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ABSTRACT 

For the accurate simulation of the rolling process of a wide 
strip and plates, highly sophisticated algorithms must be developed 
to couple material flow behavior with the elastic deformation of 
rolls.  A coupling simulation system based on a three-dimensional 
rigid-plastic finite element method (RPFEM), elastic-plastic finite 
element method, and influential function method was developed 
in this study.  Calculation of the continuous variable crown (CVC) 
mill was more complex than that of the normal 4-high rolling 
mill.  According to the point symmetry of the roll gap profile, the 
CVC curves of work rolls at various shifting positions were equal 
to various work roll crowns in normal 4-high mills.  Thus, an 
equivalent model that adopts a 1/4 workpiece for calculation 
using the RPFEM can be employed to analyze metal deforma-
tion.  Based on the approximate symmetrical distribution of roll-
ing force, the influential function method was applied to solve 
the overall elastic deformation of all upper rolls.  Thus, reliable 
results concerning profile transfer and tension distribution were 
obtained by the coupling the strip model alongside routines for 
elastic roll stack deflection.  The results revealed that the equi- 
valent algorithm can reduce the number of iterations by appro- 
ximately 50% and the computation time by approximately 80% 
compared with the traditional algorithm. 

I. INTRODUCTION 

Continuous variable crown (CVC) technology was developed 
by the SMS Company in the late 1970s to control the crown and 
flatness of strips (Kawanami et al., 1983; Wood et al., 1989).  The 

fundamental principle is that the profile of the two rolls is ground 
into a shape that is similar to the “~” symbol in appearance, and 
the rolls have opposing configurations.  An antisymmetrical roll 
gap between the two rolls can be formed because of the special 
roll shape.  Thickness variation in the rolled sheet between the 
roll gaps in the width direction can be achieved by shifting the 
two work rolls in the opposite axial directions. 

To achieve high-quality control of the rolling process, high- 
precision CVC rolling process simulation models are required 
to manufacture high-quality products that meet even the stric- 
test tolerance requirements.  Linghu (Linghu et al., 2014) de- 
veloped a three-dimensional (3D) elastic-plastic finite element 
(FE) model of cold strip rolling for a 6-high CVC control rolling 
mill.  The boundary conditions, including accurate CVC curves, 
total rolling force, total bending force, and roll shifting value, were 
considered in this model.  Kim (Kim et al., 2003) presented an 
integrated FE process model for the coupled analysis of me-
chanical strip behavior.  That model may reflect the detailed 
aspects of various process variables in the strip profile.  Wang 
(Wang et al.,2005) used the stream surface element method and 
influential function method to analyze 3D plastic deformation 
of the strip and elastic deformation of rolls, respectively.  Con- 
tinuous hot rolling processes were employed to simulate the factor 
of strip width in this method.  Using ANSYS, an analysis of a 
roll backup contact deformation system for a 6-high CVC cold 
rolling mill was conducted by Zhang (Zhang et al., 2007).  Daun 
(Daun et al., 2013) proposed a 3D simulator for the rough roll- 
ing process using the FE method (FEM) to effectively reduce cam- 
ber and side slipping and achieve a reasonable wedge profile.  
Du (Wang et al., 2005; Du et al., 2007) conducted a simulation 
of the cross wedge rolling process using the FE software pro- 
gram DEFROM-3D alongside coupled thermomechanical and 
microstructural evolution.  Kainz (Kainz, 2013) proposed an en- 
hanced iterative algorithm for the effective numerical simulation 
of the contact between an elastic roll stack and an elastovisco- 
plastic strip or plate in hot rolling. 

