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ABSTRACT

We resolve the inverse problems of a second-order nonlinear
oscillator to recover time-dependent damping function and non-
linear restoring force, with the help of temporal boundary data
measured at initial time and final time. By using these data, a
sequence of tempora boundary functions of timeis derived, which
satisfy the measured temporal boundary conditions automati-
cally, and are at | east the fourth-order polynomials of time. All
the temporal boundary functions and zero element constitute a
linear space, and a new concept of energetic functiona is in-
troduced in the linear space, of which the energy is preserved
for each energetic temporal boundary function. We employ the
energetic temporal boundary functions as the bases of hume-
rical solutions. Then, the linear systems are derived and the
iterative algorithms used to recover the unknown nonlinear
oscillators are developed from the energetic functional, which
are convergent very fast. We can recover the damping func-
tions and restoring forces of nonlinear oscillators, among them
the nonlinear ship rolling oscillator and the Duffing nonlinear
oscillator are of tested examples. The required data are par-
simonious, merely the measured temporal boundary data of
displacement and velocity, and the temporal boundary data of
unknown function to be recovered.

I.INTRODUCTION

In this paper we are going to develop avery simple mathe-
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matical method to treat the following recovery problem of a
nonlinear oscillator:

(1) + c(O)X(t) + H(X) = F (1), t € (0, ), )

where c(t) denotes the damping coefficient, F(t) and H(x) are
the external excitation and restoring force, and x(t), x(t), and

X(t) aredisplacement, velocity, and acceleration of the response

of asystem, respectively. However, thisisaset of index-three
differential agebraic equations (Liu, 2008a), whichisdifficult
to solve because the amplification of small errors and perturba-
tionsin the displacement result in severe numerically ill-posed
conditions. Generally, there are different inverse problems of
Eq. (2): () identifying the damping coefficient c(t), (b) identi-
fying the nonlinear restoring force H(x), and (c) identifying the
unknown forcing function F(t).

Thetopic (c) has been studied by the author and his co-workers
(Liu and Chang, 2016; Liu et al., 2016). In this paper weturn
our attention to the topics (a) and (b). For the purposeto solve
the topic (@), we supplement the following temporal boundary
dataof xand c:

X(0) = %, X(8) = %, X(0) =%, X@ =%, (2
0(0) = ¢, o(@) =€, &(0) = &, &(@) = &, &)

where c(t) dependsontimeand ¢, #0.

It means that we will use these measured data in Egs. (2)
and (3) to recover the unknown coefficient function c(t) in atime
interve of t € (0, a) . Identification of viscous damping and non-
viscous damping were presented by Adhikari and Woodhouse
(20014, 2001b). Meanwhile, an iteration method for solving vis-
coel astic motion with fractional differential operator of damp-
ing was aso developed (Ingman and Suzdanisky, 2001). Recently,
Liu (2008a) has developed a Lie-group shooting method to iden-
tify c(t), which is however resorted on the displacement data
measured in awholetimeinterval. By the same token, we will
recover the nonlinear restoring force in Section 4.

The inverse problem is a severely ill-posed problem, since
very close input data may correspond to enough different re-
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aults. The inverse problem related to the determination of the
leading coefficient of the Sturm-Liouville equation from the
boundary measurements has been studied by Hasanov and Shores
(1997), and the numerical methods have been developed by
Hasanov and Pektas (2002), Seyidmamedov and Hasanov (2002),
Hasanov and Seyidmamedov (2002), and Liu (2011). Basicdly,
the dynamic inverse problem (1)-(3) is more difficult, of which
no similar results as that for the Sturm-Liouville equation exists
in the literature.

The dissipation of energy in a mechanical system is often
described by a viscous damping term and a friction element,
while the conservative part is described by a nonlinear spring
element. The resulting dynamic equation is useful because it
can be used mathematically asamodel to simulate the nonlinear
oscillation behavior. However, we may encounter the problem
that the material properties of structure are not yet known, and
then the resulting oscillatory problem is an inverse vibration
problem. To identify the damping term and the restoring force
of a newly received structure are of great importance for the
design, control and stability analysis of machines, vehiclesand
structural systems, of which the vibration behavior is heavily
dependent on the mathematical modelling.

