numerical values of 
the non-dimensional squeeze film load capacity varying with the 
rotational inertia parameter, the non-Newtonian parameter, the 
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volume concentration parameter, and the Langevin magnetic pa- 
rameter are also provided in Table 1 for engineering applications. 
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