As shown in related studies, 3D FE models can predict not only 
actual metal deformation fields but also accurate strip crown 
and flatness results (Hwang et al., 2002; Kim et al., 2005; Wang 
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et al., 2012; Nakhoul et al., 2014; Lee et al., 2016).  However, 
the simulation process is time consuming, regardless of whether 
commercial software or computer programs developed by re- 
searchers are used.  To improve the efficiency of the rigid- 
plastic FEM (RPFEM), Wang (Liu and Wang, 2003) proposed 
a two-dimensional forecasting model to provide rolling force 
distribution as an initial iteration value of the 3D FEM and si- 
mulate the metal deformation process.  Liu (Liu et al., 2004; 
Wang et al., 2012) presented a novel method termed the strip 
layer method to simulate the 3D deformation of the plate and 
strip-rolling process.  Chen (Chen et al., 2012; Wang et al., 2015) 
presented a numerical analysis of 3D rolling processing that com- 
bined the fast multiple method and boundary element method.  
Schmidtchen (Schmidtchen et al., 2016) developed a fast nu- 
merical simulation model for symmetrical flat-rolling processes 
based on an extended slab theory.  For a CVC mill and pair cross 
mill, time consumption is at least doubled compared with a 
standard 4-high mill because of the meshing way of strip and 
rolls.  Yanagimoto (Yanagimoto, 2002) proposed an equivalent 
model for a pair cross mill to reduce the number of elements in 
the 3D RPFEM.  Therefore, a new coupled equivalent algorithm 
for a CVC mill based on the RPFEM for greater computation 
efficiency is proposed in this paper. 

II. COUPLING MODEL BASED ON THE RPFEM 

1. Rigid-Plastic FE Formulation 

The RPFEM based on a Lagrange multiplier was used to ana- 
lyze the plastic deformation of workpieces in roll gap (Takaaki 
et al., 1991).  The RPFEM can be inferred from the variation prin- 
ciple of rigid-plastic material.  The energy consumption rate 
function is expressed as a nonlinear function of nodal velocities.  
According to optimization theory, a cinematically admissible 
velocity field can be obtained by minimizing the total energy 
consumption rate; deformation and mechanical parameters can 
then be solved. 

The energy consumption rate function can be expressed as 
follows: 

 
f

i i ij i jV S V
dV F v dS dV           (1) 

where   is the equivalent stress,   is the equivalent strain rate, 

iF  is the imposed traction vector at the force boundary fS , iv  

is the velocity,   is the Lagrange multiplier, ij  is the strain rate 

tensor, and i j  is the Kronecker delta. 

To solve the velocity field and Lagrange multiplier, the equa- 
tion is annihilated using the partial derivative of the energy 
consumption rate function.  A normal 8-node hexahedral solid 
element is used to discretize the solution domain.  Nonlinear 
equations are formed for nodal velocity, and Newton-Raphson 
iteration is adopted to solve the velocity field. 

2. Multiparameter Coupling Model 

Parameters
preparation

Analyse the workpiece
deformation by RPFEM

Calculate the whole upper rolls
deformation by unsymmetrical

influential function method

Calculate the flattening
between work roll and

workpiece by FEM method

Modify the profile
of on-load roll gap

Satisfy the
convergence?

Output

Yes

No

 
Fig. 1.  Flowchart of the coupling model for rolling process. 

 
 
The multi-parameter coupling model proposed in this paper 

involves the following interactive numerical procedures, the 
RPFEM for metal forming process, influential function method 
for roll bending deflection.  The influential function method is a 
discretization method that originated from mathematical physics.  
The basic concept involves the division of the roll into several 
elements in the roll-body direction; the load and elastic defor- 
mation of the roll are discretized according to the same element.  
The elastic-plastic FEM (Liu et al., 1985) for flattening between 
a work roll and workpiece constitutes elastic deformation due 
to contact pressure, and the Foppl formula for flattening between 
a work roll and backup roll constitutes elastic deformation be- 
tween two rolls due to contact pressure.  Foppl theory assumes 
that a roll is semi-infinite, meaning that the length of the roll is 
infinite and the contact stress follows an elliptical distribution 
along the width of the contact zone.  The requirements of roll- 
ing force balance and deformation compatibility between the 
interacting elastically deformed rolls and the plastically deformed 
workpiece can be satisfied by the coupling iterative numerical 
procedure shown in Fig. 1, as is the calculation flowchart for a 
normal 4-high mill. 