Liu (2008b) has developed a Lie-group shooting method to
identify the restoring force, which resorted on the displacement
datain awhole timeinterval. The conjugate gradient method
to estimate the time-dependent stiffness coefficients (Huang,
2001) and balancing energy technique (Liang and Feeny, 2006)
to estimate damping parameters were also proposed. In addi-
tion, Kerschen et al. (2006) have given acomprehensive review
of the developments of some useful methods in the nonlinear
system identification of structural dynamics. The parameter iden-
tification is amajor step towards the establishment of a struc-
tural model with good predictive capability. Therestoring force
surface method or force state mapping method is a simple
procedure allowing adirect identification of restoring forcefor
nonlinear mechanica systems. The basic procedureswereintro-
duced by Masri and Caughey (1979), and then extended by
Crawley and Aubert (1986), Crawley and O'Donnel (1986), and
Duym et a. (1995). Namdeo and Manohar (2008) have identified
nonlinear system parameters from the measured time histories
of response under known excitations. Although this numerical
method has been applied to mechanical experiments, how to
ensure numerical stability and avoid noise disturbance are not
reported especially for the polynomial function with high-order.
In recent years, studies on the developments of model free non-
linear restoring force identification with their numerical and ex-
perimental validation have been presented. Some results have
attracted much attention of thisfield (Heet a., 2012; Xuet d.,
2012).

Usually, in the realm of the inverse vibration problems, the
data required are the displacement, velocity and/or acceleration
measured in awholetimeinterval. In this paper we are going
to propose a novel approach by using the temporal boundary
measurements to recover the damping function and identify
the nonlinear oscillator, like that in the identification of the lead-

ing coefficient of the Sturm-Liouville problem with boundary
data (Hasanov and Shores, 1997). Thisidentification technique
if possible would be much data saving and time saving in the
solutions of the nonlinear inverse vibration problems.

The remainder of this paper is arranged as follows. In Sec-
tion 2 we introduce a new concept of the energy functional in
terms of tempora boundary functions, which congtitute a linear
space of dl polynomia functions of time with at least the fourth-
order, and satisfy the measured temporal boundary conditions.
In Section 3 we derive the iterative algorithm to recover the
unknown damping functions and two examples are given. In
Section 4 we derive the iterative algorithm to recover the un-
known restoring forces, and four numerical examples are given
for theidentification of different type restoring forces. Finally,
the conclusions are drawn in Section 5.

I1.ENERGETIC FUNCTIONAL OF
TEMPORAL BOUNDARY FUNCTIONS

For alinear conservative system:
X(t) + kx(t) =0,

by multiplying x on both sides we have

3(1x2+5x2j:0,
dt\ 2 2

to., . letd /o, 2
Jo(x+kx)x(§)d§:EJ0d—§( + ko Jd

_ 1 .2 .2 k 2 2 _

_E[x (t) - x (0)]+E[x ®-x(0]=0,
such that the energy is conserved, i.e.,

%)’(z(t)+%x2(t) :%xg +%x§ = Constant ,

where the initial displacement x(0) = %, and initial velocity
X(0) = %, determine the energy of free vibration. When the

damping term is added into the above equation the method of
balancing energy was used by Liang and Feeny (2006, 2011)
to identify the damping parameters.

The energy formulation can be extended to nonlinear systems,
and the resulting equation isan energy equation. Thismotivates
us to use the energy functional as a mathematical tool to iden-
tify the nonlinear system. Usually, thegiven datain Eq. (2) are
not zero, which leaves us an obstacle to set up alinear spaceto
beintroduced below. Before embarking the analysiswe seek a
variable transformation by

y(t) = x(t) - b(t) , 4
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where

b(t) = %[2)(0 - 2%, + %a+xalt’
a
L %)
—?[SXO - 3%, + 2%a+ Xa t? + Xt + X

isahomogenized function of time, such that we have anew sys-
tem with homogeneous temporal boundary conditions of y(t):