The detailed iterative numerical procedure of the proposed 
coupling model is described as follows: 

 
Step 1: Taking the roll gap profile after roll deflection calcula- 

tion as the boundary condition (roll deflection is not con- 
sidered in the first step), the RPFEM is used to analyze 
the workpiece in the roll gap, deformation, and the 
lateral distribution of rolling force. 
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Step 2: Taking the rolling force distribution as a boundary con- 
dition, the bending deformation of the rolls is calculated 
using the influential function method, and flattening be- 
tween rolls is calculated using the Foppl formula.  Then, 
taking the distribution of rolling force and elastic defor- 
mation of the roll as boundary conditions, flattening be- 
tween the work rolls and workpiece is calculated using 
the 3D elastic-plastic FEM to obtain the gap distribution 
of the roll with load. 

Step 3: The roll gap profile in step 1 is updated and the same 
process is repeated until the change in workpiece thick- 
ness is lower than the preset convergent value. 

 
The transverse distribution of rolling pressure affects the shape 

of the roll gap, which in turn affects the transverse distribution 
of rolling pressure.  Therefore, only by coupling the 3-D plastic 
deformation model with the roll system deformation model 
through the iterative scheme can the plate crown and shape be 
predicted accurately. 

III. EQUIVALENT CVC MILL MODEL 

To improve the efficiency of the RPFEM coupling model, 
an equivalent model for the CVC mill (“ECVC model” hereafter) 
consisting of the 1/4 model to analyze metal plastic deformation 
and the 1/2 model to analyze roll elastic deformation is proposed 
in this paper. 

To utilize the symmetrical feature, a quarter of the workpiece 
and rolls can be used to establish the FE mesh for a normal 
4-high mill; only 10-20 minutes is required to simulate one roll- 
ing pass.  By contrast, for the CVC mill with antisymmetrical 
features, a half model containing half a workpiece and all up- 
per rolls is often used to construct the model, and simulating one 
rolling pass by using the same computer requires more than 3 
hours.  If an equivalent method can be found, the rolling pro- 
cess of the CVC mill can be considered a normal 4-high mill, 
and thus the simulation time can be greatly shortened. 

In the rolling process of the CVC mill, the workpiece and 
roll system are antisymmetrical with respect to the center point.  
Compared with the original profile, the equivalent profile has 
identical thickness at any position along the workpiece width.  
Therefore, the half model of the workpiece in the CVC rolling 
process is simplified to the quarter model shown in Fig. 2, which 
can considerably simplify the calculation of the plastic defor- 
mation of the workpiece. 

1. Equivalent Profile of the Roll Gap 

The contour curve of the CVC work roll is similar in appear-
ance to the “~” symbol.  The upper and lower work rolls have a 
180 antisymmetrical configuration.  The equivalent roll crown 
of the quarter model, which replaces the roll crown of the ori- 
ginal model, was analyzed.  The coordinate system is shown in 
Fig. 3. 

The roll radius function of the upper roll can be expressed 
as follows: 

bb
equivalent to

aa

11

1/41/2

 
Fig. 2.  The diagram of traditional CVC model equivalent to the 1/4 model. 
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Fig. 3.  Schematic view of the CVC work roll profile. 

 
 

   2 3
0 1 2 3tR x A A x A x A x     (2) 

where  1 ~ 3iA i   is a constant of the work roll contour, and 

the specific reference is used in Table 1. 
Because the lower roll has the same roll contour as the 

upper roll and is positioned antisymmetrically to the upper roll, 
the function of the lower roll radius can be expressed as fol-
lows: 

        2 3

0 1 2 32 2 2dR x A A L x A L x A L x        (3) 

where L is one-half of the work roll length. 
The upper roll radius after axial shifting can be expressed as 

follows: 

        2 3

0 1 2 3,tR x s A A x s A x s A x s        (4) 

where s is the distance of axis shifting. 
The lower roll radius after axial shifting can be expressed as 

follows: 

        2 3

0 1 2 3, 2 2 2dR x s A A L x s A L x s A L x s           (5) 
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Table 1.  Parameters for CVC work roll profile. 

A0 A1 A2 A3 2L Smax 

424.975286 6.15108089E-4 1.02190713E-7 -8.51583719E-10 2080 150 
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Fig. 4.  Relationship between equivalent work roll crown and shifting amount. 

 
 
The function of the roll gap profile after axis shifting can 

be expressed as follows: 

 
     

   
d, , R ,

, 2 ,

t

t t

g x s D R x s x s

D R x s R L x s

  

   
 (6) 

where D is the distance between the upper and lower roll 
axes. 

The equivalent crown of the work roll can be expressed as 
follows: 

 

   

     

     

max

2 22

2 max max

3 33

3 max max

, ,

2 2

2 2

gC g L s g S s

A L s S s L s S

A L s S s L s S

 

         

        

 (7) 

where maxS  is the maximum distance of axial shifting. 

Fig. 4 shows the equivalent crown of the work roll at various 
shifting positions based on the parameters in Table 1. 

2. Symmetrical Characteristic of Rolling Force 
Distribution 

Rolling force distribution should be symmetrical because of 
the special work roll contour.  If the axial shifting of the work 
rolls causes a significant difference in rolling force distribution 
between the left and right halves of the metal deformation zone, 
the quarter symmetrical model produces a significant error while 
attempting to solve the metal deformation problem.  Therefore, 
an investigation of the asymmetric features of metal deforma- 
tion and rolling force distribution between the work roll and  

P

P´

h τ τ
∂τ
∂x
dx+

dx

 
Fig. 5.  Micro element of a workpiece along with direction. 

 
 

deformed workpiece in the model is necessary. 
Fig. 5 shows a microelement of a workpiece in the roll gap 

of the CVC mill.  According to the force equilibrium relation- 
ship along the rolling gap, the following relationship is ob-
tained: 

 'pdx dx h p dx h
x

       
 (8) 

where h is the thickness of the strip, dx is the width of the 
microelement, p is the uniform load on the upper surface of 
the strip, 'p  is the uniform load on the lower surface of the 

strip, and  is the shear stress. 
This function can be simplified as follows: 

 'p p h
x


 


 (9) 

where 
x




 is the shear stress variation along the strip width.  

Because the ratio of width to thickness for the thin wide strip 

is extremely high, 
x




 is low compared with the rolling force 

p, which is comparable to 'p . 

The parameters of the 2050 CVC hot rolling mill are shown 
in Table 2, and the rolling process parameters of the F1 stand 
and F3 stand are shown in Table 3.  The rolling mill is treated 
as the research object, and the difference in rolling force be- 
tween the left and right are calculated.  The distribution of the 
difference along the width of the plate is shown in Fig. 6; the 
difference between the left and right rolling force does not 
exceed 20 N/mm, which is considerably lower than the order 
of magnitude of the rolling force.  This result indicates that the 
symmetry of rolling force distribution is coordinated.  Thus, the 
quarter rolling model can be used to calculate the distribution 
of rolling force and meet the accuracy requirement. 
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Table 2.  Basic parameters of 2050 CVC rolling mill. 

Name Value 

F1-F3 work roll diameter (mm) 807 

Length of work roll (mm) 2250 

Original crown of work roll (mm) 0 

Bending force of work roll (kN) 500 

F1-F3 backup roll diameter (mm) 1440 

Length of support roll (mm) 2050 
Center distance of a hydraulic cylinder  

of the support roll (mm) 
3150 

Original crown of backup roll (mm) 0 

strip width (mm) 1350 
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Total Rolling force = 23.52 MN

Distance from the center of strip (mm)
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Fig. 6.  Difference of unit rolling force distribution. 

 

3. Establishment of the Equivalent Model 

A combined arithmetic calculation is proposed to make full 
use of the efficiency of the quarter model and the accuracy of 
the results of the half model.  The CVC curve and axial shift- 
ing are equal to the work roll crown of the normal 4-high mill.  
The quarter model of the workpiece and rolls can be used to 
calculate the rolling force by using the RPFEM.  Based on the 
aforementioned theory, the rolling force distribution is almost 
symmetrical.  The half model (i.e., all upper rolls that have the  

Table 3.  The rolling process parameters of F1 and F3 stand. 

Stand F1 F3 

Inlet thickness (mm) 46.19 19.28 
Exit thickness (mm) 29.64 13.76 
Front tension (MPa) 3.79 5.59 

Rolling temperature (C) 957 929 
Bending force (kN) 952 951 

Shifting displacement (mm) 90 90 

 
 

Analyse 1⁄4 workpiece
deformation by RPFEM

Satisfy the convergence?