YO +b(t) + ) YO +b(t) |+ H(y®) +b(D) =F (1), xe (0,a),  (6)
¥(0)=0, y(a) =0, y(0) = 0, y(a) = 0. (7)

Multiplying Eq. (6) by y(t)+b(t) , integrating it fromt =0
tot=aandinview of Egs. (7) and (2), we can obtain the fol-
lowing energy identity:

Js e[y +60 ] - FO[ 30 +50)]) o
®
=[5+ ]+ Q0o -Qx) =,

where Q(x) = j H(x)dx and d, is a constant. In above, the

damping dissipation, the potential energy, the kinetic energy
and the external work are balanced. Thisequation isuseful for
the reconstruction of the damping coefficient c(t).

Really, we cannot exactly know y(t) in Egs. (6) and (8), be-
cause c(t) isan unknown function to be determined. However,
we can set up some functionsto approximate y(t). First, we can
derive the temporal boundary function which automatically sa-
tisfies the temporal boundary conditionsin Eq. (7):

B;(t) = (t* —2at® +at’)t'™, j > 1. (9)

They are at least the fourth-order polynomia temporal boun-
dary functions, satisfying the following homogeneous temporal
boundary conditions:

B;(0)=0,B;(a)=0,B,(0)=0, B;(a) =0. (20)

From Egs. (9) and (10) it is obvious that when B, (t) isa
temporal boundary function, BB, (t), S R isasoatemporal
boundary function, and when B, (t) and B, (t) are tempora
boundary functions, B, (t)+ B, (t) isalso atempora boundary

function. The temporal boundary functions are closure under
ascalar multiplication and addition, such that the set of

{B M} =1 (12)

and the zero element constitute alinear space of temporal boun-
dary functions, allowing the combination of B, (t) to beanother

linear element:

E;()=7,B,(t)+B;,(t), j =21, j not summed,  (12)
which is also an element of the linear space, satisfying
E;(0)=0,E;(a)=0,E(0)=0,E(a)=0. (13)

Now the problem is how to determine y; for each linear
element of E, (t).
Because E, (t) dready satisfiesthetemporal boundary condi-

tionsin Eq. (13), weturn our attention to the energy identity (8),
from which we can approximate y(t) by E;(t) , and obtain

j:{c(t)[Ej (t) +t:}(t)]2 - F(t)[E'j (t)+b(t)]} dt =d, , (14)

which is an energetic functional of E(t) definedinthelinear

space.
Inserting Eq. (12) for E;(t) and

E, (1) =7,B,(t)+ B, (1) (15)

into Eq. (14), we can derive a quadratic nonlinear equation for
Vi+

ayi+ay +a,=0, (16)
where
a, = [ c(t) B2 (t)dt,

a = [ {2c0[B,..(1)+b®) B, (1) - FB, (1)} e,

% =I:{C(t)[Bj+1(t)+b(t)T - F(t)[Bm(t)w(t)]} dt—d,
(17)

The solution of »; inEq. (16) is

N o

2a,

Vi = (18)

The linear element E, (t) in Eqg. (12) upon endowing with
the above y; isan energetic temporal boundary function, which
not only satisfies the tempora boundary conditions, but also pre-
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servesthe energy in Eq. (14).
Up to here it iswitnessed to determine y; by using the en-

ergy functional in Eq. (14). Dueto thisreason, E(t) iscalled

an energetic temporal boundary function, and correspondingly
the numerical method based on E; (t) to be introduced below

isan energetic temporal boundary function method (ETBFM).

I11. RECOVERING THE DAMPING FUNCTIONS

Because the temporal boundary data of c(t) are given in Eq.
(3) we can introduce the following translation function of t:

d(t) = %[200 -2c, +Ga+calj’
: (19)
+i2|:3co -3¢, + 2Ga+calt’ + Gt + ¢,
a
such that we have
d(0) =, d(@) =c,, d(0) = &, d(a) = ¢, (20)

We suppose that the unknown damping function c(t) can be
expanded by

ct) = d(t)+ibKEk (t) (21)
which automatically satisfies ¢(0) =¢,, c(a) =c,, ¢(0) =¢,

and ¢(a) = ¢, , dueto Egs. (20) and (13).

Then, we use the above c(t) with aninitial guessof b, to set
up the system of linear elements E; (t) by themethod in Section
2. During the iteration process, E; (t) are modified by c(t),
which isvarying step-by-step.

We can derive a system of linear algebraic equations by in-
serting c(t) of Eq. (21) and different E, (t) with j=1,...,m
into Eq. (14):

NACIEROIE
SR

Solving thislinear system we can determine the expansion co-
efficents b, k=1,..., m. Then, wecan estimate c(t) by Eq. (21).

(1) dt
+b(t)] dt— j

(22)
(O[E (1) +bO] o

1. Iterative Algorithm

The numerical procedures of the energetic temporal boun-
dary function method (ETBFM) are summarized as follows.

b))

(1) Givem, ¢ and aninitial guessof b=(h, ...

(2) For k=1,..., caculate

E; (t)=7,B; (t)+Bypa(t),
c(t):d(t)Jer:bjkEj (t)
j=1

and calculate a,, & and ay in Eq. (17),
(3) Calculate y; by Eg. (18),

E; (1) =78, (1)+By.(t),
Ei (t):7iBJ( )+BJ+1( )

(4) Insert theabove E, (t) and E, (t) into Eq. (22), and solve

the linear system to obtain b}‘*l. If the following conver-

gence criterion for the relative norm of b* is satisfied:

||bk+1 —bk|| <e, (23)

then stop the iterations; otherwise, go to (2) to the next
step. Noticethat a’ —4a,a, in Eq. (18) may be negative

in the first iteration, and we use |a12 - 4aoa2| to avoid the

interruption of program.

2. Recovering c(t)

In this section we solve the inverse coefficient problem of
nonlinear oscillator by recovering the unknown damping func-
tion ¢(t) by using the tempora boundary data.

Example 1
This exampleis given by

c(t) = (t-3)" +sin(xt), x(t) =sin(t),

H(X) = ax+ X, (24)
where the exact F(t) can be derived according to Eq. (1). The
above H(x) is the restoring force of the Duffing nonlinear os-
cillator.

Underm=2, £=10% a=1, a=5and f= 2, theiterative
algorithm converges with 5 steps as shown in Fig. 1(a). Upon
comparing with the exact c(t), good result is obtained with the
maximum error being 0.154 asshownin Fig. 1(b). Additionally,
the different m and ¢ are considered to test convergence speed
and numerical accuracy, and the numerical result is shown in
Table 1. Table 1 showsthat the maximum error increasesfrom
0.107 to 1.224 when m increases. That is, the numerical error



206

Journal of Marine Science and Technology, Vol. 27, No. 3 (2019)

Table 1. Different mand ¢ affect the different conver gences 8E-2
of the present scheme. |
m & Maximum error Iterative number —
S 4E-2
2 0.153 5 S
4 10° 0.556 10 3 |
6 > 1.224 93 0E+0 T T T T T T T |
2 10 0.107 2 1 ) 3 4 5
2 10* 0.759 54 Number of iterations
4 1072 0.496 4 (a)
4 | 8x10* 0.569 12
——— Numerical
4E-2 — Exact -
= I ]
< Error 5
=
=
S 2E-2
Q
~
0E+0 T | T | T | T |
1 2 3 4 5 t
Number of iterations (b)
9 (@) 1E+0 Fig. 2. For the second-order nonlinear oscillator of example 2 solved by the
] E + ETBFM iterative algorithm, (a) convergence rate, and (b) com-
§ S o E - paring recovered and exact damping coefficients.
8 S R =
i - A Nk 1E-2
-/ e \ . Under m=5, a =1 and ¢ = 103, the iterative algorithm
< o) . . . .
T 1/ NS 'E 1E-3 £ convergeswith 5 stepsas shown in Fig. 2(a). Upon comparing
\ = . . . . .
6, N £ B4 with the exact c(t), good result is obtained as shown in Fig.
. / T Numerical N\ = 2(b), where the maximum error is 0.355.
S — Exact N LIEs
1 |=_E :
A - b IV.IDENTIFYING THE RESTORING FORCES
T I T I T I T I T =

0.0 0.2 0.4 0.6 0.8 1.0
t

(b)

Fig. 1. For the second-order nonlinear oscillator of example 1 solved by the
ETBFM iterative algorithm, (a) convergence rate, and (b) com-
paring recovered and exact damping coefficients.

and iterative numbers increase when using the stringent criti-
cal condition and large m.