Output

Yes

No

Make the rolling force distribution symmetrical

Calculate flattening between work roll  and
workpiece by FEM method

Modify the profile of on-load roll gap

Calculate the whole upper rolls deformation by
unsymmetrical influential function method

Average rolls axis deflection and flattening
between work roll and backup roll

Parameters
preparation

 
Fig. 7.  Calculating flowchart for ECVC model. 

 
 

CVC curve) can be employed to analyze roll deflection.  The 
equivalent model meets not only the requirement of having un- 
symmetrical work roll contours but also those of high efficiency 
and accuracy. 

The half model for roll deformation can predict the unsym- 
metrical distributions of rolling force between the work roll 
and backup roll, as well as the axis deflection and the flattening 
of all upper rolls.  Only half of the on-load roll gap profile is re- 
quired for the quarter model.  An average procedure was pro- 
posed to deal with the coupling relationship between the quarter 
model and half model.  Although the roll axis deflection and 
flattening of the two models differed, the crown of the on- 
load roll gaps and the rolling force distribution were compa-
rable.  The flowchart for the ECVC model is shown in Fig. 7. 
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Table 4.  Calculating parameters. 

Rolling  
width (mm) 

Inlet/exit  
thickness (mm) 

Rolling  
temperature (C) 

Rolling speed 
(mm/s) 

Tension (MPa)
Bending force 

(t/chock) 
Friction  

coefficient 
Flow stress 

(MPa) 
Material 

1100 14.4/9.5 923.8 4036 7.8/5.1 0 0.29 0.21 0.13175  Q235 
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Fig. 8.  The diagram of the FE model. 
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Fig. 9. Comparison results of ECVC model and CVC model at the axis shifting position 100mm when the equivalent roll crown is 0.2427 mm.  (a) 

Thickness distribution; (b) Rolling force distribution; (c) Rolling force distribution between rolls; (d) Front tension distribution. 

 
 
Compared with the traditional model, the equivalent model 

required two groups of work roll radius parameters; one is used 
to predict metal deformation by using the RPFEM and the other 

is used to predict roll deformation by using the unsymmetrical 
influential function method. 

A diagram of the FE model is shown in Fig. 8.  The model is  
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Fig. 10. Comparison results of ECVC model and CVC model at the axis shifting position 0mm when the equivalent roll crown is 0.1618 mm.  (a) 

Thickness distribution; (b) Rolling force distribution; (c) Rolling force distribution between rolls; (d) Front tension distribution. 
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Fig. 11. Comparison results of ECVC model and CVC model at the axis shifting position 100mm when the equivalent roll crown is 0.5516 mm.  (a) 

Thickness distribution; (b) Rolling force distribution; (c) Rolling force distribution between rolls; (d) Front tension distribution. 
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Fig. 12.  Comparison of coupled steps(a) and computing time(b) between CVC model and ECVC model. 

 
 

divided into 1092 8-node solid elements, including 14 segments 
in the width direction (involving the subdivision of the edge by 
the monotone decrease of a sine function within the range of  
[0, /2]), 6 segments in the thickness direction, 13 segments in 
the rolling direction, and a grid division diagram.  For symmetry, 
the workpiece is simplified in the quarter model.  The friction be- 
tween the workpiece and the contact surface of the roll follows 
the Coulomb model of friction.  As assumed, the workpiece is in- 
compressible in volume. 

IV. RESULTS AND ANALYSIS 

To demonstrate the accuracy of the equivalent model, com- 
parisons of rolling process results of the 4-high CVC mill using 
the traditional CVC model and ECVC model are illustrated.  
The parameters used for calculation are shown in Table 4. 

The results of comparisons of plate thickness after rolling, 
rolling force for unit length, and rolling force for unit length be- 
tween rolls and front tension at different axis shifting distances 
obtained using the ECVC model and CVC model are shown 
Figs. 9-11, respectively. 