Example 2
This exampleis given by

c(t) = 3t* + 2% + exp(t® + 2t -1), H(x) = x-10x*, (25)

where x(t) =sin(t), and the exact F(t) can be derived accord-

ing to Eq. (1). The above H(X) is the restoring force of a ship
rolling nonlinear oscillator (Thompson, 1997).

In this section we attempt to recover the unknown restoring
force H(x) through boundary measurements of supplemented
data. Thisproblemis more difficult than that in Section 3. In
general, the restoring forces problems can be roughly divided
into two categories, H (x, X) and H(X). First, therestoring forces

H (x, X) isafunction of both displacement and velocity, which

cannot be separable. Chen (2007) and Chen et a. (2013) ap-
plied the characteristic time expansion method for estimating
nonlinear restoring forces H (X, X) . Another determined restor-
ing forces H(x) with the given damping term, and the restoring
forces and damping term can be separable. Previously, Liu
(2008b) has developed a Lie-group shooting method to solve
this problem, of which however many internal data of displace-
ments are needed.

In order to recover H(X) and avoided multiple roots occurrence,
the motion of x(t) is supposed to be a monotonic function of t.
Wefirstview H(t) = H (x(t)) asatimefunctionof t, and then

inverting therelation of x(t) tot(x) and insertingitinto H(t) =
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H (t(X)) = H(xX) we can obtain H(x). A monotonic motion is

easily obtained by applying a monotonic external force of F(t)
on the system.
Here we suppose that H(t) isin the following form:

Hszm+iq§0y (26)
where
D(t) =i3[2H0 ~2H, +Hga+H,at’
a (27)

+a—12[3H0 —3H,+2H,a+ Hant2 +Ht+H,.

The data H,=H(0), H, =H(a), H,=H(0) and H, =
H(a) are supposed to be provided.

The numerical procedures of the energetic temporal boun-
dary function method (ETBFM) to recover H are summarized
asfollows.

(1) Givem, ¢ and an initial guess of c=(cl,...,cm)T,
(2) For k=1,..., calculate

E, (t)=7,B;(t)+B,(t),
H@:D@+i¢a0y
and calculate
a, = [c(t) B} (t)dt,
a, = ['{2c)] B, (1) +b®) |8, (1) -[HO-F OB, (1)f ct,
| c®[B.(1)+bm) ]

a, = dt -

Dy,
O -FO][ B (t)+bw) ]

where D, :(x§ —Xj)/Z.
(3) Calculate

-a-jal - 4a0,|
_ -

7

E; (t)=7,B;(t)+B.(t),

E; (t)=7,B(t)+By.(1).

207
4E-2—
=
=
©  2E-2
5]
o~
0E+0 T T T T T ]
1 2
Number of iterations
(a)
7 = 1E+0
64 i
1 7 RS = 1E-1
5 / S E
AN . -
— -4\ B
Z 40 \ _ 1E-2
: 3 1 7 v~ F
i \I e Voo L g
14 ' 7 [F—~ Numerical ? \E
0 ] —— Exact \? 1E-4
] ——  Error C
—1 T I T I T I T I T lE‘S
0.0 0.2 0.4 0.6 0.8 1.0
X
(b)

Fig. 3. For the second-order nonlinear oscillator of example 3 solved by the
ETBFM iterative algorithm, (a) convergence rate, and (b) com-
paring recovered and exact restoring force functions.

(4) Insert theabove E, (t) and E,(t) into

o [TE (1) +bw) ] E (t) dt =
Do+ [*[F(1)-D(1)][E, (t)+b@) ] dt— [ c(t) &, (1) +b®) | e,

k+1
i
ing convergence criterion for the relative norm of c* is
satisfied:

and solve this linear system to obtain ¢; . If the follow-

then stop the iterations; otherwise, go to (2) to the next step.
In the first iteration, a” - 4a,a, may be negative, and we

Ck+1_ck||S e,

use |ai2 - 4a0a2| to avoid the interruption of program.

Example 3
This exampleis given by

H(x) = 5x+2x°, (28)
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Residual

T L B A B —]
0 2 4 6
Number of iterations

(2)

———-Numerica ////
Exact ///

140 e

=

(b)

Fig. 4. For the second-order nonlinear oscillator of example 4 solved by the
ETBFM iterative algorithm, (a) convergence rate, and (b) com-
paring recovered and exact restoring force functions.

of a Duffing oscillator. We take c(t) :(t—3)2 +sin(xt) ,

x(t) = t* and the exact F(t) can be derived according to Eq. (1).
Under m=2, a=1and &= 107? the iterative algorithm con-
verges with 2 steps as shown in Fig. 3(a). Upon comparing
with the exact H(x), good result is obtained with the maximum
error being 0.173 as shown in Fig. 3(b).

Example 4
In this example we recover

H (X) =150x + 25%, (29)
of a ship rolling oscillator; we take c(t) = (t—3)2 +sin(xt),
X(t) = 2t and the exact F(t) can be derived according to Eq.

(1). Under m=1, a=1and ¢ = 10", the iterative algorithm
convergeswith 8 stepsas shown in Fig. 4(a). Upon comparing
with the exact H(x), good result is obtained with the maximum
error being 3.77 as shown in Fig. 4(b).

Example5
Therestoring force to be recovered is

H (X) =100x + 50x? + 20x% +10x" . (30)

1E+2 5
1E+1
1E+0 =
1E-1
1E-2 =5
1E-3 ¢
1E-4 ' | ' | ' |
0 4 8 12
Number of iterations

(2)

Residual

800 —

———-Numerical
Exact

(b)

Fig. 5. For the second-order nonlinear oscillator of example 5 solved by the
ETBFM iterative algorithm, (a) convergence rate, and (b) com-
paring recovered and exact restoring force functions.

We take c(t) = (t-3)° +sin(xt), x(t) =2t and the exact
F(t) can bederived by Eq. (1). Underm=2,a=1and ¢= 103,
the iterative algorithm converges within 12 steps as shown
inFig. 5(a). Upon comparing with the exact H(X), good result is
obtained with the maximum error being 2.47 asshown in Fig. 5(b).

Example 6
Therestoring force to be recovered is

H (x) = 300x— 30€*, (31)

and we take c(t)=(t—3)2+sin(7zt), X(t) = 2t and the exact

F(t) can be derived according to Eq. (1). Underm=2and ¢=
103, the iterative algorithm converges within 35 steps as
shown in Fig. 6(a). Upon comparing with the exact H(X),
whose maximum valueis about 391, reasonable result is obtained
with the maximum error being 28.91 shown in Fig. 6(b).

V. CONCLUSIONS

In this paper we have transformed the dynamic inverse prob-
lemsto recover the damping functions and the restoring forces
of the second-order nonlinear oscillatorsinto linear systemsto
determine the expansion coefficients of the unknown functions.
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Residual
5

H(x)

(b)

Fig. 6. For the second-order nonlinear oscillator of example 6 solved by the
ETBFM iterative algorithm, (a) convergence rate, and (b) com-
paring recovered and exact restoring force functions.

The energy identity derived from the oscillatory equation was
used to set up alinear space of the energetic temporal boundary
functions, which not only satisfy the given temporal boundary
conditions but also preserve the energy. We can quickly recover
the unknown damping functions and the nonlinear oscillators
in the linear space, which is supplemented by extra temporal
boundary data. Six numerical examples are used to confirm the
efficiency and accuracy of the presented energetic tempora boun-
dary functions method, of which the convergenceisvery fast,
from two steps to thirty-five steps.
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