The ECVC model can precisely reflect the influence of shift- 
ing the work roll on the control of the strip crown according to 
the lateral distribution of the exit strip thickness calculated 
from the positions of the shift rolls, as shown in Figs. 9-11.  
When the equivalent work roll crown is positive (Fig. 9(a)), 
the results calculated by the ECVC model differ slightly from 
those calculated by the CVC model.  The maximum deviation 
located 250 mm from the center point of the strip is approxi-
mately 10 m.  When the equivalent work roll crown is negative, 
the curves of the strip thickness distribution calculated by the 
two models are in strong agreement (Figs. 10(a) and 11(a)).  The 
maximum deviation value does not exceed 5 μm.  The rolling 
force distributions shown in Figs. 9-11 show that the general 
trends of the two methods are relatively consistent.  The results 
of the rolling force for unit length, the rolling force for unit 
length between rolls, and the front tension distribution calculated 

by the CVC model and ECVC model are highly consistent.  Thus, 
the ECVC model exhibits strong agreement with the traditional 
CVC model. 

Fig. 12 shows the coupled steps, namely the numbers of itera-
tions required for convergence and the computation times of 
the CVC model and ECVC model under various rolling con-
ditions of a normal 4-high CVC mill.  These examples were 
calculated on a personal computer with Intel Core 2 Dou CPU, 
a 2-GB memory card, and Windows XP.  The number of coupled 
steps calculated by the ECVC model was only approximately 
half of the corresponding number calculated by the CVC mo- 
del, as shown in Fig. 12.  The traditional model requires appro- 
ximately 3 hours to achieve convergence, whereas the ECVC 
model requires only approximately 10 minutes because of the 
different meshing methods of the workpieces and rolls.  Thus, the 
ECVC model could decrease computation time by up to 80%. 

V. INDUSTRIAL EXPERIMENT  
AND VERIFICATION 

To verify the accuracy of the ECVC model, the technologi- 
cal parameters and measured plate crown values of the first steel 
coil-one of the ten rolling schemes shown in Table 5—were 
extracted from the Baosteel 2050 hot continuous rolling line 
(CVC rolling mill).  The error caused by thermal crown and roll 
wear can be prevented because the work rolls of the first steel 
coil in every rolling scheme are new, and thus the calculation 
result is more reliable.  An outlet plate crown comparison be- 
tween the calculated value and measured value is provided in 
Table 5 and Fig. 13. 

Table 5 shows that the calculated value is close to the measured 
value.  In the ten steel coils, only the calculation error of No. 2 
was greater than 10 m, possibly because of the measurement 
error.  In addition, Fig. 13 shows that the changing laws of the 
values are identical.  Therefore, the ECVC model can accurately 
reflect the various influences of processing conditions for the plate 
crown, and thus this model is of high significance in practice. 
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Table 5.  Outlet plate crown comparison between the calculation value and the measured value. 

Outlet plate crown (m) 
No. Width (mm) Outlet thickness (mm) 

Calculated Measured 
Error (m) 

1 1267 4.66 32.5 35 2.5 

2 1108 5.13 34.0 51 17.0 

3 1248 4.62 38.0 29 9.0 

4 1313 4.67 50.2 43 7.2 

5 1236 4.07 58.6 53 5.6 

6 1192 5.64 18.3 23 4.7 

7 1267 5.85 36.2 33 3.2 

8 1262 4.13 69.3 64 5.3 

9 1230 5.65 47.5 38 9.5 

10 1112 5.65 28.4 35 6.6 
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Fig. 13. Comparison of the change trend between calculated value and 

measured value of outlet plate crown. 

 

VI. CONCLUSIONS 

1. A coupling simulation system based on a 3D RPFEM, elastic- 
plastic FEM, and influential function method was developed. 

2. A reasonable combination algorithm is proposed to deal with 
the interaction between the quarter model for the analysis of 
metal plastic deformation and the half model for the ana- 
lysis of the elastic deformation of rolls, in order to achieve 
the dual objective of high precision and high efficiency. 

3. The distribution of rolling force can reasonable be regarded as 
symmetrical according to the force equilibrium of the work- 
piece.  The numerical results revealed that the ECVC model 
can reduce the number of iterations by approximately 50% 
and the computation time by approximately 80%.  Finally, the 
accuracy of the ECVC model was verified by the calculated 
value and measured plate crown values from the Baosteel 
2050 hot continuous rolling line. 
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